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FOREWORD 


The topic with which I regularly conclude my six-term series of 
lectures in Munich is the partial differential equations of physics. Wo 
do not really deal with mathematical physics, but with physical mathe- 
matics; not with the mathematical formulation of physical facts, but 
with the physical motivation of mathematical methods. The oft- 
mentioned “prestabilized harmony" between what is mathematically 
interesting and what is physically important is met at each step and 
lends an esthetic — I should like to say metaphysical — attraction to 
our subject. 

The problems to be treated belong mainly to the classical mathe- 
matical literature, as shown by their connection with the names of 
Laplace, Fourier, Green, Gauss, Riemann, and William Thomson. In 
order to show that these methods are adequate to deal with actual 
problems, we treat the propagation of radio waves in some detail in 
Chapter VI. 

Chapter V deals with the general method of eigenfunctions. The 
most spectacular domain of application of that method is wave mechanics, 
as we show here with the help of some selected, particularly simple 
examples. The mathematically rigorous foundation of the existence and 
the properties of eigenfunctions >vith the help of theorems about inte- 
gral equations cannot be given here; the latter are mentioned only occa- 
sionally as the counterpart of the corresponding theorems on differential 
equations. 

Chapter IV on Jiessel functions and spherical harmonics is compara- 
tively lengthy despite a development that is as concise as possible. For 
the sake of brevity we have relegated some proofs to the exercises, as 
we have also done in other chapters. A special section is dedicated to the 
beautiful method of ^ciprocal radii and to the demonstration of the fact 
that it unfortunately cannot be applied to other than potential problems. 

Chapter III deals exclusively with the classic problem of heat con- 
duction. In addition to the Fourier method we develop in detail the 
intuitive method of reflected imayes for regions with plane boundaries. 
Chapter II deals with the different types of differential equations and 
boundary value problems; Green's theorem and Green' s function are intro- 
duced in considerable generality. 

Chapter I about Fourier series and integrals is based throughout 
on the method of least squares. If the latter is complemented by a 
requirement which we called “the condition of finality,” then we can 
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replace the more formal computations of the older developments in a 
complete and generalizable way, not only in the trigonometric case but 
also for spherical harmonics and general eigenfunctions. 

As is seen from this survey, the arrangement of the material is 
determined not by systematic but by didactic points of view. Chapter I 
intends to put the reader in the midst of the methodology of the Fourier 
and the Fourier-like expansions. Only in Chapter II do we start to 
introduce the concepts from the theory of partial differential equations 
that are of the greatest importance for the mathematical physicist. 
From a systematic point of view Chapter III would be subordinated to 
the general methods of Chapter V but it precedes it for historic and 
didactic reasons. The lengthiness of Chapter IV may be justified by the 
fact that a large part of the material contained in the textbooks on 
Bessel functions and spherical harmonics is at least sketched there and 
IS put in readiness for application. The formal mathematical part is 
interrupted for didactic reasons for both classes of functions by typical 
examples of applications. 

It IS obvious that this material could not be presented completely 
m a short summer term. In fact several mathematically more com- 
plicated sections have been added in print, some of these in the form of 
appendixes. In this connection we wish to mention Appendix II to 
Chapter V, which was added only after the completion of the rest of the 
manuscript and which is likely to be of fundamental importance for 
problems dealmg with the intermittent range between short waves and 

long waves, that is, for the passage from geometrical optics to wave 
optics. 

In tlw preparation of the manuscript I was able to rely on the lecture 
notes of R. Schlatterer for 1935, as well as on earlier notes of Professor 
J. Meixner. My friend F. Sauter critically perused the entire manu- 
script and has also been most generous in giving me his own improved 
version on many points. I owe him more than I can point out in the 
text My colleague, J. Lense, examined the manuscript from the 
mathematical point of view. Dr. F. Renner collaborated on the last 

chapter especially ; H. Schmidt advised me on the arrangement of the 
material. 

Arnold Sommbrfeld. 


cal ravS. V 1 ■' ^ * ‘'‘"Slalion ol Sommerfeld'a “Lectures on Theoreti- 

Volumrir;. fUl Volume I entitled, “Mechanics," and 

telThev re • Deformable Bodies,” are in preparation. In this 

text they are referred to as v. I and v. II.J 



EDITORS’ FOREWORD 


This book is the first volume in a projected new series of mathematical 
books to appear under the title “Pure and Applied Mathematics.” 
The books of the new series will be “advanced” in the sense that they 
will maintain a standard of scientific maturity. It is not intended, 
however, to adhere to any rigid pattern of presentation or degree of 
difficulty. Thus there will be a place for textbooks for first-year graduate 
students as well as monographs for research workers and possibly an 
occasional treatise. It is the hope of the Editors that these volumes will 
find a worthy place in the growing list of excellent scientific works which 
have appeared in recent years. 

P. A. S. 

S. E. 

New York, 1949. 


Erratum 

“Eigenvalues” (see pp. 166ff.) should be written as one word. The 
two-word form is incorrect 
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Chapter I 


Fourier Series and Integrals 

Fourier’s Th^orie analytique cle la chaleur* is the bible of the 
mathematical physicist. It contains not only an exposition of the 
trigonometric scries and integrals named after Fourier, but the general 
boundary value problem is treated in an exemplary fashion for the typical 
case of heat conduction. 

In mathematical lectures on Fourier series emphasis is usually put 
on the concept of arbitrary function, on its continuity properties and its 
singularities (accumulation points of an infinity of maxima and minima). 
This point of view becomes immaterial in the physical applications. 
For, the initial or boundary values of functions considered here, partially 
because of the atomistic nature of matter and of interaction, must always 
be taken as smoothed mean values, just as the partial differential equa- 
tions in which they enter arise from a statistical averaging of much more 
complicated elementary laws. Hence we are concerned with relatively 
simple idealized functions and with their approximation with “least 
possible error.” What is meant by the latter is explained by Gauss in his 
“Method of Least Squares.” We shall see that it opens a simple and 
rigorous approach not only to Fourier series but to all other series expan- 
sions of mathematical physics in spherical and in cylindrical harmonics, 
or generally in eigenfunctions. 

§ 1. Fourier Scries 

Let an arbitrary function /(x) be given in the interval — n ^ x ^ 71 : 

this function may, e.g., be an empirical curve determined by sufficiently 
many and sufficiently accurate measurements. We want to approximate 
it by the sum of 2n -I- 1 trigonometric term.s 

.. (i) — Aq cos X -h A^ cos 2 x ~r • • • + A„ cos n x 

-f- sin X + B 2 sin 2 x -{- sin n x 

^ Jean BaptUte Fourier, 1768-1830. His book on the conduction of heat 
appeared in 1822 in Paris. Fourier al^o distinguished himself as an algebraist, 
engineer, and writer on the history of Egypt, where he had accompanied Napoleon. 

The influence of his book even outside France Is illustrated by the following 
quotation: ^^Pourier’s incentive kindled the spark in (the then l&-year-old) William 
l^omson as well as in Franz Neumann.** (F. Klein, Vorlesungen Ut^r die Geschichte 
der Methematik im 19. Jahrhundert, v. I, p. 233.) 
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§ 1. 2 


By what criterion shall we choose the coefficients Ak,Tik at our disposal? 
We shall denote the error term f{x) — x) by eJjl) ; thus 

{-’) ii-r) = S„ix)+ eM- 

Following Gauss we consider the mean square error 





and reduce M to a minimum through the choice of the Ak,fik- 

To this we further remark that the corresponding measure of the 
total error formed with the first power of fn would not be suitable, since 
arbitrarily large positive and negative errors could then cancel each other 
and would not count in the total error. On the other hand the use of 
the absolute value [«„| under the integral sign in place of would be 
inconvenient because of its non-analytic character.* 

The requirement that (3) be a minimum leads to the equations 

{/(x) — S„(x)] co$ k X dx ~ 0, k = 0, 1, 2, . . . , n 

^ .1 

“ j {f(^) — (•*')} kxdx = 0, k = 1, 2, , n. 

— n 


cM 

cAk 

(4) 

f.V 

cB, - 


These are exactly 2n. + 1 equations for the determination of the 
2n + 1 unknowns A,Ji. A favorable feature here is that each individual 
coefficient A or Ji is determined directly and is not connected recursively 
with the other A,B. We owe this to the orthogonality relations that exist 
among trigonometric functions:* 


(o) 

(5a) 
(5 b) 


I 

f 

I 


cos k X sin Ixdx 
cos k X cos Ixdx 
>in k X sin Ixdx 


= 0 , 

I = 0, k I . 


* A completely different approach is taken by the great Russian mathematician 
Tchebycheff in the approximation named after him. He considers not the mean but 
the maximal jCnl appearing in the interval of integration, and makes this a minimum 
through the choice of the coefficients at his disposal. 

’ Here and below all integrals are to be taken from — ir to + ir. In order to 
justify the word “orthogonality” we recall that two vectors u,v which are orthogonal 
in Euclidean three dimensional, or for that matter n-dimensional space, satisfy the 
condition that their scalar product 
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In order to prove them it is not necessary to write down the 
cumbersome addition formulae of trigonometric functions, but to think 
rather of their connection with the exponential functions e*'*® and 

integrands of (5a, b) consist then of only four terms of 
the form exp or exp {± i (A — ?) ^}> of which 

vanish upon integration unless I = k. This proves (5a, b). The fact 
that (5) is valid even without this restriction follows from the fact that 
for Z = A it reduces to 


^ y (e2ifcx_^-2ifc;rj dx = 0 

In a similar manner one obtains the values of (5a, b) for Z = A>0 (only 
the product of exp(iAx) and exp( — ikx) contributes to it): this value 
simply becomes equal to ir; for I = k = 0 the value of the integral in 
(5a) obviously equals 2ir. We therefore can replace (5a, b) by the single 
formula which is valid also for / — A >0 


(6) ^ j cos A X cos I X dx = ^ J sin A x sin I xdx = d^i 

with the usual abbreviation 


f 0 ... Z =4= A 
I 1 . . . Z = A > 0. 

Equation (6) for A = Z is called the normalizing condition. It is to be 
augmented for the exceptional case Z == A = 0 by the trivial statement 

(6a) ^jdx = l. 


If we now substitute (5), (6) and (6a) in (4) then in the integrals 
with Sn all terms except the A-th vanish, and we obtain directly Fourier's 
representation of coeffi-cients: 


( 7 ) 


Bu 

A. 


cos A X dx 


= i / IW 

= ^ y /(x) sin A- X rfx J 


0 


N 

<u V) = ^ u, V, = 0 
1 

vanish. The integrals appearing in (5) can be considered as sums of this same type 
with infinitely many terms. See the remarks in §26 about so-called "Hilbert sj)ace.” 
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§ 1. 8 


Our approximation is hereby determined completely. If, e.g. 
fix) were given empirically then the integrations (7) would have to be 
carried out numerically or by machine. 

From (7) one.seesdirectlythatforan even function f{— x) = /( + a;), 
all Jh vanish, whereas for an odd function, /(— x) = — /(-f x), all Ak, 
including An, vanish. Hence the former is approximated by a pure 
cosine series, the latter by a pure sine scries. 

The accuracy of the approximation naturally increases with the 
number of constants at our disposal, i.e., with increasing n. Here 
the following fortunate fact should be stressed: since the for k<n 

are independent of n, the previously calculated At,Bi, remain unchanged 
by the passage from n to n + 1, and only the coefficients + 
have to be newly calculated. The Ai.,liii, once found, are final. 

There is nothing to prevent us from letting n grow indefinitely, 
that is, to perform the passage to the limit n ^ oo . The finite series 
considered so far thereby goes over into an infinite Fourier series. The 
following two sections will deal with its convergence. 

More complicated than the question of convergence is that of the 
completeness of the system of functions used here as basis. It is obvious 
that if in the Fourier series one of the terms, e.g., the ^-th cosine term, 
were omitted, then the function fix) could no longer be described by the 
remaining terms with arbitrary accuracy; even in passing to the limit 
n-*oo a finite error A^coskx would remam. To take an extremely 
simple case, if one attempted to express cos nx by an incomplete series 
of all cosine terms with k< n and k > n, then all Ak would vanish be- 
cause of orthogonality and the error would turn out to be cos n x itself. 
Of course it would not occur to anyone to disturb the regularity of a 
system like that of the trigonometric functions by the omission of one 
term. But in more general cases such considerations of mathematical 
esthetics need not be compelling. 

What the mathematicians teach us on this question with their 
relation of completeness is in reality no more than is contained in the basis 
of the method of least squares. One starts, namely, with the remark 
that a system of functions say g?o» 9’n •••»?**.•••» can be complete 
only if for every continuous function f(x) the mean error formed according 
to (3) goes to zero in the limit n ^ oo . It is assumed that the system 
of <p is orthogonal and normalized to 1, that is 

(8) J<p^(pidx = 0, ftpldx—1, 

* Integrating machines that serve in Fourier analysis are called “harmonic 
analyzers.” The most perfect of these is the machine of Bush and Caldwell; it can 
be used also for the integration of arbitrary simultaneous differential equations; sec 
Phys. Rev. 38, 1898 (1931). 
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which implies that the expansion coefficients are simply 

|9) = f 

Let the limits of integration in this and the preceding integrals be a and 6 
so that the length of the interval of expansion is 6 — a. One then forms 
according to (3) 

= J [l - ^ dx = lPdx-22::Ajlq,^dx + ^Al. 

*■=0 ' •' lc=-0 ^ A-0 

Equation (8) has been used in the last term here. According to (9) the 
middle term equals twice the last term except for sign. Hence 

Lim {b — a) M = I pdx — ^ Al 

n-» oo *' A— 0 

and one requires, as remarked above, that for every continuous function 

( 10 ) ^Al = Ji^dx. 

This is the mathematical formulation of the relation of completeness 
which is so strongly emphasized in the literature. It is obvious that it 
can hardly be applied as a practical criterion. Also, since it concerns 
only the mean error, it says nothing on the qiiestion of whether the 
function / is really represented everywhere by the Fourier series (see 
also §3, p. lo). 

In this introductory section we have followed the historical develop- 
ment in deducing the finality of the Fourier coefilcients from t’ ortho- 
gonality of the trigonometric functions. In §4 we shall demonstrate, for 
the typical case of spherical harmonics, that, conversely, orthogonality 
can be deduced quite generally from our requirement of finality. From 
our point of view of approximation this seems to be the more natural 
approach. In any case it should be stressed at this point that ortho- 
gonality and requirement of finality imply each other and can be replaced 
by each other. 

Finally, we want to translate our results into a form that is mathe- 
matically more perfect and physically more useful. We carry this out 
for the case of infinite Fourier series, remarking however, that the 
following is valid also for a truncated series — actually the more general 
and rigorous case. 

We write, replacing the variable of integration in (7) by ^ ; 
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,00 -00 

— j {{$) COS * cos X + H ^ J ^ ^ ^ ^ 

= ^jH()di +^^jni)cosk{x-()ds 

= ^{f + ^.2 (/ /(^) + / /«) 


In the last term we can consider the summation for positive k in 
exp{ — a ^‘(x — f)} to be the summation for the corresponding negative 
values of k in exp {+ i k(x — ^)}. We therefore replace this term by 



Then the uncomfortable exceptional position of the term fc = 0 is 
removed: it now fits between the positive and negative values of k and 
we obtain 



^ /i;« * 00^ 


Finally, introducing the Fourier coefficients C*, which are complex even 
for real f{x) : 



/(*)= 2 C, 




The relations among the C’s and the ^I’s and Ji’s defined by (7), are 
given by 

k>0, 

<^k = 

*< 0 , 

Co = ^fl- 
our complex representation (12) is obviously simpler than theusual 
real representation; it will be of special use to us in the theory of Fourier 
integrals. 

If we extend our representation, originally intended for the interval 
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-~7i<. a;< 4-7C , to the intervals a;>5i and x<-tc then we obtain 
continued periodic repetitions of the branch between — 7t and ; in 
general they do not constitute the analytic continuation of our original 
function /(x). In particular the periodic function, thus obtained will 
have discontinuities for the odd multiples of ±7®, unless we happen to 
have f { — ?*) f{~^n) . The next section d<‘als with the investigation 
of the error arising at such a point. 


§ 2. Example of a Discontinuous Function. 
Gibbs' Phenomenon and Non-Uniform Convergence 


Let us consider the function 


( 1 ) 


/(^) = 


+ 1 for 0 <: X ■< jc 
_1 for ~n< x<0. 


We sketch it in Fig. 1 with its periodic 
repetitions completed by the vertical 
connecting segments of length 2 at the 
points of discontinuity » = 0, 

±2«, whereby it becomes a 
“meander line.” Our function / is odd, 
its Fourier series consists therefore 





Fig. I. 'I'he chjiin ol'.'icgincnt.s 
y = ± 1 for positive and neg- 
ative |xj</c and its periodic 
repetition represented by the 
Fourier series. 


solely of sine terms as pointed out in 
(1.7). The coefficients can best be calculated from equation (1.12), 
which yields 




(la) 







I 

~ m —rk'~ ) ~ —i.^zk ~ 


>i 


0 . . . ^ even 


This implies according to (1.13): 

” ST ' ^ = 1, 3, 5, . . . 

We obtain the following sine scries: 

(2) /(x) = ~ ^sin X -H -g-sin 3x -f 5 x . 

One may imagine the upheaval caused by this series when it was first 
constructed by Fourier. A discontinuous chain formed through the 
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§2 


superposition of an infinite sequence of only the simplest continuous 
functions! Without exaggeration one may say that this series has con- 
tributed greatly to the development of the general concept of real func- 
tion. We shall see below that it also served to deepen the concept of 
convergence of series. 

In order to understand how the series manages to approximate the 
discontinuous sequence of steps, we draw^ in Fig. 2 the approximating 
functions S^, defined by ( 1 . 1 ) together with = f{x) . 

5i = ^sin X, 53 = ^ ^sin x + -^sin 3x^ , 

*85 = ^ ^sin X -H sin 3 X -H j sin 5 x^ . 

Si has its maximum value 

y — 4/7t = 1.27, 

at X — nl2 , and hence rises 27% above the horizontal line ^ = 1, which 
is to be described. S 3 has a minimum value at the same point and hence 

stays 15% below the straight line to be described. In addition S 3 also 
has maxima at n/i and 3n:/4, which lie 20% above that line. (The reader 
is invited to check this!) S^ on the other hand has a maximum of 



at X = nJ2 which is too high by only 10%. A flat minimum on either 
side is followed by two steeper maxima situated near x = 0 and x = n . 
In general the maxima and minima of *S 2 n+i lie between those of Sm-ifsee 
exercise I.l). 

All that has been said here about the stepwise approximation of the 
line y = H-l , is of course equally valid for its mirror image y — — 1 . 
It too is approximated by successive oscillations, so that the approximat- 
ing curve jS„ swings n times above and n -f 1 times below the line seg- 
ment which is to be represented. The oscillations in the middle part of 
the line segment decrease with increasing n; at the points of discontinuity 

‘ In the lectur^ at this point abundant use was made of colored chalk. Since 
this unfortunately is impossible in print, both and the approximation 5i, which 
are the most important for us, are drawn in bolder lines. 
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® ± 2ji, . . ., where there is no systematic decrease of the 

maxima, the approximating curves approach the vertical jumps of dis- 
continuity. The picture of an approximating curve of very large n 
therefore looks the way it has been pictured schematically in Fig, 3. 



Fig. 2. The approximations Fig. 3. An approximation 5 of very 

of the chain the maxima and minima high order for the illustration of 

lie at equally spaced yalues of x, respectively Gibbs’ phenomenon, 
between those of the precedingapproximation. 

Wc now consider more closely the behavior of 52„ + i(x) for large n 
at one of the jumps, e.g., for x = 0. To this end we rewrite the original 
formula for in integral form (an integral usually being easier to 

discuss than a sum). This is done in the following steps: 


'San + J 


4 •^8in(Sil*4* l)z 


4 
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After factoring out exp (± if) from the two sums of the last line they 
become geometric series in increasing powers of exp (3^2 if) which can 
be summed in the familiar manner. Therefore, one obtains 




1 

“ * 

1 — 


r/f. 


By further factorization these two fractions can be brought to the com- 
mon form (except for the sign of i) : 


(3 a) 


sin (n 4 - 1 )^ 


sm 


In this way ( 3 ) goes over into 


(3 b) 


^ 2 /• 2co8(n 4- 1)^ 9in(n+ 1) t 

^ .df 


Finally for sufficiently small x we can replace sin f in the denominator 
by f ; the corresponding simplification in the numerator would not be 
permissible since f there is accompanied by the large factor n 1 • 
We obtain therefore for ( 3 a), if we introduce the new variable of inte- 
gration u and the new argument v, 




u= 2(n +l)f, 

v = 2(« +1)®. 


From this the following conclusion may be drawm: if for finite n we set 
1 = 0 then V vanishes and <S'2„+i — 0 . If now we allow n to increase 
toward infinity, the relation iSjn+i = 0 holds in the limit. Hence 


( 4 a) 


Lim Lim + i = 0 . 


But if for a: > 0 we first allow n to approach infinity, then v becomes 
infinite, and, according to a fundamental formula that will be treated in 
exercise 1.6: ^2n+i = 1 • If we then allow x to decrease towards zero, 
the value <S2n+i = 1 holds also for the limit x = 0; hence 


( 4 b) Lim LimiS2„+j = l. 

The two limiting processes iherefoTe are not interchangeable. If the function 
fix) to be represented were continuous at the point x = 0, then the order 
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of passage to the limit would be immaterial, and in contrast to (4a, b) one 
would have 

(4c) Lim Lim S 2 n+i = Lim Lim + i = /(«). 

n*^oo x**0 n -►oo 


This, however, does not 
exhaust by any means the 
peculiarities contained inequa- 
tion (4); in order to develop 
them we introduce the fre- 
quently tabulated® “integral 
sine” 

( 5 ) 




Fig. 4, Graphic representation of the 
integral sine. 


and represent its general form in Fig. 4. It can be described as follows: 
for small values of v, where sin u can be set equal to u, we have ■proper- 
tionality with v; for large values of v we have asymptotic approach to 7t}2 ; 
in between we have successively decreasing oscillations with maxima and 
minima at v = n, 2 n, 3 n, as can be seen from (5); the ordinate 
of the first and greatest maximum is 1.851 according to the above men- 
tioned tables. To the associated abscissa of the 5f-curve there corre- 
sponds in the original variable x, owing to the relation v *= 2(w -b 1) 
the infinite sequence of points 





n 

+ 2(n-b2)’ 


at which according to (4) the approximations <52„+i, '52n+3> ■ • • have 
the fixed value: 

(7) 5 = -1,861 = 1.18. 

n 


This value, which exceeds y = 1 by 18%, is at the same time the upper 
limit of the range of values given by our approximations. Its lower limit, 
^ = — 1.18 is assumed when we approach zero from the negative side 
in the sequence of points — x„, — .... Each point of the range 

* B.g. B. Jahnke-Emde, Funktionentafein, Teubner, Leipzig, 3d edition, 1938. 
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between — 1,18 and + 1.18 can be obtained by a special manner of pass- 
ing to the limit; e.g., the points 5 = 0 and 5 = 1 are obtained in the 
manner described in (4a) and (4b). 

This behavior of the approximating functions, in particular the 
appearance of an excess over the range of discontinuity ± 1 , is called 
Gibbs' phenomenon. (Willard Gibbs, 1844 to 1906, was one of America’s 
greatest physicists, and simultaneously with Boltzmann, was the founder 
of statistical mechanics.) Gibbs’ phenomenon appears wherever a 
discontinuity is approximated. One then speaks of the non-uniform 
convergence of the approximation process. 

We still want to convince ourselves that actually every point between 
5 = 1.18 and S ~ ~ 1.18 can be obtained if we couple the two passages 
to the limit in a suitable fashion. According to ( 6 ), this coupling consists 
in setting x (n 1) or, what comes to the same thing, setting x„ equal 
to the fixed value 7 c /2 . If instead we take the more general value, g, 
then from (4) we obtain v = 2q, and (4) and (5) together yield 


where Sii2q) can assume all values between 0 and 1.851 with varying 
positive q, as can be seen directly from Fig. 4. Correspondingly for 
negative 5 one obtains all values between 0 and — 1.851. The passages 
to the limit that have thus been coupled yield not only the approach of 
our approximating function to the discontinuity from — 1 to + 1 , but 
also an excess beyond it, i.e., Gibbs’ phenomenon. 

In addition to these basic statements we want to deduce some formal 
mathematical facts from our Fourier representation (2). In particular 
we substitute x—7iJ2 therein and obtain the famous Leibniz series 



This series converges slowly; we obtain more rapidly convergent repre- 
sentations for the powers of t if we integrate (2) repeatedly. For the 
following refer to Fig. 5 below. 

By restricting ourselves to the interval 0 < ic < yc, we write 



^ * i X * iS 

= Sin X + -^sin D X 


1 • c 

— sin o a: • •• 

u 


instead of ( 2 ). Integration from 0 to x yields: 

(10) = 1 — cos X - 1 - (1 — cos 3 X) + (1 — cos 5 x) 
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Hence for r = n!'l 

( 11 ) 


^ = 1 + + p H- - • 


Subtracting (10) from (11) we get; 

(1-) — 3*^ = cos a: + p cos 3 jr + p cos 5 x + 

By another integration from 0 to x this becomes 


(13) 


(a: X — x^) = sin x + p sin 3 x + p sin o x + 


Hence for x = rr '2 , as an analogue to the Leibniz series 


(14) 


1 


_ = 1 - 

30 •** *43 “ r^3 


3^ ‘ 53 


We integrate (13) once more with respect to x and set x = ;r;2: 

(l3) f(7c-^-p)= 1 — cosx-rp(l— cos3x) +p(l-cos5x) + 


(16) . _ 1 _ i. + i- 


Finally wo subtract (15) from (16) and have 


(17) 


^{^,-^-f-4) = ^os.+±co.r.. + j.,co.5x + - 


The series (11) and (16) range only over the odd numbers. The 
series ranging over the even numbers are respectively equal to 1/4 and 
1/16 of the sums ranging over all integers. If 've denote the latter by 

^2 ^*id respectively, then we have 


rr 

*5 




hence 


and 


— + V = V 


(18) 


V = — and V = 

^20 ^4 W 
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This value of 2^^ was needed in the derivation of Stefan’s law of 
radiation or Debye’s law for the energy content of a fixed body. The 
trigonometric series (12), (13), (17) will be useful examples in the follow- 
ing sections. The higher analogues to the “Leibniz series" (8) and (14) 
as well as those to £*2 and 2^^ will he computed in exercise 1 . 2 . 

§ 3. On the Convergence of Fourier Series 

We are going to prove the following theorem; If a function f{x), 
together with its first n — 1 derivatives is continuous and differentiable 
between — ti and ~ :z inclusive, and the n-th derivative, is differenti- 
able over the same interval except possibly at a finite number of points 
X as Xf where it may have bounded discontinuities (i.e., finite jumps), 
then the coefficients /I*,/?* of its Fourier expansion approach zero at 
least as fast as as it -»• co. 

The stipulation “inclusive" in referring to the boundaries of the 
interval has here the following meaning: every function which is repre- 
sented by a Fourier series is periodic in nature. An adequate picture 
of its argument would therefore not be the straight line segment from 
— 7t to 4 - 7K, but a circle closing at x = ±?r. It is this fact to which the 
continuity of / and its first n — 1 derivatives at the point x = 
refers. This point is in no way distinguished from the interior points 
of the interval, just as it is immaterial whether we denote the boundaries 

of the interval by — tt, + 7c or, e.g., by ^ etc. 

For the proof of this theorem it is convenient to use the complex 
form (1.12) 

(1) (la) 27tC, =J 

From (la) one obtains through integration by parts 

Here the first term on the right side vanishes because of the postulated 
continuity of/; the second term can again be transformed by integration 
by parts. After n iterations of the same process one obtains 

2n(ikfC^ = f 

— n 


(3) 
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Because of the discontinuities of at x = Xf, this integral has to be 

divided into partial integrals between x = and 2 := ; let the 

jumps of at the points of discontinuity be denoted by Kquation 
(3) written explicitly then reads; 


(3a) 


2niiirC,= 




- ik 


(U, 


where the point x = — may be contained among the points x = 
By one more partial integration (3a) becomes 



2n{ikrC^ = 



i + 1 






Considering the fact that the discontinuities J” were assumed to be 
bounded and that was assumed to be differentiable between the 
points of discontinuity, one sees from (4) that C* vanishes at least to the 
same order as when one lets k-^ 00 . For special relations be- 

tween the zJfor for special behavior of /^”'‘'^^(^), the order of vanishing 
could become even higher. 

This theorem is valid for negative k too. This implies that it is valid 
also for the real Fourier coefficients (k > 0), since according to 

(1.13) they are expressible in terms of the C* with positive and negative k. 

A special consequence of our theorem is that an analytic function 
of period 2?r(such a function is continuous and periodic together with 
all its derivatives) has Fourier coefficients that decrease faster tlian any 
power of \/k with increasing k. An example of tliis would be an arbitrary 
polynomial in sin x and cos x. This is represented by a finite Fourier 
series with as many terms as required by the degree of the polynomial, 
so that all higher Fourier coefficients are equal to zero. Another example 
IS given by the elliptic ^ series, which we shall meet in a heat conduction 
problem in §15; its Fourier coefficients C* decrease as fast as c~ 

It further follows from our theorem that the sum which 

appears in the relation of completeness converges like for every 

function /(x) which has a finite number of jumps and which is differen- 
tiable everywhere else (case n = 0 of our theorem). An example of 
this is given by our function (2.1) where S Ai converges, although 
^ Af^ diverges. This function also shows that the relation of com- 
pleteness does not insure representability of the function at every 
point (this has already been noted on p. 5'. Namely, if we sharpen 
definition (2.1) by putting / = 1 for x^O and / = — 1 for x < 0, 
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then / if not represented by the Fourier series (2.2) at the point i = 0, 
for there the series converges to 0. 

A further illustration of our theorem is given by the sine and cosine 
series which were derived at the end of the last section. The expressions 
of the functions which are represented by these series were valid only 
for the interval 0 < x c . We complete these expressions by adjoin- 
ing the corresponding expressions for the interval — < x < 0 . The 

latter are obtained simply from the remark that the cosine series are even 
functions of x, and the sine series are odd. The expressions thus ob- 
tained are written below inside the { ) to the right of the semicolon. 
We therefore complete the equations (2.9), (2.12), (2.15), (2.17) as 
follows; 


(5) ; — -jJ = sin X + -g-sin 3 x -f -^sin 5 x -r ••• 

{t ('2 ~ j (t + ^)} = cos X -f- p cos 3 X -r cos 5 X H 

(7) |■|(7EX — x2); .|(7CX + x2)J = sin X + sin 3 X -f- p sin 5x H 

\ 8\12 T + tJ’ ate 3 ;| = cosx-r-^cos3xH . 


Here the functions which are represented possess successively stronger 
continuity properties: in (5) the function possesses discontinuities at the 
points X = 0 and x = tc > in (6) the function is continuous but the 
first derivative is discontinuous, in (7) the function and its first deriva- 
tive are continuous but the second derivative is discontinuous; in (8) the 
function and its first two derivatives are continuous but the third deriva- 
tive is not. The discontinuity arising in each case is the same as that 
of the function in (5) and it appears at the same points x = 0 and 
^ ^ corresponding to the fact that each succeeding function was 

obtained from the previous one by integration. 

Figure 5 illustrates this. Its curves 0,1, 2, 3 represent the left sides 
of (5), (6), (7), (8). The discontinuity of the tangent to the curve 1 at 
X = 0 strikes the eye; the discontinuity of the curvature of 2 at x = 0 
can be deduced from the behavior of the two mirror image parabolas 
which meet there. Curve 3 consists of two cubic parabolas, that osculate 
with continuous curvature. The scale, which for convenience has been 
chosen differently for the different curves, can be seen by the ordinates 
of the maximal values which have been inserted on the right hand side. 

The increasing continuity of our curves 0 to 3 has its counter- 
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part in the increasing rate of convergence of the Fourier series on 
the right sides of eqs. (5) to (8) ; in (5) we have a decrease of the 
coefficients like 1/k, in general, in 
accord with our theorem, we have 
a decrease with A"”"', where n 
is the order of the first discon- 
tinuous derivative of the repre- 
sented function. 

The convergence of Fourier 
series stands in a marked con- 
trast to that of Taylor series. 

The former depends only on the 
continuity of the function to be 
represented and its derivatives 
on the real axis, the latter de- 
pends also on the position of 
the singularities in the complex 
domain. (Indeed the singular 
point nearest the origin of expan- 
sion in the complex plane deter- 



Fig. 5. Four curves 0,1, 2, 3, obtained 
by suoees.sive integration. Increa.sing con- 
tinuity at z = 0; 0 discontinuous in the 
ordinate, 1 in the tangent, 2 in tlie curva- 
ture, 3 in the tlnrd derivative. 


mines the radius of convergence of the Taylor series.) Accordingly the 
principles of the two expansions are basically different: for Fourier 
series we have an oscillating approach over the entire range of the 
interval of representation, for Taylor series we have an osculating 
approach at its origin. We shall return to this in §6. 


§ 4. Passage to the Fourier Integral 

The interval of representation — n <. * < tc can be changed in 
many ways. Not only can it be displaced, as remarked on p. 14, but also 
its length can be changed, e.g., to — a < 2 < a for arbitrary a. This 
is done by the substitution 



which transforms (1.7) into 







C08 Tlkz 
sin tt 



+ (I 

^ a 


In the more convenient complex way of writing (1.12), one then has 


-»-oo t —§ ** 

(3) Kt) = Z " “ 

^ QO 







— O 
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e may obviously consider also the more general interval h z <z. c, 
by substituting 


The formulas (2) then become 







In this connection we mention some “pure sine and cosine series” that 
appear in Fourier’s work. One considers a function /(x) which is given 
only in the interval 0<x<?r say, and which is to be continued to the 
negative side in an odd or even manner. For example, one gets for odd 
continuation 



5j5sin Ax, 


^k = ~ j f sin k X dz , 
0 


See also exercise 1.3. 

Starting from (3) we take a to be very large. The sequence of 
values 



then becomes dense, for which reason we shall write w instead of w* 

from now on. For the difference of two consecutive < 0 |^ we write corre- 
spondingly 


d(0 = - y 

a * 


2 

a 


dw 

7t 


If in (3) we replace the symbols z, ^ by the previous ones x, f then we 
obtain 





For the moment we avoid calling the limits of this integral — oo and 
+ oo 

Introducing (6) into the infinite series f3) for /(x), replacing the 
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summation by integration, and denoting the limits of integration for the 
time being by ± Q, we get : 



+ a 

/(a;) = Lim Lim ~ j 

O ^CO O **00 


+ a 

d<o _/' 

a 


The order of passage to the limit indieatetl here is obviously necessary: 
if the passage to the limit O ^ oo were carried out first, we would 
obtain the completely meaningless integral 

— OO 

On the other hand /(^) must vanish for f ± co in order that the 
first limit for a ->oo have a meaning. Wc do not have to investigate 
how fast/— »0 in order that the other passage to the limit be possible, 
since for all suitably formulated physical problems this convergence to 0 
will be “sufficiently rapid.” 

After ttiis preliminary discussion we shall further abbreviate the more 
exact form of (7) by writing: 

+ 00 +00 

(8) j US) 

— OO -^oo 


From this we pass to the real form of the Fourier integral (8) as it is 
commonly given in the literature. We set 

^\a>(x — e) _ pQg — ^) + i sin co (x — ^) . 

Here the sine is an odd function of <o, and hence vanishes on integration 
from — CO to + oo; the cosine, being even in ca, yields twice the 
integral taken from 0 to co . We therefore have 

^ OO OO 

(9) /(x) =^j dfo j f {S)cos to (x— $)dS , 

0 OO 

by which we do not wish to imply that the real form is better or simpler 
than our complex form (8) . We can write instead of (9) : 

CO OO 

/ (a:) = f o (w) cos CO X dco + / 6 (co) sin to x dco 


( 10 ) 



20 


PARTIAL DIFFERENTIAL EQUATIONS 


§ 4. 10a 


where 

+ OQ 

(lOa) a (w) = ~j cos co | d^, 

^ OO 


+ OO 

tiS) sinwfrff. 

— OO 


In particular 6 (co; must vanish if /(a:) is even, a (co) if f{x) is odd. 
We then have corresponding to the above “pure cosine or sine series,” 
a “pure cosine or sine integral.” One or the other can be produced 
whenever f{x) is given only for x > 0, by continuing /(x) as an even or 
odd function to the negative side. We then write explicitly: 
for even continuation 


OO OO 

(11a) /(x) = J a (co) cos co x dco, a (co) = ~ j f($) cos O) $ d^ . 


for odd continuation 

OO OO 

(11b) f(x) = j b (co) sin CO X dco, b (oj) = ^ f f($) sin oj ^ d^ . 

The usefulness of this procedure will become apparent to us in some 
particular problems of heat conduction below. 

We denoted the variable of integration by co deliberately. In 
general one denotes the /re^uency in oscillation processes by w. Let us 
therefore, for the time being, think of x as the time coordinate; then in 
equation (10) we have the decomposition of an arbitrary process in time, 
fix), into its harmonic components. In the Fourier integral one is con- 
cerned with a continuous spectrum, which ranges over all frequencies 
from ca = 0 to co = oo in the Fourier series with a discrete spectrum, 
consisting of a fundamental tone plus harmonic overtones. Here the 
following fact must be kept in mind: when a physicist determines the 
spectrum of a process with a suitable spectral apparatus, he finds only 
amplitude belonging to the frequency co , while the phase of the partial 
oscillations remains unkno^vn to him. In our notation the amplitude 
corresponds to the quantity 

c (cy) = ]/a2 (co) + (w) , 

the phase, y (co), is given by the ratio b/a. The relation between these 
various quantities is best given as 

(12) c(co)e^><‘“>=ff(<o)-h«6{co). 

The Fourier integral which describes the process completely uses both 
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quantities a and b, i.o.. both amplitude and phase. The observable 
spectrum therefore yields, so to speak, only half the information uiiich is 
contained in the Fourier integral. 

This IS noted markedly in the “Fourier analysis of crystals,” which 

is so successfully carried out nowadays. Here only the intcnxiticR of the 

crystal reflexes, i.e., the squares of the omplitudrs, can he observed; for a 

complete knowledge of the crystal structure one would have to know the 

phases too. This defect can only be partially removed by symmetry 
considerations. 

In ex-ercise 1.4 we shall deal with the spectra of diverse oscillation 
processes as examples for the theory of the Fourier integral and at tlie 
same time as completion of the spectral theory. 

Once more we return to the complex form of the Fourier integral 
and split it into two parts 

+ 00 4 CO 

(13) /(x) = ^-,y ^ rfco, ^(«,) = 

— oo — oo 

which together arc equivajent to (8). Disregarding the splitting of the 
denominator 2n into V'Zn , which was done mainly for reasons 
of sj-mmetiy, and disregarding the notation of (ho variable of integra- 
tion in the second equation, we have <p (w) identical with the quantity 
o(a>) — ib((o) defined in (10a); it therefore contains information con- 
cerning both the amplitude and the phase of the oscillating process /(x). 

Moreover (10) shows that the two functions/and <p have a reciprocal 
relation: one is determined by the other, whether we regard /as known 
and 9> as unknown or conver.sely, and the determination in each case is 
by “integral equations” of exactly the same character. One .'^ays that 
one function is the Fourier tran.'/orm of the other. In (13) we have a 
particularly elegant formulation of Fourier’s integral theorem. 

So far we liave spoken only of functions /f.r) of one \ ariablo. It is 
obvious that a function of several variables can be developed into a 
Fourier series or integral with respect to any one of the variables. By 
developing with respect to x,y,z for example we obtain a triply infinite 
Fourier series and sixfold Fourier integrals. We do not wish to write 
here the somewhat lengthy formulas since we shall have ample opj^or- 
tunity to explain them in their applications. 

§5. Development by Spherical Harmonics 

We do not claim that the path we shall pursue is the most convenient 
approach to the theory of spherical haimonics; but it proceeds immedi- 
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ately from the discussion of §1, needs no preparation from the theory of 
differential equations, and leads to interesting points of view on far 
reaching generalizations. 

We consider the problem: Approximate a function /(z) given in the 
interval — 1 < a; < 1 by a sequence of polynomials Pq, Pj, P^. . - . 

Pit, - ■ ■ Pn of degrees 0,1,2, in the manner which is the best 

possible from the point of view of the method of least squares. We form an 
n-th approximation of the form 

(1) = i A, P, 

and reduce the mean error 

+ 1 

( 2 ) M = ^l[nx)-S„f<lx 

— 1 

to a minimum through choice of A*, just as in (1.3). This leads to the 
n + 1 equations: 

(2) Pj,dx = Q, k = 0,l,...,n. 

— 1 


just as in (1.4). This minimal requirement we complete by a require- 
ment concerning the amount of calculation that will be needed: the 
coefficients A* which are to be calculated from (3) in the n-th approxima- 
tion, shall also be valid in the (n -|- l)-st and in all subsequent approxima- 
tions; they shall represent the A* for all k^n, and the finer approx- 
imations are to complete their determination by yielding the Ak for 
k > n. In §1, p. 4 this finality of the A* resulted from the known 
orthogonality of the trigonometric functions. Here, conversely, the 
requirement of finality will be seen to imply the orthogonality of the P*- 
The proof is very simple. Equation (3), written explicitly, reads 
(we omit in the following the limits of integration A: 1): 

(4) A„j P„P.,ax + Aj PiP..dx+--+ f/(x)P.,dx. 

Since the right side is independent of n and the A ,• are to be final, this 
equation retains its validity for the (n -|- l)-st approximation 
except that on the left side we add the term 

^n + l f Pn+l Pk^^ 

Equation (4) implies that this terra must vanish, and since didoes 
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not vanish (except for special choice ot' f(x)), tlie inlcj^ial must vanish 
for all k for which (4) is valid, i.e., for all k < n. Hut this implies that 
^ti+i is orthogonal to Pq, P^y . . . Pn for :ul>itrary n. Hence, if wc take 
Po and Pi orthogonal to each other, our requiicment of finality implies 
the general condition of orthogonality 

(5) / PnPff, dx = 0, m . 

Using (5) we obtain from (4) 

<6) f P^dx = J f{x) Pfc(^) dx . 

The Ak are therefore determined individually if we add a convention 
about the normalizing integral on the left side of (6). The most obvious 
procedure would be to set it directly equal to 1, and indeed we shall do 
this in the general theory of characteristic functions. Here we prefer 
to follow historical usage and require instead that 

(7) P„ (1) = 1 . 

This normalizing condition has an advantage in that, as we shall see, ail 
the coefficients in P„ become rational numbers. 

We now pass to the recursive calculation of Pq, P^, Pg* • • • from 
(5) and (7). Po is a constant, which according to (7), must be set equal 
to 1. In the linear function Pj = a x H- 6 we see from (5), after setting 
n = 0 and m — that 6 = 0 and from (7) that a = 1. After setting 
p 2 ~o-x^-\-l>^-\-c we obtain 

j PzPodx -i- 2c = 0 ; hence c = — — ; 

f P^ Pi dx =-^b = 0 ; lienee 6 = 0; 

Therefore P^ ~ a (x* — •!) and by (7) 

a — — P — — 


Correspondingly we find 



The P„ are therefore completely determined by our two requirements, 
Pg, aseven, the P^n+j as odd polynomials with rational coefficients. 
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More transparent than the recursive process is the following explicit 
representation: 



PM 


1 rV* 
‘2’' n ! dz” 



We see that P„(x) as defined by (8) satisfies condition (7) as follows: for 
X X we have to carry out the n-fold differentiation solely for the 
factor (x — 1)", whereby we obtain n\] the factor (x + 1)" becomes equal 
to 2": equation (8) therefore does imply that (1) = 1. 

It remains to bo proven that (8) satisfies the orthogonality condi- 
tion (5), which is equivalent to our “condition of finality.” To this end 
we introduce the notation 

(9) D,,, = - D' 


and write the left side of (5) (suppressing the constant factor which is 
immaterial here) as 




n n 


Pm m 


- 1 


where we take, say, m > n. We now reduce the order of differentiation 
of the second factoi' by integration by parts; this increases the order 
of differentiation of The terms which fall outside the integral sign 
will vanish for a: = ^ 1 , since in according to (9) one 

factor X* — 1 remains. Repeating this process we get 


( 10 ) 


f Ph, » ' Pm, m — / Ai-h 1, (t ■ P,n~-L, m — 

jPn-^2,n'Pitt — l,m^^~ ''' =( f P-ln.n ' Pm — n,m^^- 


Here according to (9) D^,, „ is a constant, namely (2n) ! Hence 

,,,, / A.. • dx = (- D" (2 »)! / A.-... dx 

=(-!)" (2 

This vanishes, since the number m — n — 1 of differentiations that still 
remain to be carried out is less than the number m of factors x — 1 and 
X -f 1 which are to be differentiated. This deduction is valid for 
m = n + too, and fails only for m = n. The orthogonality is there- 
fore proved for all m . 
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2.0 


At the samo time tho mctluMl just sisod provides u 
tlio normalizing integral of (G): 


\\ a>’ of caleulat ing 



A-, i- • 


I'sing the first line of (11) for m = n = k. we <)btain 



(2* k !)a 




( 2 ? 

(2 • 4 - b ... 2k)^ 




1 he numerical factor in front of the last integral is 

1 • 3 * 5 • ♦ . . • (2k — 1) 

® 2-4-6- ... ‘2k ’ 


under the substitution x =* cosi^ the integjal itself goes over into the 
well known form 


2 


/ ■&d'9 — 2 2- 4 • 6. . . 2<: _ 

J — ^ 3-5-7...(2ife-(-l) ~2* + l *' 


Ther(‘fore. one obtaitis 

( 12 ) 


I 


PI 
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I'.quation (6) then gives 

(13) ^* = (* d- Va) / /(^) ^*{*) dx. 

Substituting this in etiuation (I) of the /t-tli ajiproximation .S,. and letting 
^“*■00 've get (assuming cofuergence and the c<;mplctene.ss of the 
system of functions /^j ; 


(14) 


OO 




+ 1 

/ 
- 1 


Hx) =-• y* (A: d- Vz) / Pm (^) dS * Pm (x) • 


The two assumptions ju.st mentioned ean be justified here, just as in the 
case of Fourier series, by consideration of the limiting value of the mean 
square error. The A--th appro.ximating function has A zeros in the interval 
of approximation just as before, except that now they are not equally 
spaced. The approach to the given function, /, proceeds, here too, 
through more and more freciuent OHciUationH. Al.so, we find Gibbs’ 
phenomenon at the points of di.scontinuily, etc. 
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§6. Generalizations: Oscillating and Osculating 
Approximations. Anharmonic Fourier Analysis. 

An Example of Non-Final Determination of Coefficients 

The f(jllo\vinf>: (}uestion suggests itself: Why arc the two series differ- 
ent. despite the identieul nature of the approximation processes? Since 
we saw that the form of the J\,(x) was completely determined by our 
approximation reejuirements, \^•e might think, e.g., that the pure cosine 
serie.s (expansion of an even function) would go over into a series of 
spherical harmonics, if in tlu* former we set cos <p = x , because then 
cos kq> Ijecomes a polynomial of degree k in x just like P^ix), and the 
interval of expansion 0 < (p < n becomes the interval -j- 1 > ® !> — !• 
Jiut ihc individual infinitesimal elements of this interval receive a different 
weight g in each case since 

dx 

Vl — x^ ' 

Whereas in the Fourier approximation we associate the same weight 
with all d<p, the erulpoints x = ±1 of the interval in the x scale seem to 

be favored since g{x) = l/^/l — . At these points the function is 

better approximated than at the middle of the interval. The opposite is 
obviously the case for approximations by spherical harmonics which, 
translated to the 9? -scale, discriminate against the endpoints of the 
interval since ^ (9?) = sin Pictorially speaking, in the- case of 

Fourier series, one deals with a uniformly \Veighted unit semicircle 
between 97 = 0 and tt , which, under orthogonal projection on the 
diameter between x = — 1 and -{- 1, yields a non-uniform density: on 
the other hand the case of spherical harmonics deals with a uniformly 
weighted diameter, which corresponds to a non-uniformly weighted 
semicircle. 

A. OsciLL.VTING AND OsCl'LATING ApPROXIMATIO.N 

These different distributions of weight g (that is, densities) are the 
factors that, in conjunction with the delimitation of the interval of 
expansion, distinguish among the different series expansions common in 
mathematical physics. Here we onlymention the expansions in Hermite- 
and Laguerre-polynomials because of their importance for wave me- 
chanics. We shall not concern ourselves here with their formal repre- 
sentation — they can be obtained from the requirement of a best possible 
calculation of the coefficients satisfying a condition of finality, just as in 
the case of spherical harmonics. (See exercise 1.6, where the usual 
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normalizations are given; orthogonality would again be the necessary 
result of these requirements.) ^^'e restrict ourselves here to a tabulation 
of the most important characteristics of both polynomial series; 



Hermite 

Lagverke 

Interval 

— oo < x < + ^ 

0 < X 

Weij^ht qixy 



Orthogonality 

+ oo 

oo 

coiuiilion for /fi .... 

— OO 

/Z„ e-* e/jr = 0 

0 


For these scries, just as for 
Fourier series and spherical 
harmonics, the approach to the 
given function, f, is through 
closer and closer oscillations. 
However, from the calculus we 
know a series whose character 
is o.tculatiyig rather than oscillat- 
ing, namely the Taylor series. 
In the case of Taylor series the 
consecutive approximations iS„ 
osculate the curve to be repre- 
sented in such a way that at a 


y^sm X 



Fig. 6. Tlie Taylor expansion of sin x 
(heavy line) atul its approximations 

^ 3^^ 




given point S„ has the same derivatives as / up to and including/' 


The graphic representation of the power series of sin x (Fig. 6) demon- 
strates this without further explanation. 

Here the total accuracy is concentrated at a single point. Following 
Dirac we can express this succinctly as follows; g{x) has degenerated into 
a 6 function. Dirac defines, as an analogue to the algebraic symbol 
of (1.6), a highly discontinuous function d{x \ Xq) 



I oo a; = a;^, 



for arbitrary e For the Taylor series of Fig. 6, where has been set 
equal to 0, we get 

(la) =«5(apla). 


B. Anharmonic Fourier Analysis 

Whereas in §1-3 we considered only Fourier series which proceed 
according to harmonic (integral) overtones of a fundamental tone, we 
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now consider the prol)lem of expanding an arbitrary function fix) in the 
interval 0 < a: < tc into a series of the form 

(2) f{x) = sin sin A2 a: + B3 sin Ag a: + • • • 



Fig. 7. Diagram of the tran- 
scendental equation tan Xr = a\ 
a < 0. In the ordinate both 
y — tan Xt and y — aX have 
been drawn. The intersections 
yield the roots, X*. of the equa- 
tion. Xg = 0 is not to be con- 
sidered as a root; for n — »oo we 
get asymptotically X„ » n — 


where the are given as the roots of a 
transcendental equation, e.g., 

(2a) tan Xti = a X 

(a being an arbitrary number), We do 
this for use in problems of heat conduc- 
tion (see §16). The fact that (2a) has 
infinitely many roots is seen directly from 
Fig. 7 where X has been drawn as the 
abscissa and both tan Xn and aX 
as orrlinates. ^^'e shall meet another 
equation of character similar to (2a) in 
exercise II.l. 

We first show that the functions 
sin Afc X form an orthogonal system with 
weighting factor <y(j-) = 1, i.e., that 


ft 

(3) J sin At X sin /.fXdx = 0 . . . k =^l. k ^ 1. 

In fact, by passing from the product of sines to the cosines of the sums 
and differences, we obtain for the left hand of (3) 


inn :z\ 


where the expression inside the brackets now vanishes because of (2a). 
In the same manner we find for k = I 

f% 

(3 a) J sin^ A* xrf® = — ("l — - — sin A*7 e • cos At^t). 




r, — 7. cos 71 


cos / 




tan 71 


This calculation of (3) and {3a) which is based on special trigonometric 
identities, will receive a less formal treatment in §16 where it will be 
reduced to an application of Green’s theorem. 
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From (3) and (3a) one obtains the foUowing value for the expansion 
coefficients Bk in (1): 


(3b) 




1 f 1 


0 


8iD 2 .*1 

2 


This value for Bk is final in the sense of p. 22. since it is independent of n 
and minimizes the mean square error of the approximation 




Bk sin Afc X 


At the same time this settles the question of convergence and complete-, 
ness, if for n -»• oothe mean square error approaches zero. 


C. An Example of a Non-Final Determination 

OF Coefficients 

As preparation for an optical (or rather “quasi- 
optical") application, we shall consider a much more 
involved case in which the requirement of finality is 
not satisfied. Let us consider a metal mirror in the 
shape of a circular cylinder (see Fig. 8). The electric 
vector of the total oscillation, which we take as per- 
pendicular to the plane of the drawing, is composed 
of the incoming wave, represented on the mirror by 


•t » a 



P'ig. 8. Reflection 
of an incnniing 
“quasi optica I ” 
wave a circular 
cylinder mirror of 
opening = a nnd 
radius r s a. 


(4) w = — — « <. <p ■< + cc, r a 

and of the reflected (refracted, scattered) wave. Let the latter be repre- 
sented by : 


V = v(r,<p), 

We then have to demand 


— 71 < r<a, inner field, 

— r>a, outer field. 



— V‘i-ta = 0 for r ^ a and \tp\ < c» , 
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bu bv 
dr br 


for r = a and \(p\'>a, 


the former on account of the assumed infinite conductivity of the metal 
mirror, the latter on account of the required continuous passage from the 
inner to the outer field. 

Assuming w to be symmetric with respect to the axis of the mirror 
(as, for example in the case of a plane wave proceeding in that direction), 
we write^ 



« = ^ g„{r) cos 719?, 

n 

V = ^ (r) cos 7J 9? . 

n 


and h„ will turn out to be Bessel and liankel functions, respectively 
(see §19) ; they can be chosen so that 

gM = An(«) = 1 

Equation (5) and the first equation (6) then imply 

(8) cos n 9 ? = ^ cos n 9 ? = /( 9 >) \<p\<» 

U ft 

and 

(9) ^ C„ cos M 9 ? = ^ *D„ cos 71 9 ? I® I > <x . 

n n * ' 

respectively. From these two equations it follows that 


JS' (0„ — D„) COB 71 9 ? = 0 for all tp, 

71 


hence, whether the preceding summations are extended over all integers n 
or only over the first N integers (the more general case), wc have 

This satisfies (9) while (8) still requires 

(10) cos 7! 9 > = /{ 9 ?) for l 9 ?j<«. 

In addition to this we have to satisfy the second equation (6) which on 
account of (7) reads: 

’ In view of the notations to be used in Chapter IV, it is advisable here to change 
the index of summation from k to n. For the previous n we shall write iV. and instead 
of i we shall use rn. 
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(H) 

(lla) 


^ C„ >»„ cos n 9 J = 0 for 1 9 ? ( > a 
n 



We add tlic factor a before tlie parentheses here, as we may by (11), in 
order to make a pme numbei'. Etpiations (10) and (11) toRethcr 
determine the C„. 

Here the way is a^ain shown by tlu* method of least sqiiares. We 
consider tlie sc|uare errors eori’esponding to t h{* equations ( 10 ) and ( 11 ) 


^ iV V 

J c„ cos 71 dtp and j cos 



Tlie sum of these two is to lie minimized through choice of the C„, Hy 
differentiation with respect to the C,. this yields a system of W + 1 linear 
equations for O®, . . . C„, . . , of which the(m -f- l)-stequation is: 


( 12 ) 


-V ( <* p j 

/ cos « fp cos 7n<pdrp -■[- j cos n <p Cf>s rp d<f \ 

n-O « j 


= J f(p) cos m<p d(p . 


If we pass to the limit N-t-oo wc obtain an infinite ni/ston of linear 
equations for the infinitely Tnany unknowns C,„ u hich arc in gen(»ral of no 
interest to us. Wo must postpone further treatment of tliis problem 
until appendix I of Chapter 1\', for only there shall we have the necessary 
values of the parameters y„. The corresponding spatial problem, ^\•here 
we have a spherical segment instead of a circular cylinder segment, 
would lea<l in the limit >00 to an infinite system of linear equations, 
in which P„(cos 1 ^) would replace cos ^ 9 ? (by ^ we denote here the angle 
measured fiom the axis of symmetry of the spherical mirror). This 
problem too will be treated in appenflix I of (’hapter IV. At present we 
call atfention only to the difference in method between those problems 
in which the method of least squares leads to a definitive calculation of 
the itulividual coeficients C, and those problems in which the “require- 
ment of finality” is not satisfied and in which therefore, the totality of the 
C„ must be determined from the totality of minimality conditions. 
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Introduction to Partial Differential Equations 

§ 7. How the Simplest Partial Differential Equations Arise 
The potential equation 

(I) Au = 0 or (la) Au ^ 

is known in the theory of yravUalion as the expression of the field-action 
approach, as opposed to the action-at-a-distance approach of Newton. 
The Laplace operator is defined as 






div grad. 


The same equations (1) and (la) are fundamental for eloctrostatic and 
magnetic fields, (1) in empty space, (la) in the presence of a source of 
density Q the factor4?tin (la) has been put in parentheses since it can 
be removed by a proper choice of units. 

Equation (1) appears also in the hydrodynamics of incompressible 
and irrotational fluids, u standing for the velocity potential. We also 
mention the two-dimensional potential equation 



S*u , 


as the basis of Riemannian function theory, which we may characterise 
as the “field theory” of the analytic functions / (x -f iy). 

Equally well known is the wave equation 



. 1 dhi 

~ c« dt^ 


It is fundamental in acoustics (c = velocity of. sound). It is also funda- 
mental in the electrodynamics of variable fields (c = velocity of light), 
and therefore in optics. In the special theory of relativity one may 
write (4) as the four-dimensional potential equation 
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with 



by introducing the fourth coordinate Xi (or xo) = id in addition to the 
three spatial coordinates Xi,X 2 ,X 3 . For an oscillating membrane we have 
(4) with two spatial dimensions, for an oscillating string we have one 
spatial dimension. In the latter case we write 



d*u 1 


or sometimes (6a) 





setting, for the time being, y = d (not y = id). Neither membrane 
nor string has a proper elasticity; the constant c is computed from the 
tension imposed from outside and from the density per unit of area or of 
length. 

In the general theory of elasticity one has, as a special case, the 
differential equation for the transverse vibrations of a thin disc 

A A 1 A A ^ I 9 ^ -4-^^ • 


for reasons of dimensionality c here does not stand for the velocity of 
sound in the elastic material, as it does in acoustics, but is computed 
from the elasticity, density, and thickness of the disc. Analogously, the 
differential equation of an oscillating elastic rod is 

/g. ^ i 


This will be derived in exercise II. 1, where the resulting characteristic 
frequencies will be compared with the acoustic frequencies of open and 
of covered pipes. 

As a third type we add to the differential equations of states of 
equilibrium ((1) to (3)), and of oscillating processes ((4) to (8)), those of 
^Qualizaiion "processes. As their chief representative we shall here con- 
sider heat conduclion (equalization of energy differences). We remark, 
however, that diffusion (equalization of differences of material densities), 
fluid friction (equalization of impulse differences), and pure eledric con- 
duction (equalization of differences of potential), follow the same pat- 
tern. 

Let G be a vector of the magnitude and direction of the heat flow 
and let the initial point P be surrounded by an element of volume dr. 
Then div G dr is the outflow of heat energy from dr per unit of time. 
A decrease per unit of time in the amount of heat in dr, which we 
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shall denote by — dQ df, corresponds to this. We then have 

(9) div G dr = — ^ , 

Our heat conductor is here considered to be a rigid body so that we can 
neglect expansion; heat content is then the same as energy content. 
Now every increase dQ in heat causes an increase in the temperature of 
dz, every decrease — dQ in heat causes a decrease in temperature. De- 
noting the temperature by u, we have 

(10) dQ = c dm du, dm = qdz. 

c being the specific heat (for a rigid body we need not distinguish between 
Cj and Cp) . The factor dm is due to the fact that c is related to the unit of 
mass. 

From (9) and (10) we get 

(11) div G = —c Q~ . 

We now apply Fourier's law, which determines the relation between 
G and u. It states that for an isotropic medium 

(12) G — — X grad u: 

the flow of heat is in the direction of decreasing temperature and is propor- 
tional to the rate of this decrease. The factor of proportionality te is called 
the heat conductivity. 

Introducing (12) in (11) we get the differential equation of heat 
conduction 

(13) = = — . 

' ' KOl C Q 

k is called the temperature conductivity. 

Fourier’s law was adapted to the case of diffusion by the physiologist 
Fick. Here u stands for the concentration of dissolved matter in the 
solvent, G for the material flow of the dissolved matter, and k for the 
diffusion coefficient. In the case of inner friction of an incompressible 
fluid, k stands for the kinematic viscosity, and (13) is the Navier-Stokes 
equation for laminar flow (i.e., flow in a fixed direction). Owing to the 
tensor character of this process equation (12) has no general validity 
here. The analogue of Fourier’s law in the electric case is Ohm’s law. Here 
u stands for the potential, G for the specific electric current (the current 
per unit of area of the conductor), and k for the specific resistance of the 
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coti^iictor. Equation (13) is of the type of Maxwell’s equations in the 
case of pure Ohm conduction. 

Schrodinger’s equation of wave mechanics belongs formalK’ to the 
same scheme, in particular in the force-free case, to which wo restrict 
ourselves here: 

h = Planck’s constant divided by 2ir 
?n — mass of the particle. 

However, owing to the fact that the real constant, k, of (13) is replaced 
here.by the imaginary constant i equation (14) describes an oscil- 

lation rather than an equalization process. We see this in tlie passage to 
the case of periodicity in time, if we set . 

(14a) « = £o = ^, jr = energy of the state. 

Then (14) becomes 

(15) Ay;^Cy^ = 0, C = |? . 


(14) 


Au = 


2 m du 

Th TT 


This is the same form as we would obtain from the wave equation (4) 
if we set u = y • exp ( — iut) and let C = io'/c- 

The so-called case of linear heat conduction, with the thermal state 
depending on only one variable x, will be treated in detail in the follow- 
ing chapter. In order to compare its differential equation with (3) and 
(6a), we write it in the form : 



dx^ 



Looking back on this sketchy survey one notices a family resem- 
blance among the differential equations of physics. This stems from the 
invariance under rotation and translation, which must be demanded for the 
case of isotropic and homogeneous media. The differential operator of 
second order implied by this invariance is just the Laplace A . In the 
case of space-time invariance of relativity this is replaced by the corre- 
sponding four-dimensional □ of (15). For the case of an anisotropic 
medium, A must be replaced by a sum of all second derivatives with 
factors determined from the crystal constants. For the case of an 
inhomogeneous medium these factors will also be functions of position. 
We shall deal with such generalized differential expressions in the be- 
ginning of the next section. 

The fact that we are dealing throughout with partial differential 
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equations is due to t\\e field~action approach, which is the basis of present 
day physics, according to which only neighboring elements of space can 
influence each other. 


§ 8. Elliptic, Hyperbolic and Parabolic Type. Theory of 

Characteristics 


We restrict ourselves to the case of two independent variables, 
X and y. The most general form of a linear partial differential equation of 
second order is then: 


( 1 ) + 




A,B, ... ,F being given functions of x and y having sufficiently many 
derivatives. For the present we may even consider the far more general 
equation: 



. o jj dhi - / du du 



where 0 need not be linear in u, du/dx, du/dy. 

We now investigate the conditions for the solvability of the following 
problem, which is put first in the mathematical theory of partial differ- 
ential equations, although in the physical applications it is of secondary 
importance compared to certain boundary value problems considered 
later. 

Let be a given curve in the xy-plane along which both u and the 
derivative du/dn of u in the direction of the normal are prescribed. Does 
a solution of (2) that satisfies these initial conditions exist? 

Preliminary remark: If u is given on P then so is du/ds\ but from 
du/ds and du/dn one can calculate du/dx and du/dy. Therefore both 
u and its first derivatives are known on P. 

We introduce the following abbreviations, which are common in 
the theory of surfaces: 


du 

du 


^ ’ 

II 


e*u 

_ dhi 

dhi 

’’ ex*' 

^ dzdy* 

11 


Written in terms of r,s,t equation (2) reads: 

(3) Ar+%Bs-\-Ct = 0. 
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Furthermore the following relations are valid in general, and therefore 
hold on r 

{3a) d-p = r dx ^ s dy , 

(3 b) dq = s dx t dy . 

Now, since p and q are known on r, equations (3) and (3a, b) constitute 

three linear equations for the determination of r,s,t on the curve. The 

determinant of this system is 




A 

dx 

0 


2B 

dy 

dx 


C 

0 

dy 


= A dy^ — 2 B dx dy + C dx^ 


\^(jc,y}-con$\. 

. r 

.4-yl^ \tp(x.yhconst. 
i/' ._i— . 


Only when this determinant J is different from zero can T,s,t be calcu" 
lated from (3), {3a), and (3b). However, in general, two directions, 
dy.dx, exist for every point (z,y), for which this is not the case. There- 
fore two (real or conjugate complex) families of curves exist on which 
J = 0 , and which, according to Monge, are called characteristics} They 
are the dotted lines of Fig. 9. Along each 
of these characteristics it is in general im- 
possible to solve for r,s,t in terms of u,p,q. 

We shall therefore demand as a necessary 
condition for the solvability of our prob- 
lem, that r shall be nowhere tangent to a i \ 

characteristic. The opposite case, in _j I — ! 

which r coincides with one of the charac- 
teristics, will be discussed in §9A in con- 9 The curve 77 along which 

nection with D’Alembert’s solution. u and Bu/On are given, and the two 

When the condition J =}= 0 is satis- families of characteristics ^ = se(i.j/) 

fled, a solution of the differentialequation - cons, 
in the neighborhood of F must exist. Then the higher derivatives 
can be calculated in exactly the same way as the second derivatives. 
Let us consider, say, the third derivatives: 

B*u 

Differentiating ( 3 ) and (3a,b) with respect to x, we get: 


r 

» dx} 




^ dy 


Ar^+2B8,-\- C = 0, + 

r^dx + s^dy = dr, 
s.dx + tgdy ds . 


‘ A geometrically intuitive introduction of characteristics Is given, e.g., by 
B. Baule in v. VI (Partielle Differentialgleichungen) of his Mathematik des Natur- 
forachers und Ingenieurs, Hirzel, Leipzig 1944. 
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On the right . . . represents terms that contain no third derivatives, and 
therefore contain only kno\\Ti quantities. The determinant of this sys- 
tem is again /J. The same holds for equations obtained by differentiation 
with respect to y. Our condition is therefore sufficient for the computa- 
bility of the third and all higher derivatives. Therefore u can be ex- 
panded in a Taylor series at every point of T* and the coefficients are 
uniquely determined by the boundary conditions on f. 

We now turn to the discussion of the equation of characteristics 

(4) A dy^ — ^ Bdxdy C ds^ = 0 , 


where we restrict ourselves to an arbitrarily chosen neighborhood in the 
xi/-plane,2 and distinguish between the following cases: 

1) AC — > 0 elliptic type in which the characteristics are 

conjugate complex. 

2) AC — B^ <z. 0 hyperbolic type in which the characteristics 

form tw'O distinct families. 

3) AC — = 0 parabolic type in w’hich only one real family of 

characteristics exists. 

Each of the three types can be brought into a special normal form in 
which the equations of the characteristics are utilized for the introduc- 
tion of new coordinates. Let these equations be 

(4a) ep (x, y) = const, and tp (x, y) = const. 

respectively. Then through the transformation 

(5) ^ + = ^ — t> = V'(®»y) 


one obtains the normal form for the elliptic t5T5e, 



, 5*tt ^ f du. du \ 


through the transformation 

(6) 1= tp (x. y), tj = ip (X, y) 

one obtains the normal form for the hyperbolic type, 


(6a) 


0 % ■V ^ ^ f \ 

drj ~ ^ V** d$ * drj ' » 


* When A,B,C depend on then the equation may obviously be of different 
types for different neighborhoods of the xy-plane. 
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and through 


^ = (p {X, y) = xp (X, y), rj 
one obtains the normal form for the parabolic type, 
(7a) 


= X 


dtf' 


Before proving this, we compare the above forms (5a), (6a) and (7a) 
with the equations (7.3), (7.6a), and (7.16), i.e., with the two-dimensional 
potential equation, the equation of the vibrating string, and the equation 
of linear heat conduction. We observe that the left hand sides of (5a) 
and. (7.3) coincide except for the letters used to denote the independent 
variables. The analogous relation holds between (7a) and (7.16). In 
(6a) we only have to perform the simple transformation 

(8) f = I (f' +>?'). r, ^ (r ~ -n'y 

with the inverse 

(8a) + 

we obtain 

£^u 

WWrt ~ IT* ~ ^ ’ 

which establishes the essential equality of the left hand sides of (6a) and 
(7.6a). Hence the two-dimensional potential equation, the equation of the 
vibrating string and the equation of linear heat conduction are the simplest 
examples of the elliptic, the hyperbolic, and of the parabolic types, re- 
spectively. 

Starting with the treatment of the hyperbolic case, we first show that 
(6a) is obtained from the initial equation (2) through the transformation 
(6). From (6) we obtain for the first derivatives 

Bu Su Su Bu . Bu , Bu 

aj = sF 7’* + V’" 

where the subscripts again denote differentiation. From this we obtain 
for the second derivatives 





+ 


+ 


o 


+ • • - 

dx* ~ 

dS* 

<pI 

ft 

8 H a, 


Wl 


dhi 

dx&y ~ 

II 


. + 

s*tt f . 

SS a, ' 7 ’* 7 '" + T"* 

V'*) + 

a*u 



+ ••• 

d*u 


O 




B^u 

2 



8y* ■ 


vl 

2 am V. v. 

Byf 



9 

T • • • 
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where the tliree dots stand for terms containing only first derivatives. 
Multiplying the last three equations by A, 2B and C, respectively, and 
adding, wc obtain for the left side of (2): 

^ dYd^ + -S i<Px Wv + 9^v Vx) + Wy) 

5 ^ V.e Vv + vj) + • ■ ■ 

But here the coefficients of d^u/d^ and d-u/dij- vanish, since for the 
family of characteristics <p — const, we have 

(p^dx + q,^ dy = 0, 

Hence on introducing the ratio dx\dy into (4) we get 

( 10 ) Aql-\- 2 Gql= 0. 

The derivatives of q must satisfy the same equation. Hence (9) indeed 
reduces to the hyperbolic normal form (6a) if we transfer the coefficient 
of d'^u/d^Bri in (9) to the other side of the equation. 

Since in the parabolic case we have ?? = x, we must substitute in (9) 

(11) q (x, y) XT. X, and hence y* = 1, Vv = 0 , 

whereas (10) still holds for ^x. qy The first term in (9) therefore 
vanishes. Owing to (11) the coefficient of the second term reduces to 
A<px A- Bqy which also vanishes since /I C — = 0 makes the left 

side of (10) a perfect square, so that (10) can be rewritten as (Aqx + 
Bqy)-/A = 0. Considering (9) and (11) the third term finally becomes 
simply 

- dhi 

which is the parabolic normal form (7a). 

The elliptic case need not be treated separately. It can be reduced 
to the hyperbolic case by a transformation analogous to (8a) : 

§ 9. Differences Among Hyperbolic, Elliptic, and 
Parabolic Differential Equations. The Analytic Character 

of Their Solutions 

The problem of integration, which is illustrated in Fig. 9, is applied 
in physics only to the case of hyperbolic differential equations ; for elliptic 
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differential equations it is replacotl by an entirely different kind of 
problem, tlie boundary value problem. For the time being, we shall dis- 
cuss tliis profountl difference only sketchily and refer the reader to the 
following sections for a more precise tieatment. 


A. Hyperbolic Differential Equations 

As the simplest example we use the equation of the vibrating string, 
which, written in its normal form, is 



d^u 
dS drj 



$ = x-\- y, 




Here the characteristics are the lines $ = const., tj = const., which in 
Fig. 10 are drawn at 45® angles with the x- and y-axes. The general 
solution of (1) is the sum of a function of | and a function of n: 

C2) m=F,(^) + F2(77). 


Because of the meaning of ^ and j? this is d'Alembert's solution (see V. II, 
§13). For the sake of simplicity, let us consider u as being given on 
segments AB and AD of two of the characteristics. This determines u 
in the entire rectangle AJiCD. We could calculate the value of w at P 
by passing in the directions of the characteristics to Pi and Pj, and 
substituting into (2) the values Pi(^), F^{rj) which are given at these 
points. The values along two intersecting characteristics determine the 
function everywhere. For example, any discontinuities of the given functions 
on the characteristics would be continued into the interior of ABCD. Thus 
the solution need not be an analytic function^ of x and y over its domain 
of definition. 

In physics one is given the values of u and of du/dy along a segment 
of length I on the x-axis (/ = length of string) : 


0) and 


Su 1 du , r\\ 

% = 7 a<- = "f*- ■ 


This segment corresponds to the curve P of Fig. 9, on which, too, u and 
du/dn were given, and it satisfies the requirement of not being tangent 
to any characteristic. 

In order to apply the conclusions drawn from (2) to our present 
problem, we have to calculate Pi and Pa from our given u(x,0), y(x,0). 
This is done with the help of the following equations, which are immedi- 
ate consequences of (2) : 


* A function of two real variables T,y is called analytic in a certain domain, if in 
some neighborhood of each point (so.yo) of thU domain it can be represented as a 
power series in z — xo and y — y». 
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w(ur,0) = + F.^(x) , J’lCa:) = -^ {«(a;, 0) + / v{x, 0) rfx} , 

vix, 0) = F’.ix) - F'^ix) . F^ix) = I {u{x, 0) - / v{i. 0) dx] . 


We conclude: the given initial values, together with any possible discon- 
tinuities, are cotitinued along the characteristics. The solution, u(x,i/) is in 
general not an analytic function of x and y. It is determined only within 
the rectangle of characteristics determined by the length of string I as shown 
in Fig. 10. 




I 

i 


Tk- 


^^4 

"4: 


4 

/■ \ 




Fig. 10. The vibrating string of 
length I and the .square of charac- 
teristics detern^ined by its end 
point. 


However, from a physical point of 
view, the solution must be determined 
from the initial time on, i.e,, for all y > 0. 
This indicates that, in addition to the 
initial values, certain bovmdary values 
must be prescribed at the ends of the 
string. These are the stringing conditions 
u = 0 for a: = 0 and x = 1. Just as for 
all X such that 0 < x < f two values (u 
and dujdy) had to be given, so for all y>0, 
two values are given. This is due to the 
fact that our differential equation is of 
second order in both variables x,y and 
the only difference is that both values 


along the x-axis are given at the same point (x,0) whereas the values along 
the y-direction are given at the different points (O.y) and il,y). The only 
exceptions to this rule of two necessary boundary conditions are the 
characteristics on which, as we saw above, one value {Fi or Ff) js sufficient. 

We shall show in §11 that these results, which we have established 
for the case of the vibrating string, can be extended to all cases of hyper- 
bolic type. 


B. Elliptic Differential Equations 
Here the characteristics are imaginary and therefore have no direct 
bearing on the problems we are going to treat. These problems do not 
deal with an arc F, as in Fig. 9, but rather with a closed region S of the 
real xy-plane. On the boundary of S, u or du/ dn (or a linear combination 
of u and du/dn) will be given but not both u and du/dn as in the hyper- 
bolic case. Discontinuities of the boundary values are not continued into 
the interior of *S, but only into the imaginary domain, and the function 
u is analytic everywhere in the interior of S. 

These are known theorems from the theory of functions (two- 
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dimensional potential theory^ Their proof for arbitrary linear elliptic 
differential equations will be given in the following section. 

The analogue tod’Alembei t’s.solution (2) is given in potential theory 

by 

It = /j(a: + i y) ^ — i y), 

where, in order that u be real, we must set /2 = /*, i-e.,/2 conjugate^ to /i 
We mav also write: 

(3) «=Re[/(z)]. 

where f is an arbitrary analytic function of the complex variable 
z X -{• iy. However, this general solution of the equation J w = Odoes 
not help ijs (at least not directly) in the general solution of our boundary 
value problem. 


C. Parabolic Differential Equations 

Here the two families of characteristics have degenerated into one. 
In the special case of the normal form of the equation of linear heat con- 
duction this is the family of lines parallel to the ar-axi.s. Only one 
boundary condition should be given on the.se characteristic.s just as in 
the case of hyperbolic differential equations (see p. 42). We can also 
see this directly from (7.16); herec>w/ayis determined uniquely if u is 
given as a function of z for some fi.xed y. From physical considerations 
one sees this in the following manner: the thermal behavior of a rod of 
length I is determined once and for all as soon as its initial temperature is 
given together with conditions for the ends of the rod (the lateral surface 
of the rod must be considered adiabatically closed, if heat is to flow only 
in the x-direction). 

We shall see in §12, that the temperature distribution of the rod 
becomes an analytic function of x ami y for arbitrary — even discon- 
tinuous — initial temperature. To this extent, therefore, the parabolic 
type resembles the elliptic typo. However, the problem is not relative 
to a bounded region, but rather, as in the hyperbolic case, relative to a 
strip, i.e., a region which is infinite in one direction. The parabolic type, 
therefore, occupies a middle position between the elliptic and the hyper- 
bolic types. 

* We u.Ke the notation /* instead of /. which is more common in mathematical 
literature, since we want to reserve the use of the bar for mean value.s in time. Re 
and Im stand for thfe real and imuKtnary part respectively. 
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§10. Green's Theorem and Green’s Function for Linear, and, in 
Particular, for Elliptic Differential Equations 

In (8.1) we had the general form of a linear differential equation of 
second order. In order to retain a common expression for the three types, 
we shall not transform this system into its canonical form for the time 
being. 

A. Definition op the Adjoint Differential Expression 
We now have to introduce the seemingly rather formal concept of 
the differential form M{v) which is adjoint to L{u). It is defined by the 
requirement that the expression v L (u) — u M (v) be generally integrable 
or as we may put it, that it be a kind of d 'vergence. 

We demand, namely 

(1) vL(u)~.uM{v) = 

The problem is to determine M and X,Y as functions of v and of u,v 
respectively.® 

We shall use the following identities; 


( 2 ) 

(2a) 

( 3 ) 


. e*A V 


d i M Zu dA v\ 


V B 


dxdy 


d*Bv 


— U -:—r- = 


dx dy 


a / ndux a / dBv\ 
dx dy) dy V' dx ) 




dy/ cy 

... 


Here the three dots (. . .) indicate the fact that (2) and (3) remain valid 
if we replace x by y and A,D by CyE respectively, and that on the right 
side of (2a) we may use the symmetric expression obtained by inter- 
changing X and y. From this we get: 



, . , , d^Av , o d*Bv . dKv 




dx dy dy 


ft 


dPv 

dx 


dEv 

dy 


+ FVy 



‘ The operation of divergence Is properly defined only for a vector. Since, as 

equation (5) will show, X and Y are not vector components, we speak of "a kind of 

divergence.” , 

Obviously X and Y are determined only up to quantities X6,Yd, whose divergence 

vanishes. We can therefore change the terms in (5): we may add ‘^d^Jdy to X and 

4- d0fdx to Y, where <P is an arbitrary function of x,y as well as 6f u,v. 
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Wesee that the relation between L and M is reciprocal: L{v) is the adjoint 
differential form to 

Of particular importance for mathematical physics arc those differ- 
ential expressions for which L{u) = They are called sclj-ad joint. 

By comparing (4) with (8.1) we get the condition of self-adjointness 




OB dC ^ 

dx ' dy 


B. Green’s Theorem for an Elliptic Differential P^quation 

IN ITS Normal Form 

We now consider a region S with boundary curve C in the ar?/-plane 
&nd integrate (1) over S. We denote the element of area of 5 by d<r, and 
the line element of C by ds; let the orientation be counter-clockwise 

(see Fig. 11). 

Applying Gauss’ theorem* we get 

f[vL(u)-uM(v)-ida = + 

(7) 8 s 

= J{Xcos(n,x)~{- Y cosin, y)} Us. 
c 


This is the general formulation of Green’s theorem which is valid for all 
three types. Setting A = C = 1 , .R = 0, we specialize it to the case 
of the elliptic type in normal form. We then have: 


(7 a) 


ds 



f/du ^ 

+ j{Dcosin, a:) + £cos(n, y)}uvds 
o 

Fig 11. Illustrating Green’s theorem for 
an elliptic differential equation. The inte- 
gration with respect to *r is extended over 
the domain S between the boundary curve 
C and the circle K of radius which contains 

the unit source at Q. 


* It etateSf when applied to a two-dimensional vector A with componen » i 
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This is a generalization of Green’s theorem of potential theory 
|(« Au-uAv)da = 


which is obtained from (7a) by setting D = E = 0. (The fact that in 
potential theory also F = 0 is of no importance here.) 

We shall meet another form of Green’s theorem in exercise 112. 

If, in the interior of S, u and v satisfy the equations 

i (w) = 0 , M{v) = () 

then the left hand sides of the equations (7), (7a) vanish. These equa- 
tions, therefore, become 

(7 b) 0 = j^X cos («, x) Y cos (n, y)} ds 

c 

(7 c) “*■ x) 4- jScos(n, 

c c 


However, this holds only if u and v and the derivatives which appear here 
are continuous throughout S. If v has a discontinuity at the point 
Q = ( then it must be excluded from the domain of integration, 

just as in all applications of Green’s theorem. We therefore surround Q 
by a curve K, which we choose to be a circle of arbitrarily small radius po. 
The integration in (7b, c) must then be taken over both boundaries 
K and C: 

/ . . . ds + / . . . ds = 0 , 

K C 

where the orientation is opposite on the two curves and the direction n 
is to the exterior of S. 

If for K we use (7c) and for C we use (7b) we get: 



/ {ilcos{?i, a?) 4- £cos{n, y)}ds 

K K 

= — j\X cos (n, x)-\- Y cos (n, y)} ds . 


or, written in terms of coordinates: 

J 1 ^) ^ ■ 

We apply this formally in (7) to our “pseudovector” X.T. 
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C. Definition of a Unit Source and of the Principal Solution 

We shall assume that the discontinuity of v at Q consists of a "unit 
source." By this we mean the following: the yield 5 of a source Q is 
defined as the outward gradient of its field v. If we denote the distance 
from Q by e , we have 

(9) 9 = 

K 

where K has the same meaning as before. Assuming that in the immedi- 
ate neighborhood of the source v depends only on g , we get 


+ « 



A unit source is therefore given by : 

(9b) ~ s— V = ^ log p -f- const for o 0. 

d$ 2 71 Q* 

For arbitrary g we write: 

(10) v= Ulogg-hV, g = 

where U and V are analytic functions of x,y and r} such that U becomes 
1/271 for {x, y) 77). 

A function of this kind we call a principal solution of the differential 
equation M(v) = 0. In the same way we shall speak of a principal solu- 
tion of the adjoint equation L(u) = 0. Since the latter also corresponds 
to a unit source it will have the same form (10), although in general 
U and V will be different functions. Here too we can assume U and V 
to be analytic as long as the coefficients D,E,F in the differential equa- 
tion are analytic. In the case of the potential equation Au *= 0 our 
principal solution corresponds essentially to the logarithmic potential, 
where we have for all g 

(10a) V ^ log Q, 

D. The Analytic Character of the Solution of an Elliptic 

Differential Equation 

We return now to equation (8). Substituting (10) in (8), we see 
that only the term >vith 
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dv dv ^- 1 - 

dn dQ Q 2 TiQ ' 

contributes to the integral over K, while all the other terms on the left 
sideof (8) have zeros of the same order as ^log q or of higher order. Since 
u is continuous at Q and the perimeter of K is 27r^o, we obtain for the 
left side of (8) : 



and equation (8) becomes 

(11) Uq = — (X cos (n, x) Y cos (n, y)} ds . 

The most interesting aspect of this formula is its dependence upon r] 
which is brought about by the terms v, du/dz, dv/dy that enter in 
X and Y and are given analytically by (10). When Q lies in the interior 
of S (not on the boundary), then log g is a regular analytic function, since 
the point P = (x,y) in the integration is restricted to the boundary curve 
C and does not coincide with Q. Therefore Uq = u(^, if) is an analytic 
function of in the interior of S. This holds whether or not the boundary 
values u, du/dx, du/dy are analytic; in any case the dependence of the 
integrand on disappears upon integration with respect to ds. Even 
discontinuities of the boundary values are averaged out. Discontinuities 
on the boundary are not continued into the interior of S. (The charac- 
teristics are imaginary.) This proves the assertion of §9B. 

For a self-adjoint differential equation in its normal form we have, 
according to (6), D — E = 0. Using the form (7c) of the line integral 
we get from (11) 

(lla) 

Using expression (10a) for v, we get for the special case of the 
potential equation: 

d 


(lib) 
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E. The Principal Solution for an Arbitrary Number 

OF Dimensions 

We restrict ourselves here to the case of the potential equation. 
The three-dimensional analogue of (9b) is 


dv 1 


^ 1_ const. 

4 nr ‘ 


(r = distance from the source at Q, 4n = surface area of the sphere.) 
This is essentially’ the so-called “Newtonian potential.” 

In the four-dimensional case we have equation (7.5). This yields 
the principal solution: 

av 1 1 , * 

ajt ~ 2n^Jt= ‘ ^ ~ 

where R is the distance from Q and is the surface of the hyper- 

sphere. The following table shows the decreasing orders of infinity at 
the source with decreasing number of dimensions. For the dimension 
one V is continuous at the source. In fact, the potential equation in one 
dimension is dx'^Q which yields dv dx= const. The constant 
will have different values Ci and C? on the right and left side of the 
source respectively. This follows from the condition that it be a unit 
source so that Ci — Cj = 1. The discontinuity has passed from v to 
the gradient of v. (See exercise II.3). 


Dimension 

^ 4 

3 

• 

2 

1 

gradv . . . 

1 1 

1 

1 

Cl or Ci 

■27i*n* 

4 nr* ! 

2 ng 

V . 

1 

1 1 

1 1 1 

— ^ log — 

2 n Q 

continuous 



r ! 



F. Definition of Green’s Function for Self-Adjoint Differential 

Equations 

We now deal with the boundary value problem of §9. This ques- 
tion is by no means settled by the construction of the principal solution. 
We first consider the simplest case of self-adjointness. In order to calcu- 
late u at the point Q in equation (11a) we must know both u and du/ dn on C, 
whereas in the boundary value problem we are given either u or du/ttn. 

’ The denominator 4n corresponds to the "rational unite” of electrodynamics. 
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Our problem is now to modify the principal solution v, so as to eliminate 
du On {or w) from (11a). We call this modified function of the two pairs 
of variables x,ij and rj Green’s function and denote it by G{P,Q). It 
has to satisfy the following conditions; 

a) L{G) = 0 in the interior of C, 

b) G = 0 (or dG/ dn = 0) on C, 

pj Lim G(P, ^*^6 e (condition of unit source). 

Q 

Conditions a) and c) are the same as for the original v, but condition 
b) has been added. Replacing y by G in (11a) we get 

(12) («o = -yge*). 

This solves the boundary value problem in both cases (for given u or 
du dn). However, due to condition b), the construction of G itself 
requires the solution of a boundary value problem. But this problem is 
simpler than the general boundary value problem, and we shall see that 
in special cases it can be solved in an elegant way with the help of a 
reflection process. On the other hand G, unlike u, is not regular in the 
interior of C, but like y is a function with a prescribed unit source. 

Equation (12) reduces the boundary value problem to a simple 
quadrature. Green’s function plays the same role in the general theory 
of integral equations. It is called there the “resolving kernel.” 

Another interesting property of G which follows from the conditions 
a),b),c) is the reciprocity relation 

d) G{P,Q) = G{Q,P). 

It expresses the interchangeability of source-point and action-point, so to 
speak, the interchangeability of cause and effect. 

In order to prove d) we substitute in (7a) 

M = L, u = GiI,P), v = G{I,Q). 

The point / = (xi,yi) shall be called “point of integration.” Since u 
becomes infinite for I = P, and y for / = Q, these points must be ex- 
cluded from the integration by infinitesimal circles Kp and Kq. Accord- 
ing to a), integration over the region bounded by these circles and by C 
makes the left side of (7a) equal to 0; also, according to b), the integral 
over C on the right side of (7a) becomes equal to 0. There only remain 
the line integrals over Kp and Kq which, according to c), yield: 
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==G(Q, P)~G{P,Q). 


Since this must vanish cl) is proved. 

Equation (12) is the .soltition the boundary problem for the homo- 
geneous equation L{u) = 0. W'o iujw consider the solution of tlie non- 
homogeneous differential eejuation 

(13) i (M) = e 


where (gx, 7j) is an arbitrary eontinuotis point-bmetion in S with con- 
tinuous first and second derivatives. Substituting v=(i{!*,Q) in (7a) 
we get for the first term on the left side: 

/ qG{P, Q) dop 

3 


which is added to the toi*m in (12). Instead of (12) wc get 

(13a) Uq^ J eGda+ / « 

s c 

or, if dw/8n instead of u is given on C: 

(13b) Vq = j gGda—j^Gds, 

s c 

These formulas apply to every self-adjoint differential expression in 
its normal form L («) = Au+ Fu, in particular to the ordinary wave 
equation {F = k- == Const.) and to the potential equation (F = 0). 

In the case of a non-self-culjoini differential form L(u) equations (12) 
and (13a, 6) remain valid. But, as we see from (7a), G must satisfy the 
adjoint equation M{G) = 0 in the variables x,y; also, condition b) must 
be changed somewhat. Instead of a) and b) we now have: 


a') M{G)^0, 

b') G =0 (or % — (”’ •®) + ^ (”• y)} = O) - 


Condition c) remains valid. However the reciprocity law d) now reads 
d') G {P, Q) = fl «?. P). 

Here H is Green's function for the adjoint equation to M = 0, and hence 
is satisfies the equation L{H) = 0 in the coordinates of Q. 



52 


PARTIAL DIFFERENTIAL EQUATIONS 


§11. 1 


§11. Riemann's Integration of the Hyperbolic 

Differential Equation 

The normal form of a linear differential equation of second order of 
hyperbolic type is obtained from (8.1) by setting A = C = ^, B = 1/2: 

a) •'^(“)=^,+-o|+-bS+^'«=o. 

Its adjoint differential equation is according to (10.4) : 

/rtx Tt/t! \ E»-, n 

( 2 ) = + = 

At the same time one obtains from (10.5) 


1 / 5u 

2 1 ''^-“^)+ 

^ 1 / du 3v\ , p 


Substituting (1),(2),(3) in (10.7) we get: 

(4) ^\yL{u) — uM («j)j da = j^\X cos (n, x) -{• Y cos (n, y)} ds. 

In order to obtain an integration of the hydrodynamic equations 
Riemann chose as the region S the "triangle" FPiP'i of Fig. 12, with a 
boundary consisting of the segments of characteristics PPi and PPi 
and of the arc PiPa of the curve ^ 

u and du/dn are given on F , which im- 
plies that du/dx, dufdy are given on F (see 
p. 36). The curve F must satisfy the con- 

dition that it be tangent to no character- ' ♦ y* 17 P{y^q 

istic (p. 37). The function v in (4) is r 

determined according to Riemann by the 

conditions: Fig. 12. Riemann’s integra- 

(5a) MW = 0 in 5 with respect to the 

variables x,y; „.ith the help of the charac- 

(5b) V = 1 at the point P with coordi- teristic function t;. 

nates t = y = n,' 


(5c) ^ — I? V = 0 on the characteristic as = f , 
~ — £ v = 0 on the characteristic y = rj. 


We add the following remarks. 
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1. It would not be possible to replace (5b) by a condition of dis- 
continuity as in (10.10), since a hyperbolic equation does not admit 
isolated singularities (every singularity is continued along the charac- 
teristics). For this reason we no longer call v the “principal solution” or 
“Green’s function” but call it the “characteristic function.” 

2. The conditions (5c) prescribe only one condition each on the 
characteristics x = i and y ^ r} , whereas on Z’ two conditions have 
■to be given for u. This corresponds to the fact that the characteristics 
are an exception with icspect to the boundaiy conditions that are to be 
prescribed on them; we saw this in §9 in connection with the equation of 
the vibrating string. If we call the boundary \ alue problem along two 
intersecting characteristics a boundary value problem of the second kind, 
in contrast to a boundary value problem of the first kind along a general 
curve r , then we can say that Riemann’s method consists of the reduction 
of a boundary value problem of the first kind to a much simpler boundary 
value problem of the second kind. 

Substituting condition (5a) in (4) and remembering that L(u) = 0 
we get 

(6) 0 = ^ • 4- / ■ • • + ^ ■ 

In the last integral cos {n,y) = 0 and only the X term remains. 

We transform the term with du dy by integration by parts: 

p. 


i/ I; <*» = i I P “ i / “ S ' 


Combining this with the other terms we get 

p, 

(6a) lxdy = \(v «)p. - j (a «)p - / « (| - •»") ‘'V 


For the middle integral of (6) where cos (n,z) — 0 and cos {n,y) — I 
(n is the outer normal) we get in an analogous manner: 

p P 

(6b) — f Y dx=^{vu)p^ — j{vu)p + JuQ^—Ev^dx. 

A 

The integrals on the right sides of (6a) and (6b) vanish on account of 
condition (5c). If we consider (5b) equation (6) becomes, 
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(7) Up = I {Xc03{w, X) + yc03 («, + |{(t;w)p^+ (t'M)p,}. 

The value of u at an arbitrary point P is given here in terms of the valuesof u 
and its first derivatives on P as they enter in X and Y (u/>, and u/» 2 are 
among those values). We state: Equation (7), reduces the boundary 
value problem of the first kind for u to the problem of the computation 
of V, that is to a boundary value problem of the second kind which is 
given by the conditions (5a,b,c). 

The computation of v is not difficult. It is particularly easy in the 
hydrodynamic example that was treated by Riemann. In that case we 
have^ 


(8) 

D 

= £'=. 

a 

X + y’ 

• 

o 

II 


Condition (5c) implies 






x = $ : 

1 dv 

V By 

a 

i + y' 


y)‘^ 


y = T}: 

1 Bv ^ 
V Bx 

a 

x + t]’ 

v= C 2 (X-{~ 



Both these conditions and condition (5b) are satisfied if we set; 

(9) C, = C, = (f + r,r. '■ = (1-+^)“ • 


In order to satisfy (5a) Riemann modifies (9) as follows: 


(10) « = {« + 1. - a, 1, 2) . 


(»— ^) (y— * ?) 

(* + y)ii + n)' 


where 


(10a) F(tx,^,y,z) = 


^ y 1 ! y(y + l) 21 


is the hypergeometric series. In §24D we shall see some of the function- 
theoretic properties of this series, and in appendix II of Chapter IV 
we shall prove that v in (10) satisfies condition (5a), in other words, that 
it is a solution of the equation M(v) = 0. We note that on the charac- 
teristics we have x ^ or y — f], and therefore z = 0 and F = 
which makes (10) identical with (9). Equation (10) for v and equation 
(7) for u solve our hyberbolic boundary value problem completely. 

*The constant a which enters in (8) I® expressed simply in terms of the exponent 
in the anisotropic equation of state from which the hj’drodynamic problem is derived. 
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§12. Green's Theorem in Heat Conduction. The Principal 

Solution of Heat Conduction 


The differential equation (7.14) of heat conduction 


( 1 ) 


, . . dhi du f. , ^ 


is noi self-adjoint. The adjoint equation of (1) is: 

( 2 ) + 


We see this from (9.4) if we substitute the values of (1) 

B = C = D = F = 0, A = l,E=-l; 
from (9.5) we get 




Su 


dv 


^ dx ^ dx* 



— uv . 


Just as in the elliptic and the hyperbolic case we get Green's theorem for 
linear heat conduction from (1),(2),(3) by integration over the interior 
and the boundary of a bounded domain in the x,i/-plane. However, since 
X represents a spatial measurement and y a time measurement, we shall 
not consider here a region with curved boundary, but only such regions 
•whose boundaries consist of segments parallel to the x- or ^-axis, as that 
shown in Fig. 13. 


Fig. 13. Reduction of the general boundary value prob- 
lem of heat conduction to the principal solution I' for a 
rod with endpoints x# and Xj. The unit heat pole is at Q 
and has the coordinates z = $. y = ^. 


.\long the side A.R of the figure we have ds = dx, dn = —dy, 
cos {n,x) = 0 , cos (n,y) = — 1 and therefore 




B B 

{X COS (n, x) + F cos («; y)} tfo = — f Y dx . 

A A 



The same thing holds for the side CD which is also parallel to the x-axis 
and where the signs of both dx and cos in,y) are reversed. Correspond- 
ingly we have for the sides BC and AD parallel to the y-axis 
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c c 

J {Z cos (n, x) Y cos (n, y)} cfs = + f X dy . 

B B 


Using the values of L,M,X,Y given in (1),(2),(3) we get the following 
form of Green’s theorem: 



= luvdx+ j{vf^-v.f^dy. 


where the first integral on the right side is taken over the two sides of the 
rectangle that are parallel to the i-axis and the second integral is taken 
over the other sides. 

Formula (4) also represents Green’s theorem for two-dimensional or 
three-dimensional heat conduction if we perform the following replace- 


ments: 




(5a) 

dx by 


1 da 
[ dr 

(5b) 

du dv j u ^ 

Tx' by s 

dv 

dy 

(5c) 

8hi . 

Au, Av. 


(two-dimensional case) 
(three-dimensional case) 

ds (two-dimensional case) 
da (three-dimensional case) 


In the three-dimensional case we integrate over a four-dimensional 
cylinder whose base is the three-dimensional heat conductor and whose 
generatrix is parallel to the time-axis; the integration in the second term 
on the right, which is indicated in (5b) by dy and is now replaced by 
integration with respect to dy da = hdt da, is extended over the three- 
dimensional lateral surface of this cylinder. 

Before we apply these general formulas we must decide how we 
want to define the analogue of the “principal solution” of (10.9) . We shall 
see that the “unit source” tvill have to be replaced by a “heat pole of 
strength one.” 

We first consider the case of linear heat conduction and its differen- 
rial equation L = 0; the passage to the adjoint equation = 0 and to 
the two-and three-dimensional cases will then be easy. 

Let the heat conductor be infinite in both directions and let its 
temperature for < = 0 be given as a function of x: 
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u = f{x), —00<X<-\-00. 

We represent /(x) by a Fourier integral as in (4.8) : 

•f oo + oo 

( 6 ) = 

— oo — oo 


In order to obtain a solution of equation (1) we must merely complete 
e 2 q)[t o>(x— ^)] to the product 

(7) 

Substituting this in (1) we get: 

9.(y) 

Here C = 1 on account of the obvious condition ^(0) = 1. We therefore 
replace in (6) 

(7a) exp[i a>(x— ^)] by exp [i a>(x — f) — y]. 

This seemingly complicates the Fourier integral (6) but in reality 
it makes it much simpler. In (6) /(x) must converge to 0 “sufficiently 
rapidly” in order that the integral with respect to ^ will converge, and 
this integration must be performed before the much simpler integration 
with respect to <o, which would otherwise not converge. But now the 
order of integration is reversible and /(x) is less restricted in its behavior 
at infinity. The new factor 9 ?( 2 /) = exp {—eo-y) serves as convergence 
factor’ for all y > 0. 

Combining (6) and (7) and substituting y — kt we get: 

( 8 ) u(x,t) = ^*f j 

— OO ~ o® 


We abbreviate the exponent in (8) by — « cy* + ^ and complete the 
square : 

• See the author’s dissertation, Konigsberg 1891 : “Die willkiirlichen Funktionen 
der mathematischen Physik” where the general case of the limit for 1 —► 0 of a Fourier 
integral with a convergence factor is considered. The function /(x) may then have, 
for example, “an infinity of maxima and minima” or arbitrary discontinuities. 
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Substituting 'p ~ oi — ^/2a: we get: 


OO 


( 9 ) 


2 n 




(x-0 » 
^kt 


+ 00 





Vp. 


— OO 


— OO 


We have the well known formula for the Laplace integral: 


+ OO 


+ 00 


J e *’Vp=|/?E, andtherefore J e~“^Vp=1/^ 


— OO 


— OO 


Denoting the right side of (9) by U we get 


( 10 ) 


(X- <)* 

U = ^=1= e 


y^nkt 


Equation (8) then becomes 


(10a) 


« (x, t) = f /(#) U df 


^OO 


We note that the initial temperature at the point x — ^ spreads in 
space-time independently of the initial temperature at all other points. 
(This is due to the linearity of the differential equation which permits 
the superimposition of solutions.) For >0 we have u{x,t) —*f(x) and 
(10a) becomes: 

m = 7°/(f ) u . 

— OO 


This shows that U has the “character of a d function.” As on p. 27 
this means that U vanishes in the limit i — » 0 for all values of -z ^ and 
becomes infinite at ® ^ so that 

*+f 

(10b) fUdi = l 

» — I 

(These properties of U are easily seen from (10).) Ignoring the distinc- 
tion between heat-energy and temperature we may say that U describes 
the space-time behavior of a unit heat-source or of a heat-pole of strength 1. 
For the case of a general initial time t = t we get instead of (10) : 

U = {inkit — r)Y* exp{- 


(lOc) 
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For the special case of a heat-pole at ^ = 0 we get 


(lOd) 




Before discussing the deeper meaning of these formulas we shall 
generalize them to two and three dimensions. 

We noted the possibilities of generalizing Fourier's double integral 
to quadruple and sextuple integrals at the end of §4. We perform this 
generalization by writing instead of (6) : 


( 11 ) 

and 

(11a) 




/(f. y) = 2 ^/ d<o' j 

Combining (11) and (11a) we get 

(11 b) /(X, y) = da, j da,' j I /(f . ,,)£<"<*-« + ' df dr, . 

The same process which led from (6) to (10a) leads for the two-dimen 
sional case from (lib) to 


( 12 ) 


+ OO 


« {X, y,t) = Jf /(f, rj) V drj 


— OO 


where U is the product of two factors of the form (10) ; 


(13) 


U ^ {An kt) e 


(X - t)* + IV - tt)t 

4kt 


In the three-dimensional case U is the product of three factors of the 
form (10): 


(14) 


V = {An kl) * c 


(* - «)• + (v- n)* + (* - f)* 
iTt 


Equations (13) and (14) stand for unit heat-poles in the plane and in 
space. Equations (10), (13), (14) indicate the connection between heat- 
conduction and probability. 

We compare (lOd) with the Gaussian law of error 


dW 




r dx . 


(16) 
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Here the probabilit.v of an error between x and x + dx in a measur- 
ing process wliose precision is given by the “precision factor’’ oc - In our 
case this factor is (4^7)”': “infinite precision” is given by f = 0 Avhich 
means absolute concentration of heat in the point x = 0; “decreasing 
precision" corresponds to increasing t. Fig. 14 shows the well known 
bell-shaped curves which for decreasing a give the behavior of U for 
increasing t. The function t’ in (lOd) is equal to the “probability 
density” dtl' dx. 

In an analogous manner we compare (13) to the measuring of 

a position in the x^-plane whose 
exact position is given by ( ; 

and (14) with the measurement 
of a space point with the true 
position i ^,1], C )• The precision- 
factor in both cases is a = (4A7)" ' 
as before. This suggests that the 
physical reason for heat-conduc- 
tion is of a statistical — not dy- 
namical — nature. This becomes 
apparent in the treatment of heat 
conduction in the kinetic theory 
of gases for, more correctly, the “statistical theory of gases”). Con- 
nected with this is the following fact which we discuss for the spatial case 
of equation (14). For f = 0 the total heat-energy is concentrated at the 
point ( 1 , 77 , 0 , but after an arbitrarily short time we have a non- 
vanishing temperature I’ at a distant point (x,y,z). Hence heat expands 
with infinite velocity. This is impossible from the point of view of 
dynamics where no velocity may exceed c. 

From §7, p. 34 we know that diffusion, electric conduction, and 
viscosity satisfy the same differential equation as heat conduction. 
Here too the statistical approach is clear. Diffusion is based on the 
Brownian motion in a solvent of the individual dissolved molecules, and 
the statistical origin is ascertained both by theory and experiment. The 
electron theory of metals shows that upon electrical conduction the 
electrons are diffused through the grid of metal molecules etc. 

The function C' of the equations (10), (13), (14) is the principal 
solution of the differential equation L{u) = 0. We now wish to transform 
it into the principal solution V of the adjoint equation M(v) = 0. Com- 
paring (1) and f2) we see that this is done by reversing the sign 0 
y = kt; we shall also reverse the sign of ^0 = so that the heat pole w ill 
again be situated at the point x = f , t = r . Thus we obtain from 
(10c): 



Fitf. 14. The Ciaa^'ian error curve for 
the precision factors a — 4. 1.1/4. beinp 
ut the same time the principal solution of 
heat conduction for = 1/16.1/4.1. 
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(16) {4 „ exp 


V has an essential singularity for t = t and is defined only for the past 
of T, i.e., for i < x , in contrast to the principal solution of U which is 
regular only for the future of x, i.c., for t > x . 

We return to Green’s theorem <4). Setting v = V and taking for u 
a solution of L{u) = 0 we get; 

(17) Ju V dx k J(V ^ — w ^ • 


The two integrals are extended over the sides of the rectangle of Fig. 13, 
the first over the two horizontal sides, the second over the two vertical 
sides. 

Since V too is a “ <5 function” the first integral taken over the side 
t as"' X yields — uq. If we decompose the second integral into the two 
components which correspond to the two rod ends xo and Xi and denote 
this by *•> we get: 



Xt 


Uq= J uVf,dx + k 






Here Fo is F for « = 0. 

This representation of u is general since the source point Q can be 
situated at the arbitrary point x = ^, t = r. However it does not yet 
solve the boundary value problem of §9C, since in addition to the initial 
values of u it assumes that the boundary values of u and of du/dx are 
given at the endpoints, whereas in the boundary value problem only w or 
^u/dx may be prescribed. In order to solve the boundary value problem 
we must replace F in (18) by Green’s function G which satisfies the condi- 
tion G = 0al the endpoints and thereby makes the term containing du/dx 
‘n (18) vanish. We shall see in the next chapter how G can be con- 
structed from F by a reflection process. Exercise II.4 contains an 

application of (18) to laminar fluid friction. 

The above considerations can be transferred immediately to the 
two- and three-dimensional cases. As remarked above in connection 
'vith (5a, b), we merely have to extend the integration in the first int^ral 
of (18) over the base, and in the second integral over the lateral surface 
of the three- or four- dimensional space-time cylinder. owever t e 
construction of Green’s function G by a reflection process for the two and 
three dimensional problems will succeed only in exceptional cases (see 
117).. 
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On the other hand equation (18) (in terms of V, not G) suffices to 
insure the analytic character of w, since the coordinates f , t (or rj, r or 
) of Q appear on the right side only in the principal solu- 
tion V y that is, only in analytic form. The solutions of our parabolic 
differential equation are analytic in the interior of their domain just as 
in the elliptic case. However, the domain here is not bounded as in the 
elliptic case, but is an infinite strip (as was pointed out at the end of 
§9). From this latter point of view the parabolic boundary value prob- 
lem resembles the hyperbolic one. 
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Chapter III 

Boundary Value Problems in Heat Conduction 

§13. Heat Conductors Bounded on One Side 

In the preceding section we treated the equalization process for a 
linear heat conductor that is infinite in both directions and represented 
it by equation (12.10a): 

+ OO 

(1) u(x,l) = jl(i)Vd(, 

^CO 

By the substitution 

(la) ^=x+^/4T7z 

it goes over into the Laplace form 

+ CO 

(2) /(a:+ l/TOz)e~*'dz . 

* CO 

It is instructive to compare this with d’Alembert’s solution (9.2): in the 
latter we have two arbitrary functions Fi, Fj, corresponding to the hyper- 
bolic type of the wave equation, whereas in (1) and (2) we have one 
arbitrary function/ corresponding to the parabolic type of the equation 
of heat conduction. 

In the case of a heat conductor which is bounded on one side, 
0<a;<oo, we have to deal first with the boundary condition at x = 0: 

a) A given temperature u(0,0 ; in particular the isothermal boundary 

condition 

(3a) u = 0. 

b) A given heat flow G (0,i) (notation as in §7, equations (9) to (12)) ; 
in particular the adiabatic boundary condition 

(3b) S = 

c) A linear combination of both which takes into consideration the 
80-called outer heat conduction, written in the conventional form 

63 
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(3c) = 

Here n stands for the outer normal which in onr case is in the direction 
of the negative a-axis. The name “outer heat conduction” summarizes 
the effect of convection, the radiation into the surrounding medium and 
the heat conduction into that medium which is usually negligible. We 
note that (3c) is obtained as an approximation of the radiation law of 
Stefan-Boltzmann which states: the radiation of heat per unit of time 
and area of a body of absolute temperature T is proportional to T\ If we 
denote the factor of proportionality by a and if the end of the rod‘ is in a 
neighborhood of temperature To which radiates towards the end of the 
rod an amount of heat aTj per unit of time and area, then the energy 
emitted in the normal direction by a surface element da of the end of the 
rod is given by: 

dQ^^a{T^~Tl)dcdt. 

Since usually both temperatures T and To are far from absolute zero, we 
get 

(4) dQ^<^ AaT^udadt with u—T — T^'CT and <CT,). 

This amount of heat dQ^ must be balanced by the heat flow from the 
interior of the rod which is given by Fourier’s law (7.12). Hence we 
write: 

(4a) dQ„=^-K^dadt. 

By comparison of (4) and (4a) we obtain: 


and hence 

(5) ^ + 

which corresponds to (3c) and shows to be a positive constant. 

We first treat conditions (3a) and (3b). These conditions are satis- 
fied if wedevelop /.which isgivenonlyfor 0 < a: < oo, into a pure or 

‘ We speak here of a “rod” although the linear heat conductor need not have the 
form of a thin rod but may have an arbitrary cross-section so long as its state 
only on one coordinate; for a real rod one must add the adiabatic condition du/on — U 
for the lateral surface (see the end of § 16 )* 
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cosine integral, or in other words, if we continue / in the negative x-axis 
as an even or odd function (see equations (4.11a,b)). If as in (12.8) we 
append the time dependence factor exp ( — k t) which is reqiiired by 
the equation of heat conduction, and integrate with respect to a>, then 
(1) becomes 



oo oo 

u{x, t)=J 


The second integral which was originally taken from — oo to 0 has been 
converted by a change of sign of the variable of integration into an 
integral from 0 to -|-oo . The principal solution U{$) is then transformed 
into 



£/(-« = (4 « i ()-* exp {- 


which is the expression for a unit heat pole at a: = t = 0. Equation 
(6) becomes: 

OO 

(8) u{x,t) = lf{$)Gd^, (? = f/(f) =f £/(-^) . 

This Green’s function G satisfies all the conditions of p. 61 . It has only 
one heat pole in the region 0 < a: < oo , since the additional heat pole 
at ® =ss — ^ lies outside the region; it also complies with the condition 
that G satisfy the adjoint equation in the variables since in our case 
is independent of t and a change of sign in t becomes immaterial. 

It would be more intuitive to start from a single heat pole at x = f 
a^nd to reflect it on the boundary x = 0, with a negative or positive sign 
of U depending on whether we impose condition (3a) or (3b). In this 
manner we would first con- 
struct Green’s function and 
then reconstruct the given 
initial temperature f(x) by 
the successive superposition 
of the heat poles of strength 
l(S)di. From now on we 
shall use mainly this intui- 
tive process, that is we r^ 
strict ourselves to the con- 
struction of Green’s function 
from which we can write 
down the solution for arbi- 
traiy initial temperature /(x) 

M in (8). We first use thit 



Fig. 15. Green's function for a linear heat 
conductor which is bounded on one side with 
outer heat conduction. A heat pole is at *== 
4- its mirror image at * = — i , with an 
associated continuous spectrum of heat sources. 



GG 


PARTIAL DIFFERENTIAL EQUATIONS 


§ 13. 9 


process for the somewhat more complicated boundary condition (3c). 
(In problem III.l we shall treat the same boundary condition according 
to Fourier’s process.) 

We notice at once that an isolated reflected point x = — ^ will not 
be sufficient, but that we also need a continuous sequence of heat sources 
which we shall place at all points rj < — ^ . Let A and a{rj) dr} be the 
yields of the isolated and the continuous heat sources (see Fig. 15). The 
corresponding function G is then 

G ~ U {^) -i- AU (— i) + J a (t]) V (t?) drj 

— oo 

-e 

_ - (» + ()* f (» - n)* 

e “■ +Ae *“ + J a {r,)e dr, 

— OO 

Hence at x = 0; 

1 f _ -iL* 

(10) G={1 + A)e + J a (rj) e drj. 

^CO 

From (9) we form dG dx. Then if we replace d 'dx by — djdrj under 
the integral sign we obtain for x = 0 

-e 

(lOa) (4 „ i 0 » g = f e" iS _ y „ (,,) ^ Hi . 

and after integrating by parts: 

(11) (4 = [a -^>2X5 -«(-«]«“"' + / a' (I) • 

If we substitute (10) and (11) in condition (3c) with 8 dn replaced by 
— d/dx, then (3c) must be satisfied identically for all i > 0. By setting 
the terms of different time dependence individually equal to zero we 
obtain : 

(12) 4-1 = 0 ... 4 = + l. 

(13) a (-f) + A (1 + 4) = 0 ... o (-f) = -2 A, 

and the differential equation: 


( 9 ) 


— (^nkt) 


2 
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(14) a' {r}) — ha {r}) = 0 

Considering (13) we see that (14) has the solution 

a(77)==6e*'' = — + 

This determines the constant A and the function a (»;). The fact that 
this determination is unique will be demonstrated in §17. 

The result is 

-i 

i- - {)■ (x-f-H* r <»-»?>* 

(15) (47f jfcO* G= = e *** *** e^^dt). 

^ oo 


For numerical applications this integral can be reduced to the tabulated 
normal error function.® 

Only when the given initial values /(j) are particularly simple will 
it be more convenient to use equations (1) and (2) instead of the more 
intuitive method of Green’s function. We illustrate this by an example 
which also shows the translation of problems of heat conduction into the 
language of diffusion problems. 

Let the bottom section of a cylindrical vessel, 0 < j: < //, be filled 
with a concentrated solution (say CUSO 4 ) ; above it let there be a layer 
of pure solvent (water) to an arbitrary height x = 00 . Let the concen- 
tration of the solution be u and let the initial concentration be 1. At the 
base of the cylinder we have dufdx = Oat all times, since the dissolved 
salt molecules cannot penetrate the base. 

This condition may also be satisfied by extending the vessel down- 
ward and by prescribing the reflected initial distribution as above. (For 
a finite height of water column one would have to use the somewhat more 
complicated reflection process of §16.) The initial distribution of u is 
then: 



1 H <x < 

0 • • • H <.\x\ <00 . 


Equation (2) yields 

(16) 



* E.g., in Jahnke-Emde's tables of functions, 3rd ed., Teubner, Leipzig, 1938, p. 24 
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The valuei=? for the limits of integration Zi and are obtained if in (la) 
we let ^ ± II: 



— H — X ^ H — X 

yra ’ • 


Using the customary notation 



for the error function, we can write our solution (16) with astonishing 
simplicity; 

(19) 


§14. The Problem of the Earth’s Temperature 

We treat the surface of the earth as a plane and assume an averaged 
purely periodic temperature /(/) (annual averaged or daily averaged 
temperature). In order to determine the temperature in the earth’s 
interior® we can in general use the method described in Fig. 13, by 
setting xo = 0 (surface of the earth), Xj = oo(great depth), and uo = /(O 
for X = 0. It is convenient in our case to expand fit) into a complex 

Fourier-series: 

+ 00 

( 1 ) i{t)— T = length of year or day 

— CO 

and to set for the temperature in the interior of the earth at a depth x: 

+ oo 

(2) u{x,t)= j: . C^ujx) . 

n**— oo 

Each individual term of this series must satisfy the basic law of heat 
conduction. This yields the ordinary differential equation for u„: 



dz^ 


= Pn • • with 



2nin 

~lcT~' 


In order that (2) go into (1) for x = 0, we must have (3a) 


(3a) u„(0) = 1. 

* The physical problem of “geothermic depth” (increase of temperature in the 
interior of the earth due to radioactive or nuclear processes) is of course ignored here. 
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Depending on whether n is positive or negative we set 

2 in = (1 ib |w| 

and 

(4) 

The general solution of (3) is then 

Here we must have = 0, since otherwise the temperature would 
become infinite fora;->co, and B„ = 1. to satisfy f3a). Substituting 
this in (2) we get 

n«— oo 


In order to translate this into real language we write for w > 0 


According to (1.13) C„ for n < 0 has the same absolute value but the 
negative phase. Equation (6) then becomes 

C^) «(x,i) = Co+2 cos{2nn^ + Y^ — in^) ' 

n^l ' 


We see that the amplitude | C„ j of the n-th partial wave is damped 
^^Vonmlially with increasing depth x, and that this damping increases 
with increasing n. At the same time the phase of the partial wave is 
Tetarded increasingly with increasing z and n. 

We now consider the numerical v'alues. For an average type of 
soil we have the approximate temperature conductivity 



10 - ® 


cm* 

sec 


For the period of one yearT = 365 X 24 X 60 X 60 = 3.15 X 
snd for i: =5 1 3 - jqq have then 


lU' sec. 
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At a depth of 4 meters u'e already have a “phase lag” qix = tt and an 
amplitude damping 2~*= Vw- Even for the first and principal partial 
wave of temperature fluctuation it is winter at a depth of U meters when 
it is summer on the surface; the amplitude is only a fraction of the surface 
amplitude. For the higher partial waves n > 1 the phase lag and ampli- 
tude damping are correspondingly greater owing to the factor |/jnj in 
We may say that the earth acts as a harmonic analyzer (see p. 4) by 
singling out the principal (though much weakened) wave from among all 
partial waves. 

As a special example we consider the yearly curve of an “extremely 
continental climate,” namely a uniform summer temperature and the 
same negative winter temperature which we shall set arbitrarily = i 1 
This year-curve is represented graphically by the meander line of Fig. 1. 
and analytically by (2.2) 

(9) « (0,() = -^^Bin T -H -g^sin 3 t + jsin 5 t + • • •) . z = 2ft^. 

In order to obtain the corresponding series w(t, 0 we must, according to 
(2.1a), specialize the coefficients C in (7) as follows: 

^2n = 0 » |*^2n+l| = n(2n-^ 1) ' y2n + l= 2‘ 

However it is somewhat simpler to apply the calculation process used for 
(2) directly to equation (9). We immediately get: 

(9t) u{x, t) = (t — x) + sin {Sr — q^x) + * ■ ') • 

Then, substituting the values of the g we get for x = 100 cm. 


(9b) 


«(*.«) 




and for x — 400 cm. 


(9c) 


u(x,t) ^(^sintT— w)+ ^^sin(3T— ^^37t) 


A comparison of (9) with (9b, c) shows clearly the influence of depth on 
the amplitude and the phase of the temperature process. 
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This shows the usefulness of a deep cellar. It has not only much 
smaller temperature fluctuations than the surface of the earth, but is also 
warmer in winter than in summer (or it would be if there were no air 
flow). 

Our conclusions become even more striking if we pass from the 
consideration of an averaged yearly temperature to that of an averaged 

daily temperature. The are then increased by the factor 19. 

Hence the damping and phase lag which for a yearly period belongs to a 
depth X occurs now at a depth of i/19. The decrease of amplitude to 
1/16 for the principal term (see (9c)) and the reversal of the time of day 
(midnight instead of noon) will now occur at a depth of only x — 400/19 
= 21 cm. Hence the daily fluctuations of temperature enter into the 
earth with noticeable intensity for only a few centimeters; the whole 
process takes place in a thin surface layer. 

We deal here with an obvious analogue to iheskineffect of electricity. 
The fact that in practice it is particularly observable on cylindrical wires 
makes no difference here; for a conductor bounded by a plane it occurs 
quantitatively in almost the same manner. Our daily curve corresponds 
to an alternating current of high frequency, our yearly curve to one that 
is 365 times slower. We know from §7 that the differential equations 
are the same in both cases, but for electricity we interpret the coeffi- 
cient k as the specific resistance of the conductor. 

§15. The Problem of a Ring-Shaped Heat Conductor 

We now turn to the case of a heat conductor of finite length 1. 
However, at its two ends x = ±V*we do not prescribe the boundary 
conditions a),b) or c) of p. 63. but instead the much simpler condiiton o/ 
'periodicity. By this we mean that not only u but also all its derivatives 



Fig. 16. Heat conduction in a ring. Heat pole at x — 0 with periodic repeti- 
tions. Temperature distribution for frt < 1 (steep curve) and for kl > I (flat curve). 

shall coincide at the ends. We achieve this by bending our rod into a 
ring so that the two ends coincide. The shape of the ring is of no 
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importance since, as in all cases of linear heat conduction, we must con- 
sider the lateral surface of the ring as adiabatically closed. In Fig. 16 
we have drawn a circular ring. 

As initial temperature we take f{x) which is arbitrary but sym- 
metric with respect to i = 0. Its Fourier expansion is a pure cosine 
series which automatically satisfies the periodicity condition at the ends 
From (4.1) and (4.2) we get, after setting a = 1/2: 

+ v. 

A^=ff{z)dz, 

( 1 ) f{x)= ^A^cos(2nnx), ~ 

An = 2f f[z) cos {2 nm}dz. 
-Vt 


In order to obtain the corresponding solution u{x,l) of the equation of 
heat conduction we merely must multiply the n-th term by 

g- (2«n)'*t 


We then obtain 

(2) u{x,t)= ^ A„e~*’'*^*^^co3{2Tcnx). 

fi* 0 

We now consider /(i) to be a “ 5 function’* by writing 

f(x) = 0 for a: 0, but J f{x) dx — 1 . 

— $ 

Then in (1) we get Ao = 1, Ai = A 2 = . . . = 2, and if we replace u by 
the customary ^ we get : 

(3) ^{x, 0 = 1 + 2^ (2jrna:j. 

1 

The letter ^ stands for the theta-function which was introduced by 
C. G. J. Jacoby in the theory of elliptic functions and which is of para- 
mount importance in all numerical computations.* The fact that it 
satisfies the equation of heat conduction is frequently used there as an 
incidental property, whereas we use this property for the definition of 
We now have to adjust our notation t to the theory of the ^ func- 
tion by setting 

* The reason for its .special convergence was mentioned in §3, p. 15: since the ^ 
series together with all its derivatives is periodic, and therefore has no jumps at 
X = +1/2 and x = —1/2, its terms vanish with increasing n more rapidly than any 

power of n. 



§ 15. 7a BOUNDARY VALUE PROBLEMS IN HEAT CONDUCTION 


73 


(4) T = A n i k t . 

This T, which of course has nothing to do with the symbol t — t of the 
principal solution U , does not have the dimension of time and is positive- 
imaginary in our case. (In the theory of elliptic function x is in general 
complex with positive imaginary part, namely the ratio of the two 
periods of these functions). Written in terms of t (3) becomes: 

OO 

(5) t?(x|T) = 1 + 2 2: €*"""‘cos(2?cn x). 

n— 1 


This form converges very well for large t or, in other words, for 
large kt. It represents the later phases of the damping out of the unit 
source exceptionally well, but it does not help us for the beginning of 
this process. We therefore complete Fourier’s process which, in analogy 
to the reflection process, is based on a periodic repetition of the initial 
state (see the right half of Fig. 16). 

We have rolled off the cut ring on the z-axis both to the right and 
the left in an infinite sequence. From the heat source Uo(x,t) given in 
the ring we get, at the points z = n (n = rfc 1, db 2, . . . ), the identical 
heat sources; 





1 



( z — «)* 1 

4 / * 


In the series 

(7) 


u(x,t)= U„{x,t) 

n — — OO 


we have a second representation of the damping out process which 
converges excellently for small values of kt. This is so because for such 
values we need consider only Uo and its immediate successors, the 
subsequent U„ having no effect on account of the factor exp(n-/ Ak t) 
of (6). Equation (7) is therefore the desired complement of (5). The 
figure shows the nature of both representations: the flat curve shows the 
behavior for large kl according to (5), the steep curve shows the be- 
havior for small kt according to (7). 

Oddly enough we can bring (7) into a form very similar to that of 
the IT series in (5). All we must do is put the factor exp ( — z*/4 kt) 
outside the summation and combine the terms with ± n. Equation (7) 
then becomes 




w* 

e **<co3 


inx 

2lbt 
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If we replace i by t according to (4) then the bracketed term becomes 

oo _ 

1+2 ^ ^ cos 2 Trn . 


n* 1 


This differs from (5) only in that xjr has replaced x in the argument 
of the cosines and that — 1 /t has replaced t in the exponents. Hence 
the bracket of (7a) is 



Substituting this in (7) and remembering that both (5) and (7) are 
solutions of the same problem of heat conduction we obtain 


^(x\r) = (4)'* e^p {- ■ ^(7 I - v) 

or conversely 

( 8 ) 


This is the famous ^ran.s/ormation formula of the ^ function. It is used 
in the theory of elliptic functions to transform the series ^(x|t) which 
converges slowly for small t into the very rapidly converging series 



For us it constitutes the passage 


from Fourier’s method to 


the method of heat poles. In quantum theory formula (8) is of impor- 
tance for the rotational energy of diatomic molecules and for the calcu- 
lation of their specific heat for low temperatures. 


§16. Linear Heat Conductors Bounded on Both Ends 

By setting the length of the ring in the preceding section equal to 1, 
we tacitly introducedanewdimensionless coordinate x' = x/l and wrote 
X instead of x'. For the case of a rod of length I, which we shall con- 
sider now, we must replace x by x/l whenever we apply one of the pre- 
ceding formulas. The meaning of r, which has the dimension of x , 
must then be amended in the manner described on the following page. 

We first give a table of the problems corresponding to the boundary 
conditions a) and b) of p. 63 and of their solutions by both Fourier s 
method and the method of heat poles. The latter leads to an infinite 
sequence of reflections since not only the primary heat pole but also all 
its images are reflected at both ends of the rod. Let us consider a room 
with parallel mirrors as an optical example; the chandelier will be 
reflected in both mirrors not once but in infinite repetition. 
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a) a) 


Oi = 0 for 


-I 


X- 0 


X ^ l 


x — 0 

X = I 


I 


2-21 

I 

I 


z- 3 I 


+ - 


— I 


f{^) ~ ^ B^sinjcn — , ^ J f{x)sin ti n — dx. 


b) b) 


5 j= 0 f„r 


X s: 0 
X = I 


^ ! 


• * 

/(*) = 2J-4„cosji:7i|, •^» = j Jf(x)coBnnjdx, ^o= j 

a) b) 

= 0 for 1 = 0 l_- I j_j_* I 

~0 „ X= I I I I I 

i 

f(^) = ^ B„sin7f{n-^ ^)j , B^ = j ^/(i) sin (n + i) y dx , 

b) a) 

= 0 foi- X = 0 |_+ j •— [— • j — j + 

« = 0 x = i I I I I I 

/(®) = 2'^„co3?r(n + i)y , A^ = j j tix)cos(n jd x, 
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We see immediately that the functions /(x) in this table satisfy 
the boundary conditions a)a) to b)b); these boundary conditions then 
hold for the corresponding solutions of the boundary value problems 
which are obtained from /(x) according to Fourier's method by 
multiplying the series of/ termwise by 

The diagrams show the positions and the signs of the heat poles accord- 
ing to the reflection method. In the first two cases tlie heat poles are 
seen to have the period 21, in the last two they have the period 4Z. Their 
summation juelds Green’s function G = SU which is expressed here in 
terms of the ^ function of the preceding section. In the formulas of the 
preceding section, where the period was taken equal to 1 and the heat 

pole was at X = 0, we have to replace x by b)b) and 

by for a)b) and b)a), where stands for the position of any heat 

pole of the sequence which is summed by . (Due to the periodicity 
the choice of the heat pole is immaterial.) In our formulas we have 
chosen for the heat pole of the initial region 0 < x < / or of one of the 
adjacent regions. From Green's function we get the solution of the 
boundary value problem for arbitrary initial values u(x,0) = f(x) 
according to the general formula 

i 

(1) « {Xy t) = J f{$) G (x, f ; t) . 

0 

We now wish to treat the boundary condition c) of p. 64, where we 
particularly consider the combination a)c). In order to satisfy condi- 
tion a) at X = 0 we set 

OO ^ 

(2) /(x) = 2^5„sinA„7t j. 

n B I 


That is to say, in the solution for a)a) we replace the sequence of integers 
n by the sequence 

^ ‘ » • • • 

which we wish to determine in such a way that for x = l condition c) is 
satisfied. This leads to the transcendental equation 

y cos sin = 0 , 
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or 


(3) tan 71 = — . 

This is equation (6.2a) with « = — njh I ; its solution was illustrated in 
Tig. 7. Hence we are dealing here with a typical case of anhaTmonic 
Fourier analysis. The values of the coefficients B„ in (2) can be taken 
directly from (6.3b). We obtain the final solution of our boundary 
value problem a)c) if we multiply the terms in the sum of (2) by the 
required time factors : 

(4) u(x, 0 = 2* ^ 7 • {~~ (V ) ^ 

1 

We mentioned in §6 that the formal computation of the coefficients 
B can be replaced by a physically meaningful one. We shall do this 
now in such a manner that we shall be able to refer to this case in all 
future expansions in "eigenfunctions.” 

We consider two arbitrary terms of (2) : 

(^) = sin ^ » Wjn = ~T ’ 


They satisfy the differential equations: 



n 




Hence 



u 


m 


dx^ 




' dx* 




The left aide is a total derivative (for the case of Green s theorem, p. 44. 
we spoke of a "divergence”). The integration of (5b) over the ^^naf' 
mental region 0 < x < 1 reduces to the boundary points on the left (in 
Green’s theorem we said “to a boundary integral ). rom js ^ e 
obtain the value of the right side without further calculation: 





, dUn 


1 / 


dVm 
» dx 


x~l 

x~0’ 


Here the right side vanishes for x = 0 since according Hnrv 

then u„ = «„ = 0 ; but it also vanishes for x = I, since the boundary 
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condition c) holds for every individual term of (2) and hence the du/dx 
are proportional to the u. Thei'efore the condition of orthogonality (6.3) 
is satisfied for ^ 

We shall show in exercise I II. 2 that the normalizing integral (6.3b) 
can be obtained almost without further calculation. 

The expressions as well as the mathematical formulations in this 
section were based on the assumption that the lateral surface of the rod 
is closed to heat flow, an assumption that is open to reasonable doubt. 
We shall show now that our formulas can be used also in the case of 
incomplete closure with respect to heat flow. 

Instead of imposing the adiabatic condition b) on an element of 
area da of the lateral surface of our rod, which we assume to be a circular 
cylinder, we impose condition c) which states that an amount of heat 

— a^da = h u da 
dn 


passes out through da per unit of time. We apply this to the case of an 
element of a cylindrical rod of altitude dx and radius of cross section b 
so that the lateral area is 27tbdx and the outer normal dn is in the direc- 
tion of the extended radius. The amount of heat passing out of the 
lateral surface is 

(7) dQi ^xhu'Znhdxdt. 

The amount of heat flowing out of the bases x = const, and x -h dx 
= const, of this element is 





dQ^ = — ^ ^ dxdt 


According to (7.9) the total outflux of heat from the rod element is equal 
to the product of div G dt with its volume. Hence we have 



div G • n b^dx dt «= dQ^ dQ^. 


and after substituting (7) and (8) 



div G 


'itch 

h 


u — X 


dhi 
dx^ ' 


According to (7.11) div G is proportional to — dufdt. Substituting 
this and dividing by x we obtain 



dx^ ~ k dt h ^ 


Hence the “outer-heat conduction” through the lateral surface only 
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modifies our differential equation by the additional term of equation (11). 
Our derivation depended on the assumption that the linear character 
of the thermal state, i.e., its sole dependence on x, is not affected by the 
lateral radiation, an assumption which seems plausible for sufficiently 
small cross section. 

The integration of (11) is very simple. We let: 

u = V ; 


After division by exp ( — Xt) equation (11) becomes: 

_ l ev (2 k ;.\ 

dx^~ kdi \b fc/ ’ 

which is the ordinary equation of heat conduction if we set: 

( 12 ) ‘ 


Hence all the developments of this chapter are valid for a rod with outer 
heat conduction if we multiply by the factor exp ^ 


In exercises III.3 and III.4 we shall see an elegant experimental 
determination of the ratios inner to outer heat conduction and heat 
conduction to electron conduction in metals. 


§ 17. Reflection in the Plane and in Space 

We finally leave the case of linear heat conduction and turn to 
spatial regions which are bounded by planes and which can be treated 
by the simple reflection method. The corresponding plane regions 
bounded by straight lines will be treated in a very similar manner. 

The simplest case is that of a half space with the boundary condi- 
tions u = 0 or du/dn = 0. Since we know the spatial function of a heat 
pole from equation (12.14), we can write Green’s function for the half 
space directly. If we take the boundary of the half space to be « = 0 
and the source point to he ( then we have 



r' 

iit 


G = e 


r'* 

*kt 



= (X — I)* +{y — Tj)^ + (2 — 


Since for z = 0 


as as 


r* = r'* and 
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we get 



or 


dn 



for 2 = 0. 


Even for the boundary condition c) of p. 64 we can transfer the solution 
(13.15) directly to the spatial case. We have 

- : 

^ _r^ r (g - ^)* 

(4 TV k G e *** + c 2Ac'‘^e *** 

^ OO 


with 


= (x— ^)2+ {y~riY, 



Not all spatial regions bounded 
by planes can be treated according 
to the reflection process. It is neces- 
sary that, under successive reflections 
of the original region, space be cov- 
ered completely and simply. We 
demonstrate this with the example of 
a wedge. If it has an angle of 60® (see 
Fig. 17) then it is reproduced five 
times upon successive reflections 
whereupon the process terminates. 

Fig. 17 Wedge with taceangle tt/3. jj Green's function can be repre- 
Simple and complete covering of space t x i 

upon successive reflection. sented by a sum of six heat poles 

where, for the boundary condition 
IS — 0, half the poles (the original pole Q and its images Q2,Q4) are posi- 
tive and the others (Qi.Qa.Qs) negative. 

From this figure it becomes apparent that the reflection process 
may be attempted only for those polyhedrons whose face angles are all 
suhmultiples of 7t (not merely of 2 ?r). In the case of wedges the angle 
2 a- 120® leads to a double covering of space, 3 nf2 leads to a triple 
covering, and every angle which is incommensurable with n leads to an 
infinite covering. A particularly interesting case is that of space with a 
half plane removed, a wedge of angle 2ir so to speak. Its treatment accord- 
ing to a reflection process requires the study of the principal solution in a 
“two-sheeted Riemann space” whose branch line is the edge of the half 
plane.* 

‘ This solution was given by the author in 1894, Math. Ann. 45, for the c^e 
of heat conduction and soon thereafter for the refraction of light {tWd. 47). tor 
details see Frank-Mises, 2nd ed. (gthed.of Riemann-Webcr), View'eg, 1935. chapter 20. 
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Among the polyhedral regions we consider first the interior of a cube 
(the exterior would lead to most complicjited ramifications) and as its gen- 
eralization the rectangular solid. The mirror images of the given primary 
source point form eight superimposed spatial lattices corresponding to 
the eight combinations of signs i ± ■»?. i C* Each of these lattices taken 
separately forms a triply periodic solution of the differential equation, 
so to speak a higher ^ function (see below). If the base of a rectangular 
solid is divided by its diagonals into four isosceles triangles then a 
rectangular cylinder with one of them as base is also a polyhedron of the 
required kind. Another example is given by a rectangular cylinder whose 
base is an equilateral triangle or half an equilateral triangle obtained 
through bisection by the altitude. A rectangxilar cylinder whose base is a 
regular hexagon has face angles of 2n:/3and therefore leads to a double, 
not a simple, covering of space. 

Everything said about the subdivision of rectangular solids is of 
course true for cubes. In addition, for suitable subdivisions the 
cube yields permissible tetrahedra: Lamp’s “tetrahedra 1/6 and 1/24,” 
of which the former fills out the cube upon six reflections, the latter 
upon twenty-four, and another tetrahedron which was discovered by 
Schonflies in his general investigations on crystal structure.® 

For all these regions we can not only solve the problem of heat 
conduction but any physical process of isotropic symmetry, such as an 
acoustic, optic, or electric process, by the reflection method. The very 
word “reflection” reminds us of the optical application. 

The set of permissible regions is extended very considerably if we 
no longer impose boundary conditions, but require periodicity, as in the 
case of the ring in the beginning of §15. Then instead of a rectangular 
solid we can treat an arbitrary parallelipiped; all we have to do is to 
repeat periodically the pole of Green’s function in the initial domain in 
all its images under the translation group. The elliptic ^ function of 
the ring is then replaced by a higher ^ function (hyperelliptic Abelian) ; 
however we shall not go into this since there are no immediate physical 
applications. 

Everything said here about spatial regions can be transferred directly 
to plane regions. Half space is replaced by half plane, rectangular solid 
by rectangle, the rectangular cylinder whose base is an equilateral 
triangle by that triangle. In formula (1) for Green’s function of half 
space we have to replace the exponent I on the left by the exponent 1, 

* G. Lam6. Lemons sur la theorie da la chaleiir, Paris 1861 ; he tloe.s not use the 
reflection method but Fourier's method with a suitable continuation of the arbitrary 
initial distribution. For A. Schonflies' tetrahedron see Math. Ann. J4. 
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and the three-dimensional square of distances on the right by the corre- 
sponding square of distances in the plane. 

Unfortunately this method of reflection for problems of heat con- 
duction can not be applied to spherical (or circular) regions (see §23). 


§ 18. Uniqueness of Solution for Arbitrarily Shaped Heat 

Conductors 

The physicist may consider such a proof superfluous; we shall 
consider it, however, on account of its mathematical elegance and the 
importance of its method. 

It will suffice to use Green’s theorem of potential theory which we 
formulated in exercise II. 2 as the “second form.’’ The parabolic char- 
acter of the equation of heat conduction plays no particular role here, 
it would become important if, as in Fig. 13, we were to impose time 
dependent boundary conditions, but we shall restrict ourselves here to 

the boundary conditions a),b),c) of p. 63. 

Our heat conductor may have an arbitrary boundary; as part of this 
boundary we include the boundaries of any possible inner cavities. On 
this total boundary surface a there may be given an arbitrary combina- 
tion of the boundary conditions 

a) « = /i(a), b) ^ = / 2 (<x), c) = 


(“non-homogeneous” boundary conditions where are arbitrary 

point functions on a, in contrast to the previous “homogeneous” 
boundary conditions where the right sides are zero). In addition we 
assume the initial temperature u to be given as an arbitrary point 

function /(ar,y,z). ^ r i. . 

Let Ui and be two different solutions of the equation of heat con- 
duction under these initial and boundary conditions. Their difference 

then satisfies same differential equation as ui,ut 



A 1 ^ 


with a distribution over a of the “homogeneous” boundary conditions 

(2) a)w = 0, b)^ = 0, c)^-l-Aw = 0 

and the initial condition 

(3) 


for 


t = 0. 
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Setting both u and v equal to w in Green’s theorem of exercise II. 2 we 
get: 



j wAwdr + y (grad w. 


grad w) dx = 



Considering (1) and (2) this becomes 

(5) J dx = — j Dw dx — j kw^ da^ . 

’vhere Dw is the so-called first differential parameter: 


J. /dw\2 , /dw\2 , /dw\Z 

= Ksi) + fe) + (ar) ■ 

The last term of (5) is to be considered only over that part of a on 
which the boundary condition c) holds, as indicated by the subscript c 
attached to do. 

Equation (5) contains a contradiction: the right side is negative 
since ft > 0 as established in (13.5). (We no longer have to assume that 
ft is a constant; ft may vary on the surface depending on the local 
structure of the surface.) The left side of (5) is certainly positive for 
small t, since is 0 for < = 0 and therefore can only increase for increas- 
ing t. In order to make this contradiction even more apparent and to 
extend it to arbitrary t, we integrate (5) with respect to t: 

t t 

( 6 ) J w^dx = — J dt J Dw dx — j dt j k w^dcg . 

0 0 

The only possibility of removing this contradiction is in setting: 

(7) ly = 0, hence Ux = u . 

This uniqueness result can also be expressed as follows: in heat con- 
duction there exist no eigenfunctions for any shape of the conductor 
(see Chapter V). In this sense heat conduction and all analogous 
equalization processes differ in a characteristic manner from oscillation 
processes. 
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Chapter IV 

Cylinder and Sphere Problems 

This chapter serves to complete our stock of mathematical tools 
rather than to solve any new physical problems. A necessary part of 
the tools of a mathematical physicist are cylindrical and spherical 
harmonics. We shall develop these tools with the help of simple physical 
considerations rather than in an abstract mathematical manner. We 
shall connect spherical harmonics with -potential theory (in which they 
first arose) and cylindrical harmonics with the wave equation and its 
simplest solution, the monochromatic wave. 

§ 19. Bessel and Hankel Functions 

We assume the time dependence in the wave equation (7.4) to be 
periodic, and write it conveniently in the form 


(1) 


<o= circular frequency. 

We introduce 



(2) i = f. 


k = wave number; 

and then write (7.4) for one and two dimensions: 

(3a) 

(3 b) 

dx* ^ ^ 

Equation (3a) has the integrals 
(4a) u = Ae'^^ 

and 

«= 


Because of our choice of negative sign in (1) the first equation stands 
for a plane wave which progresses in the direction of the positive 
i-axis, the second for one which progresses in the direction of the 
negative i-axis. The fact that it is simpler to operate with a wave 
which progresses in the positive r-direction is the main reason for the 
choice of sign in (1). For the two-dimensional case (3b) we get 

(4b) u = = 


a = K cos ot , 
b = A;siiio(. 
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Introducing the plane polar coordinates r, <p with 

X — r cos 99, y = ^ 

we get from (4b) 

(5) u = 


Equation (5) represents a plane wave which progresses in the direction 
99 = a ; for a = 0 it becomes (4a). From such solutions we can con- 
struct the general solution of (3b) by summation (integration) over 
with coefficients A which may depend on a. 

Written in terms of T,<p equation (3b) reads 



X dv. . 1 B*u . f 2 Q 


or if Ave set q = kr , 


(6 a) 


+ 4-^ = 0 

dQ* ^ e e*dv* ^ 


We seek the solutions of this equation which hax'e the form 
0 ) w = Z„(e)e*’'^ 


For this purpose we set 

A = c„ being a constant independent of a, 


and integrate with respect to ct between suitable limits ^ and y: 




if cos (»— «)gt n ^ 


Equation (8), unlike (5), does not represent one wave of direction «, 
but afewndieof waves with directions varying from « = ^ to ot = y, which 
obviously satisfies the differential equation (6a). In order to bring (8) 
into the form (7) we write 


(8 a) <x==tv-\-<p, «o = ^ — 9’» = 


Equation (8) then becomes 

(9) « = c„ 7 c’ » “ du- • c* ” ” . 


The coefficient here of is a function of q alone if, and only if, we 
remove the dependence of wo and Wi on <p. This is done in (8a) by 
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letting 0 and y, and with them Wo,wi, increase to infinity in some way. 
In order to accomplish this we first must investigate the convergence 
of the integral in (9) in the neighborhood of infinity (see Fig. 18). This is 
obviously a question of determining those regions of the complex u^plane 
in w’hich the real- part of the exponent zgcoat^ of (9) is negative. We 
assume for the time being that q- is real and positive and set 

w = 'p i q, and hence Re {i cos w} =sinh q sin p. 

Hence for the upper half of the y;-plane, 9 > 0, we have 

(10 a) sinp<;0, — 3i < p < 0 mod 2 Jt ‘ 

and for the lower half of the ly-plane, ? < 0, ^ 

(10 b) sin p > 0 , 0 < p < 7E mod 2 n 


Since conditions (10a, b) depend on only the real part poiw and not on q, 
we know that the regions in question are strips which are parallel to the 
imaginary axis. The regions for which the passage of wq and wi to 
infinity is permissible are shaded in Fig. 18. 

If Q is not real and positive, say = (^ |c*®, then the above pattern 
is maintained and is only shifted by ^ ii' ihe direction of the real axis, 
where the -h and — signs are for the upper and lower half planes. In the 
convergence considerations of (10a,b) w’e merely have to replace sin p by 
sin (p ^ &) (see the beginning of exercise IV. 2). 

For each choice of the limits wo,tvi which satisfies the stated condi- 
tions the coefficient of in (9) is a possible form of the general 

cylinder function Z„(q) of (7). Substituting (7) in (6a) we see that the 
functions Zn satisfy the differential equation: 


fll) 



( 12 ) 


A. Thf Bessel Function and its Integral Representation 

Our first special choice is 

WQ = a-^ioo, —n<.a<i6, 
u'l — b i CX3, n <.b <.27f. 


The corresponding path of integration is denoted in Fig. 18 by wo', 
the function obtained is called a Bessel function if the factor Cn in (9) is 
normalized by: 

•Two numbers p and p' are said to be “congruent modulo 2 t ’ (written 
p = p' mod 2 IT ), if p — p' is an integral multiple of 2 *• . 
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( 13 ) 


Cn = 


1 _ 
e 


*nn/2 




n 


Using the common® notation /„ we 
obtain 


( 14 ) 




w. 


The normalization (13) has been chosen 
so that Jo(e)= 1 for ^ = 0 and I„(g) 
is real for arbitrary n and y. The 
former follows from (14) if we pass to 
the rectangular form of Wo, which is 
depicted in Fig. 18 by the dotted path. 
We thereby cause the two partial in- 
tegrals along the parts parallel to the 
imaginary axis (which are otherwise 



Fig. IS. Regions of the plane 
u.' = p + jVy in wiiich the real part 

of tgcosto is negative are shaded. 

The path <»f integration IFo for the 
Be.s.sel function J goes from ~ 
a » oo to iTj = 6 -f i oo. In 
addition to ir we use the variable 
of integration w — 7i!‘2. 


divergent for g — » 0) to be complex 

conjugates. In order to prove this we make the substitution w — nj2 = ^ 
The rectangular path Wo is then, in terms of 0, 


— ?t + too-> — n 


n 


n-\- too. 


which lies symmetric with respect to the /?- axis. For real ^ and n, 
/„($) decomposes into the two parts: 

+ « OO 

n 

0 


/ 


-(nr + e sinhy) 




( 16 ) 4 («) = ^/ 


where the second term is obtained from the integrals over the two paths 
n n too and — n too -*■ — n by the substitution ^ = ± 

+ ♦ y ; it does not vanish in general as it did for n = 0. Hence under 
the normalization of (14) I„{q) is indeed real for real g and n. 

Since our integral representation converges for all values of q it 
follows that J„(e) is an everywhere regular transcenelental function except 
for a single essential singularity at infinity and a branch point of order n af 
g = 0 which for negative n is also a pole of the same order. 

If ri is an integer then the second term in (15) vanishes and we get 

+ « 

(16) ^"(e) = ^ / *’■‘"'-''•'“”<2^. 

^ 99 


* In the English literature one writes Jn instead of /„ .\nd sets /„< p) =* Jniip). 
We wish to reserve the letter J to denote ‘’intensity” and we shall need no special 
symbol for In (i p) . 
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If we express the exponential function in terms of trigonometric functions 
and consider the odd and even character of the sine and cosine, then we 
get a representation which was given by Bessel: 

n 

cos (g sin — nfi) d/3. 



We can see this directly from our original integral with respect to w. 
In the rectangular path Wo the two parts which are parallel to the imag- 
inary axis will cancel for integral values of n, and only the section of the 
real axis from — ?r/2 to 3 7t/2 remains. Due to the periodicity of the inte- 
grand this can be replaced by the path from — 71 to d-TT. We thus obtain 

+ ft 





gie cos to 


^ n 


which agrees with (16). The integral over a complex path Wq as in (14) 
has a great advantage over the real representations in that it is not 
limited to integral values of n but remains valid for arbitrary n. The 
integral (14) is first mentioned in Schlafli 1871,^ though only with a 
rectangular path of integration. The following integrals (22) were first 
published by the author in 1896. 

Since the differential equation (11) depends only on n* we know that 
if /„ is a solution then so is /_„. The general solution can therefore be 
written in the form 



^n(e) = ^n(e) + 


However this holds only for non-integTol n. For integral n, /„ and I-n 
are not linearly independent; we have rather 

(19a) (e) = (— 1)" 4 (e)- 


This follows directly from (16) if in (g) we make the substitution 

& = n- 


B. The Hankel Function and its Integral Representation 
As limits of integration in (9) we now choose 



= Oj -h t CO , — n < aj < 0 , 

Wj = — i oo , 0 <bi <.7t ; 


* For details see G. N. Watson. A Treatise on the Theory of Bessel Functions. 
Cambridge 1922, p. 176 and 178. 
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and 




(20 a) 

a^— too, 

i 00 , 

0 < 0 ^ <71 y 

71 <62 <2 71 . 



These paths, which are largely arbitrary and are restricted only as3'mp- 
totically to the shaded regions, are denoted by ll’i and W-> in Fig. 19. The 
fact that they have been drawn through the points la = 0 and = 71 is 
also arbitrary but will prove convenient later. The constant c„ is now 
determined by 




71 


The cylindrical functions thus obtained are 
called the first and second Hankel functions. 




( 22 ) 








They are almost more important to mathe- 
matical physicists than the Bessel func- 
tions I„. They differ from the latter by the 
fact that they become infinite at ^ = 0 
even for positive n. This follows from the 
fact that the integral 





Fig. 19. Tlie paths of 
integration ll'i and ITs for 
and //-. C’ombined in sue* 
cession they arecfpiivalont to 
the path \i\. 


Wtfw, 


obtained from (22) by setting g = 0, diverges in the infinite part of the 
lower half-plane. 

The singularities of and at p = 0 will be discussed in Sec- 
tion C. Due to their construction IP and IP are again solutions of the 
differential equation (11). The general integral of (11) can therefore be 
written in the form 

(23) z„ (e) = C, Hi, (e) + c. Hi (e) 


We now want to show that the special integral I„ is obtained from this 
formula by setting 

C, = 0, = I 


as is seen by looking at Fig. 19. If we traver.se the paths Wi and Wt in 
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succession then the lower parts cancel and the whole path contracts to 
1^0. Considering the new determination of c„ in (21) we have twice the 
amount obtained with the previous definition (13). Hence we indeed 
have 

(24) = + 

With this we compare the difference Hj, — which, written in terms 
of the variables of integration ^ and y of (15), is purely imaginary for 
realpandn. We denote this difference by 2i:Ar-„ and call 2V„(e) Neumann’s 
function: 

(25) iv„(e) = ijffi(e)-H=(e)}. 

From (24) and (25) we have 


This decomposition of is completely analogous to the decomposi- 

tion of the exponential function into its trigonometric components, 
as indicated in the following arrangement: 

g<x cosx sinx 

{q) (e) i (e) ^ (e) - 


We shall see in Section D that this is not only a qualitative analogy, but 
that asymptotically (forg ->oo)it holds quantitatively also. Just as we 
prefer the exponential imaginary representation to the trigonometric 
real one in descriptions of wave phenomena, so as a rule we prefer a 
representation in terms of Hankel functions to one in terms of Bessel and 
Neumann functions, especially since our complex integrals are equally 
convenient for all three. 

For non-integral n the H^,H^ must be expressible in the form(J9). 
In order to determine the coefficients ci,C 2 we make the following observa- 
tion: according to (14) 


(27) 




and if we replace n by — n and w by — v) (or W o by Wc ) » 



§ 19 . 32 


CYLINDER AND SPHERE PROBLEMS 


91 


(28) + 

-IF, 


In Fig. 20 we have Wo and — TFo, drawn for convenience in rectangular 
shape, with their proper orientation. Their central parts from «• = — n/2 
to to = 4-«/2 cancel. There remain two rectangular paths, which, for 
convenience, we have deformed into paths of the type in Fig. 19. 


The right hand path from y — t oo to 
Let the left hand path from — + i co to — 

A 


-|- t oo coincides with W 2 
— * 00 be denoted by 


Wi. Adding (27) and (28) we obtain then 


Wt w,' 


Here according to (22) the integral over Wz 
equals 

(29a) 

The integral over Wz' differs from this only 
in the orientation of the path and in its 
translation by — 2 ». This integral, ac- 
cording to (22), is then 

(29b) — 

Substituting (29a,b) in (29) we obtain 



Fig. 20. The paths \\\ 
and — Wt, for In and /-« are 
equivalent to the patiis W 2 and 
W't which belong to the type 


2 [Into) - - (e)] = (1 - e" " (e) 


and hence 
(30) 



tsis nn 




The corresponding representation for is obtained from (24) : 

(31) = 2 Ije) - Blie) = • 

The coefficients ci,ca for Hankel functions in equation (19) are thereby 
determined. We note that for real n and complex q 

(32) fli(e*)=[S;(e)]*. hence S“(e*) = [BJ(e)]*. 
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Here the asterisk * stands as usual for the passage to the complex conju- 
gate. In the derivation of (32) from (30) and (31) we use the relation 
= [/„(e)]* which follows from (34). We further deduce from 
(30) and (31) that 

(32a) HIM = e'"" K(q) . = e"'"” -^5(6)- 


and from (25), (30) and (31) that 



nJq) 


C08«?t/n(g) — /-n(g) 
sin nn 


C. Series Expansion at the Origin 

We have seen that /„(^) is regular in the entire finite plane. It can 
therefore be expanded in ascending powers of Q . Indeed we see directly 
that the differential equation (11) is satisfied by the series: 

(3^) ^n(e) = (^) ^.2^mir(» + »n+ 1 ) ( 2 ) * 

For n = 0 it assumes the particularly elegant form 

= 2^ ml ml (^) ’ 

m * V 

which was known to Fourier. We shall demonstrate in exercise IV.l that 
these series agree with the integral repiesentation (14). 

In order to obtain the series for the general cylinder function Z„ and 
to investigate the singularity at q = 0, we proceed as in the case of ordi- 
nary linear differential equations! we write 

(36) Z„ = e^(ao+ g+ + h a* H ) 

and substitute this in the differential equation (11); the resulting power 
series must vanish term by term. The lowest power g^~^ yields the 
determination of A, the general term g^+^-^ yields a recursion formula 
for Ofc. We obtain 

(37) A(A-1) + A — = 0, A = ±n, 
and 

(37 a) {(A + i) (A -f 1) + A + k— n^} + a*_ * = 0, 

By the use of (37) equation (37a) can be simplified to 
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(37 b) (i® + 2 A A)a|.-f- = 0. 

By repeated application of this recursion formula we get for k = 2m 


— Oam — 9 ( — D* Q gm— 4 

4 9n(n«+A) 2^ m{m — 1) (m + A) (m + X — 1) 


If,asm(34),we choose r(X +1) and set Oi = 0 then we obtain 



( — ir 1 

®2m 22"+« m!r(m4- A -I- 1)’ 


®2m + l 



This establishes the validity of (34). According to (37) it is equally valid 
for A = — n and for A = -|- n. As mentioned on p, 88. equation (11) 
has the solution /_„(^) in addition to /„ (q). If n has a positive real 
part the latter vanishes for $ = 0 with the same rapidity as whereas 
the former becomes infinite with the same rapidity as q~^. 

What we have said so far in Section C holds only when n is non- 
integral. For integral n, or more generally for the cases in which the 
difference of the two roots of (37) is integral,^ we encounter in the solu- 
tion belonging to the smaller X a difficulty that is well known from the 
general theory of linear differential equations, namely, that in addition 
to powers with negative exponents we have logarithmic terms. We 
demonstrate this as follows. 

Substituting in (37b) A = — n and k = 2n, we obtain = 0. 
Hence, tracing the recursion formula for a^„ backward, we see that in the 
series (36) for Z„ = l-n all the terms a* = osn vani.sh. This implies the 
relation (19a) previously established between In and /_„• 

The problem is to find a second solution of Bessel’s differential 
equation (11) which is linearly independent of We do this by a limit 
consideration in which n is taken as a positive number which is arbi- 
trarily close to an integer. Instead of applying this to the Hankel 
function H we apply it directly to the Neumann function N of equation 
(33), the decisive function for the singularity under discussion. Before 
passing to the limit N is given by (33) ; in the limit it becomes 0/0 due 
to equation (19a). The limiting value is determined according to 
De THospital’s rule. Denoting the integral limit of n by n, we get for 
the denominator of (33) 


sin n 71 — n cos n = 3* ( — D* 

an 

* This is the case for Bessel functions in which n is half an integer. The fact that, 
in spite of this, the complications which are discussed in the text do not arise, will be 
explained in §21 C. 
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and for the numerator 


— jc sin n jt 7„(e) + cos n te ^ (p) — ^ (e) 

= (- D" {I, (e) - (- 

hence 

(39) N.„ (e) = Lim {§^ I„ (e) - (- D” ^ (e)} ■ 


Here the limit sign indicates that the differentiation with respect to n 
must be performed before the passage to the limit, i.e., for non-integral n. 
Since we are primarily interested in the neighborhood ofg = 0, we 
naturally use the series (34) which (for non-integral n) represents not 
only /„ but also We compute the two parts of the right side of (39) 
separately. 

Using the well known formula 

^ o* = a* log a 


we obtain from the first term of the series (34) 


(40) 


1“™ ^ = rtSTT) 


(I)' {>“« I - 


r(n-H) 

7’(ii-t-l) 


}+••*. 


where the three dots indicate terms of higher order than e"- 
abbreviation introduced by Gauss 


(41) 




where C is Euler’s constant 


C = Lim (l-t- I + I + 1 - ^ - log") = 0. 


6772. 


n -*‘00 


If we set 


(41a) 


(7= logy, y= 1.781, 


then using (41) and (4la) we can write for the term { } in (40) 
(41b) logf — lP(») = log 
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The coefficient of the term {} in (40) is equal to /„($) except for higher 
powers than g". Using (41b) wo can rewrite (40) as 



The three dots indicate that equation (42) is exact only up to terms of 
order 

The computation of the second term on the right side of (39) is 
somewhat different. We start from 



= (f ) ” { /-(-i + i) - + (f )'+ 


By first differentiating only the term (o/2) " with respect to n we get as 
in (40) 

-‘"gldUl A-n+D + ,i!r(-7''n + l) (fr}+'" 

For n — >■ n, all the/”s become infinite except the last. We have then: 

(«) - log f (1)" = (- 1)" ■ log I I,(e) + ■■■ 

On the other hand the differentiation of the term { } in (43) yields'^ 
f44al reN-"f y(-n-t- l) /gy, . . , (-l)>^y(-n+n_Ygx2 n, ^ 

The function )F{z) has simple poles at the points z = 1, 2, 3, . . . 

just like /’( 2 + 1). According to (41) we have in the neighborhood of the 
Mh pole 


(45) 


n^)=- 


The development of /’(z4- 1) at the same point is' 
(45a) 


(— !)*■•* 1 

r(2+l) — (V— 1)!“ 2 + v • 


‘ In (44 k) two minus signs have cancelled each other. Namely for * n 4- 1, 

— ft + 2, we have 

d 1 nz) dz , , ,, r ^ 

• For this and the previous formulas .see Johnke-Emde’s tables of functions, 
3rd ed., Teubner, Leipzig. 1938. p. 10, 1 1 . and 18. 
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Henco 

{45b} 


V'(z) 

r(z+ 1) 


= (_l)-(v_l)! for z = —v. 


Since /"(I) = 1 and ^(0) = — C we have, in the neighborhood of « = 0 


(45c) 


= -C = -logy. 

r(z + i) 


After these preparations we can pass to the limit in (44a). Accord- 
ing to (45) and (45a) all the terms If'/r, with the exception of the last, 
have the form oo/oo which accordingto(45b)canbe replaced by (“1)* 
(v — 1)! where v = n in the first term, v = n — 1 in the subsequent terms. 
For the last term we apply (45c) and obtain 

- log y (1)^''= (-1)* (1)" log y + ■ • ■ 

We have as the limiting value of (44a) (instead of n we now write n, 
which is still an integer) 

(46) (-i)”{(«-i)!(|)“”+^=^(|)""''"+ logyr,} +•••• 

The sum of (46) and (44) now yields the second term in {} of f39) 

- ,-ir Lin. I, - (n - D! (f)-- 

1- log 

Combining this with (42) we obtain in (39) for n > 0 

-•■■+2iogf + 


(47) 


r ^ « 

The terms on the right are written in decreasing order, the term with 
(g/2)"“" having highest order and the logarithmic term having lowest 
order. This implies a simple logarithmic singularity forn = 0; we have 
then: 

(48) 5JVo(e) = log^/o d > 


(48) f ^o(e) = log^-?o d . 

or the complete form, which we state without proof 

(48a) f ^0 (e) = log Y ^0 (e) + 2 (/g (e) — 4 A (g) + (g) ) 
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According to (26) this logarithmic singularity arises in H just as it does 
in N. We see from this that the //„ have branch points at the origin of 
the complex g- plane even for integral n. From (26) and (47) we see that 
upon continuation around the origin Hn increases by ^ 47„(g)(for details 
see exercise IV. 2). In exercise IV. 3 we shall deduce the existence of the 
logarithmic singularity of Ha in a more direct, though mathematically 
less satisfactory, way. 


D. Recursion Formulas 

The Z^(q) satisfy ^.differential equation in g and a difference equation 
in 71, for arbitrary, not necessarily integral, n. We can deduce this from 
our integral representation for the H and hence for arbitrary linear 
combinations of the H, in particular for the I and N . 

Remembering that the paths of integration Wi and W 2 in (22) are 
independent of n we form : 


(49) 

71 

"2 

(^n + I 



— 


}^dw, 

(50) 

n 

2 




J 

finite — 

{}^dw . 

where 










M 

11 

1 

^ 2 

? 

1 

«/2) 


=: sin w , 



{ }^ = 

1 

■ 2 


«/2) 

1 

a 

1 

1 

— — t cos w 


We may therefore write for the integrals on the right of (49), (50) 


(49a) 

(50a) 


_1_ fd (f,iQCOSU>\ , 

< e J 0U. ' 

^ f pieooiW , gin(w — 71/2) . 

deJ 


and by integration by parts (49a) beconies 


(49b) 


” j giocMW . Qin(.w — 77/i) , 


We now can express the right sides of (49) and (50) in terms of Hankel 
functions of index n. These formulas are valid for both W and 
depending on the path of integration ; we may write them directly for the 
general cylinder function Z, which is a linear combination of the two. 
We have 

(W) , 
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and 

(52) ^n + l 2fi-l = — 2 . 

These are the recursion formulas we were seeking. They hold for n 
integral or non-integral, positive or negative. 

For n = 0 we get as a special case 

(61a) = — Z+j 

and 
(52a) 

and by further specialization of (52a.) we get the relation 
(52b) A(0) — de'^o(6)* 

which could also have been obtained directly from the series (27) and 
(27a). 

E. Asymptotic Representation of the Hankel Functions 

The integrand in our representations (14) and (22) oscillates more 
and more rapidly with increasing Q , foi' the non-shaded regions of the 
lij-plane with increasing amplitude, for the shaded region with amplitude 
decreasing to zero. As shown in Fig. 19. the paths R'l and R « for H' and 
H- can be drawn completely in the shaded regions for real Q ■ Hie 
figures illustrating exercise n'.2 show that this is no longer the case for 
complex Q . We also see from Fig. 19 that the points te = 0 and «? = n, 
at which the paths touch two non-shaded regions, will play an important 

role for the asymptotic computation of and H-. 

We shall develop here the method of saddle points in an intuiti\e, 
so to speak topographical, manner, and leave all analytic refinements 
and generalizations for §21. We assume 

(53) e real > 1 and nCg. 

For W the path Wi begins and ends in the shaded “low lands,” and the 
same holds for and Wo. The deciding exponent has its extremum at 

0 on Wi 
n on Wi. 




sin w = 0, 
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This extremum, like all extrema of real or imaginary parts of complex 
functions, is not a maximum or a minimum but a saddle point. To the 
right and left of Wi and W 2 at these points there tower steeply rising 
mountain ranges. Between them run Wi and W 2 as mountain passes. 
The saddle point method is therefore also called the pass method. The 
altitude of the paths at ly = 0 and uj = is 



What path should a mountain climber take in order to surmount the 
pass in the fastest possible manner? The answer is, the path of steepest 
ascent and descent, the so-called “drop lines.’’ However this prescrip- 
tion is not binding and it may be amended for reasons of convenience 
(analytic reasons^ or mountain climber’s reasons). The English name 
"method of steepest descent” instead of pass method is therefore not 
entirely appropriate. 

We consider a short segment of the path Wi in the neighborhood 
of the crest of the path: let ds denote the arc element on this path with 
the orientation Wi, and let the crest itself be given by s = 0. We write: 


(54) to = s c* i cos w 



jsin 2 y -I- i(l — ^cos2y^. 


The level lines of the real part are perpendicular to both the level lines 
of the imaginary part and to the drop lines, therefore the level line of the 
imaginary part is at the same time the drop line of the real part which 
determines the altitude of the pass. In our case the level line of the 
imaginary part of (54) is given by 

1 — — C03 2 y = const. 

with the constant equal to one, since the line must pass through the 
crest s = 0. Hence we have 

(64a) cos2y = 0, y = 

For //* we must choose the minus sign for y (see Fig. 19) whereby (54) 
becomes 

(64b) dto = (its, i cos «? = i — 


We substitute this in (22) and at the same time set s = 0 in the 
“slowly varying” factor exp {tn(to — ji/2)}; the integration can obviously 
^ G. Faber. Bayr. Akad. 1922, p. 285. 
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§ 19. 54c 


be restricted to the immediate neighborhood of the pass, say to distances 
<; s . We obtain 


(54c) 



+ • 


1 ite ^ + 4) 

— e 

71 





This integral can be reduced to the Laplace integral with the help of the 
substitution s = t, which, at the limits of integration, becomes 


yi' 

result: 

(55) 


oo 


and 


l/f' 


y^ 

V e” 


For where we have to use the path W 2 with the saddle point at «> = « 
and where in ('54a) we have to choose the plus sign for y , we obtain 
correspondingly 




<le - (n + t) «/2J 


By taking half the sum of (55) and (56) we get 

(57) /„ (e) = l/^cos [q -(» + -1) f ] • 

These asymptotic representations, though derived for real Q, can be 
continued analytically in the complex g- plane (for the representation 
of the two H’s this plane must be cut along a suitable half line because 
of the branching discussed at the end of Section C). On the basis of 
equations (55) and (56) we state: i/‘ vanishes asymptotically for 
Imp— ♦ + 00 , for Imq—* — 00 . This is the reason for the particular 
suitability of Hankel functions for the treatment of problems of damped 
oscillations. On the other hand both the Bessel function I and the 
Neumann function N become asymptotically infinite in both half 

We shall show in §21 how our asymptotic limits can be extended 

into asymptotic expansions and how the condition n <C C 
be dropped. The factor q-* in f55) and (56) is connected with the fact 
that H^o (or, for another choice of time dependence, H^a) represents, 
upon introduction of a coordinate z which is perpendicular to the r, ^ 
plane, an expanding cylindrical wave with source r = 0. Since the 
energy 2nr Ifi’oP passing through a cylinder of radius r must be inde- 
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pendent of r (in the absence of absorption), we see that Hq is proportional 
to or in other words to 

One may think of the real and imaginary parts of IPo and lo as 
defining surfaces over the complex g- plane, The surface of Re (-^o) 

osculates the positive g- half-plane exponentially and in the negative 
half plane it has exponentially rising mountain ranges separated by 
correspondingly deepening valleys. The surface of Im (ffj) behaves 
similarly and in addition has a 
narrow funnel at the origin 7i 
which corresponds to the loga- 
rithmic singularity of Ho (also 
of No: see (48)), as well as a dis- 
continuity along the negative 
real axis corresponding to the 
branching discussed above. The 
The surface of Ro(/o)con<ists 
of a mildly undulating depres- 
sion flanked on both sides by 
rising mountain country. The undulating nature of the depression 
follows from the asymptotic equation (57) and indicates the existence 
of an infinity of roots of the equation /o = 0 along the real axis. These 
roots are represented in Fig. 21. The surface of Im (/«) is very similar 
in appearance except that the bottom of the depression is level through- 
out, corresponding to the fact that lo is real along the I’eal axis. 



8,m 


Fig. 21. llepresciitaliou ol /g (heavy line) 
and *>f fi (dnttetl line* along the real axi-». 
The first three roots t)f (p) » 0. 


§ 20. Heat Equalization in a Cylinder 

As an excellent example for the application of the theory of Bessel 
functions we again consider a special problem of heat conduction, Ihe 
problem was treated by Fourier, who, in fact, mentioned the functions 
with integral n whence they are sometimes referred to as FouHer-Bessel 
functions. 

We shall treat our problem in three steps: 

A. For an infinitely long cylinder and an axially symmetric initial state 

/=/(r). 

B. For an initial state which depends also on the argument / = /(r, <p). 

C. For a cylinder of finite length and general initial state / = z). 

The boundary condition shall, for the sake of simplicity, always be 
that of i.sothermy 

(1) a = 0 


for r — a — radius of cylinder. 
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For the complete cylinder this is augmented by the further “boundary 
condition” of finality along the axis: 

(la) M =4= CO for r = 0. 

A. One-Dimensional Case / = /(r) 

The equation of heat conduction is: 

r dr ~ kdl ' 

Making the special substitution 

(3) « = 

we get the differential equation for R 

(3a) ^ + i^-^ + Aa« = 0 . 

This is Bessel’s differential equation (19.11) with n = 0 and q — Xr. 
Its general solution can be written as: 

= Ah{Xr)-\- BN^iXr). 

However, the condition of finality (la) requires thatwe set 7? — 0; because 
of (1) we must further demand that 

(4) /o(Aa) = Cr. 

We already know that this equation has an infinity of roots such that the 
distance between consecutive roots approaches n] from (19.57) we get 
for the m-th root 

(4a) A„a — j =(m— hence A„a = (m— 

This approximation is valid down to m = 2 with an accuracy of about 
1%; for m = 1 we get 

(4b) Aia = 2,40 

as compared to 2.36 from (4a) (see Fig. 21). 

We have then at our disposal an infinity of solutions of (3a) : 

Bix) ~ j tn = 1, 2, ... 

Correspondingly we get from (3) as the general solution of our problem 
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iKr)e 

nt a 1 



We now merely need to satisfy the initial condition 



l(r) = 1 A^I^a^r). 

W • I 


A way of doing this is indicated by the treatment of the anharmonic 
sine series in §16. In order to emphasize the complete analogy with the 
equations (5) and (6) of §16 we write 

= Iq {2„ t) , ^ = 7g (2^ /) 

and then write our present equation (3a) in the form: 




r = 0. 


Multiplying by and «« and subtracting we get as an analogue to 
(16.5a) 

<’> i ^ • 

Integrating over the fundamental domain 0 < r < a we get as an 
analogue to (16.6) 

(7a) jru^u„dr = r («m ^ |o ■ 

0 


This is Green's theorem applied to the two-dimensional circular region 
r ~ a. 

The right side of (7a) vanishes for the upper limit r = a on account 
of equation (1), for the lower limit r = 0 on account of the factor r and 
equation (la). Since 4= for n, we have the orthogoiuility 
condition: 

<g 

(8) J" u„u^ r dr = 0 for m 5^ n. 

The “weighting factor” r is due to the two-dimensional element of area 
T dr dtp in Green’s theorem. 

From (7a) we may also deduce the normalizing integral 

= /««»• 

if we drop the assumption that is a root of (4). We consider 
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rather as a continuous variable which in the limit coincides with . 
Equation (7a) then represents Nm as a fraction which for 
assumes the form 0/0. By differentiating the numerator and denomi- 
nator with respect to and substituting r = a and r = 0 we find, 
because of (1), that 




a_ 

2 dr A = « 


a (du„ du„ \ 

2 X^KdK^ dr }r~a- 


But for r = a 


dti„ 


= a/o(A„a), 


du 


m 




= (X„ a) 


Substituting this in (9) we get 
(9a) = 

The coefficients of the series (6) can now be calculated from (8) and 

(9) in the Fourier manner: 

( 10 ) * 


We substitute this in the series (5), thereby completing the solution of 
problem A. 



B. Two-Dimensional Case / = /(t‘»9^) 

We first develop /(r, q>) in the complex Fourier series (1.12) 

n +00 

C.-=C„(r) = gL I /(r,p)e-‘"' 

n--oo 



Due to the two-dimensional equation (2) 

e*u . 1 du . 1 d*u 1 du 

(12) ^ ~^7dr~^r* dtp* ~~kdl 


and the generalized substitution (3) 

(13) u=B„(r)e*"’'c-"*‘* 

we have the differential equation for i2„(r) 



. 1 dB„ 

dr* r rfr 
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This is Bessel’s differential equation (19.11) with g = Ar . Equation 
(la) requires that the only permissible solutions be of the form 

On account of (1) A must satisfy the equation (A a) = 0 
which, just like /Q(Aa) = 0 . has an infinity of roots: 

1 » A„, 2 > ■ • • » ^n, m » • • • • 


Each of these roots yields a particular solution of the form (13): 

(15) „ r) e’" e- , 


and these solutions satisfy the differential equation (12). Through 
superposition we can construct from them the general solution of (14) 
which at the same time satisfies our boundary conditions: 


06) 


« = ««, « = "IF J m iK « **) « 




Here the constants ^n.m must be chosen so that for t = 0 and every 
integer — oo < n < -{- oo we have the equation 



C„(r) = (A,. 

1 


m 


r) 


where according to (11) the left side is a known function of r. Equation 
(17) necessitates the development of this function in Bessel functions /„. 
This is possible due to the orthogonality of the latter, which follows 
from Bessel's differential equation (14) and Green's theorem as in (7) 
and (7a)*. Using the abbreviations 

(Afl,« *■) . v^=/«(A«.,r) 

we obtain as generalization of (7) 

— A*.,) frv„v,dr = r(y„p-v,^) |“ 

0 

Here, too, the right side vanishes. We thus have for 1 9 ^ m 




v, r tfr = 0 . 


At the same time we obtain by a passage to the limit as described in (9) 

• In order to avoid the trivial result 0 -« 0. in the application of Green’s theorem 
to the circle r ■■ a in the r, plane we must use the two functions 

and 
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(19) = 

0 

The in (17) can now be calculated in the Fourier manner from the 
given cT.(t-) by (18) and (19) in analogy to (10). Substituting these 
expressions for C„(r) in (11) we obtain 

(20) 2nN„„A„,„ = / f H'.'P) hiK.rnr) e-'"- r dr d<p . 

0 — » 

which concludes the solution of (16). 


C. Three-Dimensional Case/ = /(r, tp, z) 

Let the cylinder have the finite length h and let 0 < z < h. We 
first tlevelop f[r,q),z) in a Fourier series with respect to z, which, due 
to the boundary conditions w = 0 for z = 0 and z = k, becomes a pure 
sine scries: 

h 

( 21 ) /(r, 9 ., 2 ) = sin ju ^ ^ j l(r,q,,z)mrr 

I 0 


We then develop = B^(r,<p) in a series of exp {in(p): 


( 22 ) B^{r,ip) 


+ 00 
V 




in9 


n— — 00 





T [r,q>) d<p 


Finally we represent C^,„ = as a series in the Bessel functions 

I„{Xr), which progresses according to the roots of 


^ m — 1, 12, . . 

Due to the three-dimensional equation of heat conduction 

^“*"7ar dz* ~ k dt 


the time factor has the form 

e 




with at* = + (^) - 
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CO CO oo 




nv — oom^l 


The coefficients A are calculated from the iV„„ of (19) in analogy to 
(10) and (20) 

a +71 h 

(24) = l j Jl{r.<p,z)IMn.„’')e-‘-'’smti:^^rdrd^dz 


0 — nO 


This completes the solution of (23). 

In the case of a hollow cylinder the condition of finality (la) is 
dropped. Hence in the expansion of the solution there may appear 
terms with Nn in addition to those with /„ (or, in other words, terms in 
and H\). Heat conduction through a heating pipe is an example of 

this. 


§ 21. More About Bessel Functions 

A. Generating Function and Addition Theorems 

In §19 we started from the two-dimensional wave equation 

and its simplest solution, the plane wave 

(1) u = c^** = Q^shr, jfe = the wave number. 

If we develop this into a Fourier series then, due to the origin of Bessel s 
differential equation (19.11), the coefficients must be Bessel functions, 
and because of the regularity of (1) for r = 0 only the I functions will 
appear. Hence, we set the coefficient of exp (i n q>) equal to c„I„ and 
according to (1.12) we then have 


If we compare this with (19.18), in which we may replace a; by - w, 
we obtain 


Hence we have the Fourier series 
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( 2 ) 


•f OO 


g.ecos«>^ ^ 


n« — OO 


or upon the substitution y = qp + jr/2 


(2 a) 


.ieslnv^ ^ /„(g) 

n— ^ OO 


In the older literature (2) is usually written in the less symmetric form 


(2 b) 


= /o(e) + 2 ^ (g) cosnip. 

1 


The left sides of (2) and .(2a) are called generating functions of the Bessel 
functions with integral index. 

We now pass from the case of a plane wave to that of a cylindrical 
wave with its logarithmic source at the origin, which, according to p. 100, 
is represented by ■ (Wc omit the upper index since the following 

is valid for both functions H, i.e., both for radiated and for absorbed 
waves.) We now shift the origin from g = 0 to q = Qq> *P = Vo 
whereby l/'o(e) goes over into 


If we develop this into a Fourier series with respect to 9 ?— 9>o» 
the coefficients must again be cylinder functions, namely functions S^iQ) 
for g < go functions i„(g) for g > e©- The latter follows from the 
fact that g = 0 is now a regular point, the former from the fact that 
each term in the series must have the same type of radiation or absorp- 
tion for g ->cx> as Ho{R) itself. For reasons of symmetry the same 
consideration holds for the dependence of our coefficients on the yaria e 
g^,, except that the functions J„ and //„ are interchanged since the 
condition g ^ g© is the same as g© ^ g- Hence the n-th Fourier coefficien 

must be 


^»(eo)^»(e) for e>eo* 

■fft.(eo)-^«(e) forg<go. 

The numerical factor (•„ is independent of g and gb and is the same 
for both expansions, since the two series must go into each other con 
tinuously for g = gb (unless at the same time which 

case both series diverge) ; it turns out to be equal to 1 if, in the 
g < g© , we pass to the limiting case of a plane wave g^ 
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(pQ = n and comparing the resulting asymptotic formula with equa- 
tion (2). We thus obtain the addition theorem: 





oo 

— eo 


e >eo» 

Q<Qo’ 


If we consider this written for both Hankel functions and take half the 
sum then we obtain the addition theorem for Beasel functions: 

(3a) 

n— — oo 


In the same manner we get from half the dif^^rencethe addition theorem 
for Neumann functions, where we again have to distinguish between the 
cases Q> Qo and g <Qo • 

Concerning (3) we note that the series in I„ corresponds to Taylor’s 
series in the theory of complex functions, whereas the series in H„ 
corresponds to Laurent's series.® This is illustrated by the following 
example, in which one may replace z and zo by gef* and • 




OO 


= 2: 


.n 


n xO 




oo 


= .2 




0 


\z\ > |2o|, 




In §24 we shall develop corresponding addition theorems for spherical 
waves in space; there will also be a counterpart to the representatioh (2) 
of a plane wave. 


B. Integral Representations in Terms of Bessel Functions 

We shall give here the development of a given function /(r) in terms 
of Bessel functions which is analogous to a representation by a Fourier 
integral. According to (12.11b) a function of two variables can be 
represented by the Fourier integral 

(6) = ]fdmdu>' If 

— OO — OO 


•This is further discussed, together with questions of convergence, in §2 of the 
author’s work which was cited on p. 80. We also refer to the great w'ork of H. VVeber, 
Math. Ann. I, p. 1, w’hich was a fitting beginning for that journal. It is the problem 
of adapting the methods of Riemann's dissertation, i.e., of adapting the theory of the 
differential equation Jtt=-0, to the differential equation Au + l^ 11 =^ 0 . . 
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We introduce the polar coordinates: 

X — T COS (p ^ = Q cos y 

y =■ r sin V ~ Q V 


(o = a cos » 
(u' = a sin a 
dm dm' = adada. 


did?] = Qdgdyj 

We assume the special angular dependence o{f(x,y): 

(6) /(a:, y) = (n integer). 

By using the relations 

mx-{- (o' y = ar cos (<x — <p) 
a> I 4- co' 7? = eg cos (y> — «) 
we can transform (5) into 

(7) /(r)e‘-=7»d<Tj(e)erfei/e‘" 

0 0 — « ” " 


— t OffCOS (»— * 




In order to compare these integrals with respect to « and y> to the 
representation (19.18) 

+ H 

I (2) = J- 

^ 71 J 


— n 


•f « 


^ Jl. ^ ^ —n) 

2 71 J 


^ 7 % 


we multiply under the integrals of (7) by 

and e* 

and divide through by e'"'". We thus obtain the simple representation 


OO 


QO 


( 8 ) 


/(r) =J‘adaJ /{?)/„ (o r)IJa e)e^e 


In analogy to the form (4.13) of the Fourier integral theorem we can 
write this relation in the symmetric form : 


OO 


/(r) = J ada (p{a) /„(a-r) , 


OO 


9?(a) ~ J edQ /(e) /«(<?$) . 


{8a) 
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The transition from rectangular coordinates to polar coordinates in the 
passage from (5) to (7) rccjuircs certain conditions about the behavior 
of/ at infinity which we tlo not iliscuss here. liquation (7) will be useful 
in the treatment of splierical waves in §24. 

We obtain a further application of equation (8) if we let/(r) degen- 
erate to a d- function, namely,*® let 


(9) f{r)==6{r\s) 


0 for r 4= s I 
\oo for r = 5 j 


with f f{r) rdr= 1 . 


We then obtain from (8) 

(9a) J I„ (a r) /„ (a s) a =5= d (r | s) . 

This equation represents the orthogonality of the two functions I„ at the 
points r and s of the continuous domain 0 < ^ < oo ; it is a counterpart 
to (20.18) in which we deal with two points m and t of the discrete A- 
sequence. We shall return to the important relation (9a) in §36. 


( 10 ) 


C. The Indices n + H and n zb H 
Substituting n = 1 2 in (19.34) we get /’(i) = Ytc< /"(a ) = 


i ]/n, • 

-1 


in the same manner we find for n — — 1/2 

y 2 n cos 0 

Tf V 


We write generally 

(11) /„+i(e) = ]/5 v. (e) ■ v-o = ■ 

From Bessel’s differential equation (19.11) we get the differential equa- 
tion for 

We draw the reader '.s attention to the weighting factor r in the integral of (9). 
Becan«e of this factor we no longer have / 6(r\«)da== 1, hut instead /<5(r|«) 
Tdr ^ 1, as in equation (9). 
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(11a) 


1_ (e Vn) 
Q Je* 


+ (i- 


n(wH-l) 


) Vfl = 0 . 


We shall meet this equation again in the theory of spherical harmonics. 
We now wish to show that the solutions which are finite for p = 0 can 
be obtained from Vo by following rule; 


( 12 ) 


w. = (“ qT (p-^)” 


V'o 


We start from the series (19.34). Let p be an arbitrary index (in our 
case we have p — 1/2) then we have 

(e) ^ ^ (-ir (gV2)” 

(e/2)* i^orn\r{p+m+\) 2"* 


( 13 ) 


We differentiate this equation m times with respect to Then the 

right side becomes 


OO 


m — n 


V (—1 ) " (eV2) 

By introducing a new index of summation (p = m — n, w =* -rt + //> 

(eW‘ (-i)"/n+,(e) 


(13a) 


{— D” ^ (—ir 


2 " jfTo r{/fj-n+p+l) 2 » 

At the same time the left side of (13) becomes (because of 

= Qde) 


(13b) 



Comparing (13a) and (13b) we get 


(13c) 


rt 4P 


(e) 


QP 




d Y Ip . 

) e* ’ 


due to (10); this coincides with (12) for p = 1/2. 

If instead of the raho of I Jo) and (g/2)P we differentiate their 

product n times with respect to then instead of (13c) we get 

(13 d) (e) ■ e' = e" (^)" (Lte) • s'} • 

If we again set p = 1/2 and apply definition (11) we get as the comple- 
ment of (12) 
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(13 e) 


e" * {e Vo} • 


From (12) and (13e) we deduce the recursion formulas for 


(14) 


<^Vn t ” 

V« + 1 — ~~df + (J » 


V-n-l = 


rfV-- it — 1 
JtLJL . 


The corresponding formulas for Z^„ were discussed in §19 D. 
According to (14) we get successively from y)(, — sin q/q: 

3(suie — Q coap) — aiftf 


Vi = 


sm g —e cos g 


v?.= 


{14 a) = 


V-2 = — 


coap + paing 


3(co8e + g sing) — p* coap 
V-3 = ^5 • • • • 

We see from this that for integral n all Vin can be expressed in an 
elementary form with the help of the sine and cosine functions. This repre- 
sentation confirms the non-logarithmic character of the half-index 
Bessel functions, as stated in footnote 4 of this chapter. 

The “Hankel functions” correspond to the Vn are 

given by the equation 


(15) 




analogous to (11) (the upper indices 1 and 2 on both sides have been 
omitted). We are particularly interested in the functions ^o- We 
obtain them from the functions which we get from (19.31), (19.30), 
and (11): 






2g e*<f 


— » 



n tp 

Hence according to (15) we have 

to— ,-p » 


__ -l/2p ^ 

» ~ V 71 p * 


(16a) 


to- 


I- <e 


Concerning the notation we make the following remark: our nota- 
tion coincides with the original definition of the Vn Heine’s Handbook 
of Spherical Harmonics and with that used by the author in Frank-Mises. 
However it differs by a factor q from that of other authors*^ who instead 

» P. Debye Ann Phyaik 30 (1909), B. van der Pol and H. Bremmer, Phil. Mag. 
24 (1937). Further references in G. N. Wateon, Theory of Bessel Functions, p. 56. 
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of (11) write: 

(16) h+t^e) = 



which is sometimes convenient. 

In analogy to the equations (14a) for the we can express the Cn 
in elementary form with the help of exp (i i g) • This states the fact, 
which will be derived in Section D, that Hankel’s asymptotic expansions 
break off in the case of half-indices. 

The differential equation for Z±j(Ar) assumes an unexpectedly 
elegant form if we replace the independent and the dependent variable'® 
by 

(17) = z±, (*r) = e-*«‘(e) ■ 


The functions v, in (16) are denoted by 5n in acoustical engineering; the corresponding 
Cn ^vould, in our ternrunology, have to be called a ^‘Neumann function, since i i 

*^''°'^?/Thrdii-ect" computation would lead to lengthy transformations We avoid 
them, and at the same time recognize the generahzabihty of the relations (17) to (^u), 
if we start from the conformal mapping 

* + *y = /(f + '*?)• 


through which 

( 1 ) 


goes over into 
( 2 ) 




where u(*, y) ® (see equation (23.17) below). If in (2) we set / proper- 

tional to a power of ® 




jx + iy~re** 

if + = 


then we get 

(3) i|x + tyl 

and 

The solution of (1) 










then goes over into the solution of (2) 

(4) «=i4.,.(fe"‘) 
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®"(e) + e®(e) = o ■ 

If we write its solutions as a series with undetermined coefficients start- 
ing with g® and we get 


( 19 ) 


^0 “ Si ^ ^ 6! -9!“ ’ 


3! 

9* 


6 ! 


<Pi = e-2|T + 2-5.f,-2.5-8 


ell. 

10 ! 


Considering (19.34) we see that the first is proportional to 7_j, the second 
to , namely, that we have 

0,(e)=3+*r(i + i)e* /+,(|e*)- 

We shall meet the functions j again at the end of Section D. 


( 20 ) 


and therefore 


1 M , i 

o dQ V dg) e* 


1 d*v 
dxp* 


+ gM-9 tl= 0. 


Substituting here we get: 

(6) ^ + 

with the easily verifiable series representations for its solutions: 


(6) 


= 1 — 


tf>,= e — 




.a/* 


4- 


2/* (2/4—1) 


(/l+l)/4'^(/4 + l) /i(2/4-hl)2/i 
We can relate these solutions to the solutions (4) for v; namely we have. 


(7) 


(I s'-'"). 


where C^are constant factors. Substituting the power series for I from (19.34), and 
comparing with (6) we get 


(7a) 


= c, = .r(l + i) . 


For /*= 3 the equations (5), (6). (7). (7a) go over into the equations (18), (19), 

(20) of the text. . , .. , *u * • 

For /4 = 2 equation (5) reduces to the differential ^uation for the trigo- 
nometric functions, and <Pot become cose, sine. 

representation breaks down, since then p = 0 » a singular point of the differential 
equation (6). 
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D. Generalization of the Saddle-Point Method According 

TO Debye 


Although in later applications we shall in general apply only the 
asymptotic limiting value of the Bessel functions as determined at the 
end of §19, we wish to discuss here certain more general expansions due 
to Hankel, which progress according to negative powers of Q and in 
which the first term is the above mentioned asymptotic limiting value. 
Actually these series are divergent, being developments at an essential 
singularity, but they are frequently called semi-convergent. The first 
terms decrease rapidly, but from a certain term on they increase to infin- 
ity. We obviously must break off at that term in order to obtain 
approximation formulas. 

The shortest way of obtaining these series is from the differentia! 
equation for the Hankel function, by substituting formal power series, 
and then computing the coefficients by setting the factor of each power 
equal to zero (this is obviously not completely rigorous). Considering 
(19.55) and (19.56) we write 





g±*(«-(n + t>«/2) 



and after dividing out the factor j/2/n: exp {± i{Q — (w + lr)^/2)| 
from the differential equation (19.11) we find the terms with to be 


— Om + iT 2t(w -f i) a„-|- (m-f- i) (m — , 
+ o„ + i 


where the consecutive rows correspond to the consecutive terms 

d*Z ^ ^ 

do* * Q do ' \ e*/ 

in (19.11). Summing the three rows we get the following jirst order 
recursion formula 

(23) 2ima„j= i . 


Setting oo = 1 we get 




02 


4 n *— 1 


(4 n*— 1) (4 n*— 9) 
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Using the symbol 

(25) (71, m) 


(471^—1) (4n° — — (2fn — 1} ») 

2^«m! 


in, 0) - 1 


which was introduced by Hankel, we get the general formula; 

^ Kw) 

e””(T2'»e) 


(26) 


m 


The series in (22) for W and then assume the final form : 


(27) 


(28) 


r 


V 


(n, m) 


^ (~2ig) 

m«» 0, 1,2». .• 


m 


Tf2/^\ T / ^ — i (C — (« + 4) 

fl„(e) = y-e 2., 


m » 0* • « . 


(n,m) 

(4-2ior 


Taking half their sum we get: 


(29) 


/„=]/— cos (e-(« + J)«/2) 2" < 

' 0 , 2 . 4 ,... 

— l/^ sin (e — (« + i) 7c{2) 2 ' 

J7i ^ 1 , 3 , 5 ,.. .. 


- 1 ) 


- 1 ) 


ni 

T (n, m) 


( 2 £?) 


m 


m — 1 

2 («.7n) 


(2o> 


m 


In exercise IV.5 we shall apply a similar method in order to determine 
the leading terms of the series (27), (28) (which here were borrowed 
from the saddle-point method) from Bessel’s differential equation with 
large q . This method does not include the normalizing factor which 
remains undetermined by the differential equation. 

Extensive mathematical investigations about the domain of validity 
of such asymptotic series exist, starting with a great work of Poincare,*^ 
which we cannot discuss here. Exceptions to the divergence are the 
series w’ith half-integer index n = v + which, according to the defini- 
tion of the symbol (m,n) break off with the y-th term and represent the 
Bessel function in question exactly. We then obtain the elementary 
expressions for which were given in Section C. 

Our considerations so far are essentially restricted by the condition 
w «C e; they fail if n becomes infinite with Q . The latter is the case 
in all optical problems which are on the border line between geometrical 
optics (optics of very short wavelengths) and wave optics. It was in 
connection with the investigation of a problem of this type, namely 
that of the rainbow (radius of water droplet approximately equal to 

“ Acla Math. 8, 1886. 
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wavelength of light) that Debye*'* discovered his fundamental generaliza- 
tion of Ilankel’s asymptotic series. In order to understand its origin we 
fii*st have to generalize the saddle-point method. 

The exponent 

(30) f(w) = z [p cos iv 'i- n (w — w/2)] 

in our representation (19.22) of the Hankcl functions now depends on 
two large numbers q and n. For convenience we take g and n to be 
real and positive. Depending on whether n is smaller or larger than q 
we set 

(30a) ns=p cosot or (30b) n = ecosha; 

in addition we use the variable of integration 
(30 c) ^ jr/2 . 

as in Fig. 18. 

a) For n <. g we ha^"e 

(31) f{w) = F(^) = ~ig (sin ^ ^ cos ot) . 

The saddle point = 0 is given by 

cos /5 — cos oc = 0 ; 

it lies at ^ oc, for and respectively. This corresponds to the 

previous values for the saddle points lOo = 0, which by (30c) go into 
^ 7 b/ 2 . From (31) we get 

^"(^o) = ^ igsinoi 


which yields as the expansion of F(fi) up to the quadratic term 

(31 a) F{^) = zb ^ e (sin a — ot cos oi) ^ g sin ot ^ . 

Instead of P we introduce the arc length s measured from the saddle 
point — and set (/? — /?o)® = ib«)* = T ds. 

Concerning the T" sign in the last equation we refer the reader to the 
discussion in (19. 54b). Integrating over a neighborhood of the saddle 
point we get 


(31 b) 



u Math. /Inn. 67, 1909 and Bayr. Akad. 1910. 
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This again can be reduced to the Laplace integral. We have: 



= ] 


r 


/ 


71 Q Bin a 


,± i Q (Bin ft — ft cos ft) T t «/4 


In the limit ot -^n!2 our form (32) goes into the previous representation 
(19.55), (19.56). 

b) The same calculation holds in the case n > g if in (30b) we 
replace cos« by cosh oi and hence (31) by 


F{§) = — i Q (sin /3 — /? cosh a) 

That one of the two saddle points ^i> = ± , which yields the domi- 
nant term, is the one with greater altitude, namely ^ 

this point = q sinh «, Instead of (32) we now get 





^c(ft c»9ll ft 


ft) 7 1^/2 


From these limiting values (32), (33) Debye deduced series develop- 
ments of the Hankel type, which we may omit here. 

c) The only remaining case is the transition case n /-w ^ in which 
according to (30a, b) we have a 0 and hence the representations 
(32), (33) fail on account of the denominators V sin a and V sinh x . 
This indicates that now F"(^o)> ^^so approaches zero and that only the 
third term of the Taylor series for F(/S) is appreciably different from 
zero. We therefore need a better approximation in the neighborhood 
of the saddle point. This was carried out by Watson,** who instead 
of (31a) used an expansion which goes up to the third order in (/? — ^o) • 

The Laplace integrals of the Airy type (see end of this section) which 
arise there can also be computed rigorously. We thus find: 
in the case n ^ q , 


(34) g±i„(taD«-itan*--a>±<W6 //1.2 ^^„tan3a); 

in the case n > g (where n = q cosh « as in (30b)), 


(35) 


^1.2 jgj ^tanhot g— n( tanh « + 4 tanh’i* — «) t 2 i)t /3 


tanh® x). 


Taken together the Watson formulas (34) and (35) cover the entire 

** Chap. VIII, and in particular p. 252 of his Theory of Bessel Functions, Cam- 
bridge 1922. 
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asymptotic range of the Bessel-Hankel functions including the border 
case n Q, we are now treating. In this case we are in the neighbor- 
hood of a = 0. Hence we may replace by its limiting value for 
small arguments, which according to (19.31) and (19.30), is (since we 
may neglect /j as compared to ) 

Since in (34) we have z = in tan^« we get 7_j proportional to 
1/tan (X, which cancels with the factor tan « on the right side of (34); 
hence after the necessary contractions we get from (34) 

( 36 ) = 

The same expression is obtained from (35). As the corresponding limit- 
ing value of I we get 

(37) 7^ (P) = 7^ (fi)^ ■ 


This coincides w'ith the original results of Debye. 

We also see that if n is not too near q , equations (34), (35) coincide 
with the Debye formulas (32), (33). For, in this case we may substitute 
its Hankel limiting value (19.55,56) for the function (large argument 

and small index) : 



n tan' 




a 


e 



tau*« T <(i+ 

f 


whereby (34) simplifies to 



(e) = •)/ 


.nntan a 


^ ±in(tSLD»— 

V 


Due ton = Q cos « this coincides with (32). In the same way one shows 
that (35) and (33) coincide. 

Finally we have to consider the problem of the roots of the equations 
Hy(Q) = 0 for large n and e . However, whUe up to now we assumed 
n and g to be real, we now have to admit arbitrary complex values for n, 
we still may assume Q to be real on account of its physical meani^ 
(g = A r) Concerning the parameter <x, whose sign is undetermin 

in (30a), we agree that its real part is to be positive. 

It would seem from (32), (33) that no roots could exist even for 
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complex n, since the exponential function vanishes for no finite value of 
the exponent. However these representations were obtained (see p. 1 19 
under b) by considering only that one of the two saddle points which has 
the greater altitude. If they are of equal altitude and if the required path 
of integration (leading from depression to depression) can be made to 
lead over both passes, then as sum of the two exponential expressions 
we get a trigonometric function, which makes the existence of roots 
possible. 

Using the notations of equations (30) to (32) we represent the saddle 
points by ^ and the corresponding exponential functions which 

appear in H by 

± a ^ a C 08 «) ? < 

The altitude of the passes is determined by the real part of the exponent. 
Equal altitudes therefore mean equal real parts of the exponents, and 
since q was assumed real, this means equal imaginary parts of 
d: (sin oc — <x cos a), or in other words, 

(38) Im (sin a — « cos <x) = 0 . 

For small a this yields: 

Im(«=>) = 0, 

This means that a lies on one of three curves that pass through the 
origin and intersect there at angles of ?r/3 , one being the real a- axis. 
The real axis remains a solution of (38) even for infinite a, while the other 
branches are continued into curves that are mirror images with respect 
to the imaginary axis. 

Considering the path of integration, described in Fig. 19 for the 
Hankel function, we see that the path of integration for //' can be taken 
meaningfully over the two saddle points only if they lie on the branch 
of (38) which leads from the second to the fourth quadrants, i.e., if « 
has a positive real part whenever it has a negative imaginary part; hence 
n = e cos M (with real q ) has a positive imaginary part. On the other 
hand the path of integration for must lead from the .third to the first 
quadrant, so that « has a positive, and n a negative, imaginary part. 

Superimposing the contributions of both saddle points according to 
(32) we get the following representation for //• 

(sina a co04i)^ <ii/4 ^ t9(aia« ^ iA/4^ 


m 


i(e)= ]/ 


nQ9uia 


(39) 


— 2 t l/ — — Fin [g ^sin ot — a cos a) — 

y nQBmct ' 
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From this we obtain the roots of the equations Snic) — ^ directly: 
they are the roots of the following transcendental equation in oc 

(40) p (sin a — <x cos a) — 7s/4 = — mn, m = 1, 2, 3 

where we have to choose the negative sign on the right in order to satisfy 
our requirement that a be in the fourth quadrant. 

For small oc we obtain from (40) 

^ T ~ 


and after the correct choice of the cube root of unity, we have 

«= [|2 (4 

Xow ot is related to g by equation (30a), which for small a , 

a* 

aftei- we make the substitution cos <x = 1 g- , yields: 

(41) « = e+ 

The roots of (^) == 0 lie in the positive-imaginary n-half-plane, a fact 
that we shall apply later, and they are infinite in number. If we solve (41) 
with respect to g then we get values in the negative-imaginary g- half- 
plane. According to (41) n and g are of the same order of magnitude, 
as assumed in the beginning. Hence (41) is the solution of the root 
problem in question, 

Wc see that the saddle-point method is very general. It can be 
transferred from the treatment of the Hankel functions to that of arbi- 
trary integrals of the form 

(42) 

where F depends on several large numbers g,n,... in addition to the 

variable of integration w, and where the path of integration W starts in a 
complex region in which lim exp F(u>, . . . ) = 0 and leads to a similar 
region. In the integrals of the type (42) when the saddle point F' — 0 
approaches a point F” = 0 one encounters the same peculiarities that 
we encountered in the case of Hankel functions for the border line case 
n g . This is the case of the Airy diffraction theory of the rainbow. 
The phenomenon of the rainbow is in fact linked to the appearance of a 
turning point {F" = 0) in the wave front, which in the asymptotic 
approximation coincides with the saddle point F' = 0. The calculation*® 

** \V. Wirtinger, Berichte des Nalurw.-mtdiz. Vereins in Innsbruck 23, 97(1896), 
J. W. Nicholson, Fhil. Mag. 18, (1909). 
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of the “Airy integral” in question leads then to the functions or, 

what is the same thing, to the functions j just as in (34) and (35). 


§ 22. Spherical Harmonics and Potential Theory 

A. The Genekating Function 

The simplest approach to the theory of sphoincal harmonics is given 
by potential theory, ^^'e start from the so-called Newtonian potential 
l/r and, after shifting the origin from x = y = 2 = 0 to (Ta.j/o.^o). 
obtain 


■« y + (y— 2/o)* + (2 — *a)* K — 2rrt, cos d + r- ■ 


The polar coordinates r, <p have been chosen so that the polar axis 
^ = 0 goes through the point (xo.yo.zo)- then have xa = yo — 0, 
Zft = To and 

X — r sin cos 9?, 

(2) y = ^ sin d sin 97, 

a = r cos ^ . 


We may expand (1) in ascending or descending powers of r depending on 
whether r < ro or r > tq. If we denote the coefficient of the n-th ascend- 
ing or descending power by we have: 


( 3 ) 


R 


r Z (f)" -P” 
7 Z ( 7 )" P- 


r < r, 


0 > 


r> ro. 


The must be the same in both expansions since they must coincide 
when r = To and ^ ^ 0 . The point r = ro, ^ = 0 is a singular 
point, the sphere r = ro playing the role here that is played by the circle 
of convergence of the Taylor series in the two-dimensional case. 

The polynomials P„ defined by (3) are of n-th degree in cos 0. 
They arc called spherical harmonics and we shall show that they coincide 
with the poljmomials P„ which were introduced in §5. The function 
1/P is called the generating function of spherical harmonics. 


B. Differential and Difference Equation 

First we want to find the differential equation of spherical harmonics. 
The fundamental equation of potential theory Ju = 0 , which is 
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satisfied by \/R, can be written in the form 

1 1 d / . aSu\ , 1 dht « 

(4) - ^ ^ + r* Bin* # 09^ “ ^ 


Since this equation must be satisfied by each term in the series (3), we 
obtain from the n-th term of the first line of (3) after dividing out 

the common factor , 

(5) 

the same folloivs from the second line after factoring out We 

introduce the abbreviation 


cos ^ f = 


z 

r 


and note that 

-sin^di?= dC, J-=sin 2 ^ 

Equation (5) can then be written 

(6) |{(l-nf-“} + "('*+l)^’» = 0. 


or 

(6a) {(l_f2)|,_2f^ + «(n+l)}i>„ = 0. 

We consider (6) with n replaced by I and then, following the scheme 
of Green’s theorem, we multiply by Pi and P„ and subtract; 


The ph 3 'sical range of the variable C is from = — 1, to C — + ' 
— 0) . Integrating over this range ive get the condition of orthogo 

nality for Z 4= ^ 


( 8 ) j'p.P.dC = 0, 

since the integral of the second line of (7) with respect to C vanishes 
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unless the P become singular for ? = ± 1 which is excluded by 
equation (3). 

We now show that our satisfy the normalizing condition (5.7) 



Pn (1) = 1 


For cos ^ ^ 1 we get from (1); 

, ^ ^ Z (± D” (f.)" 

Uz(± !)”(?)" ^>^0- 

Comparing this with (3) we even get the somewhat more general 
equation: 

( 9 a) P„ (± 1 ) = (± 1 )” ■ 

Now we saw in §5 that the P,, were uniquely determined by the ortho- 
gonality (8) and the normalization (9). Hence our present definition, 
with the help of a generating function, leads to the same functions as 
did the method of least squares in §5. In particular we have the repre- 
sentation (5.8) 

(10) P„ (f) = 2=5^ - D” 


and as a result, according to (5.12) 

(lOa) /l>S(f)<lf = ^- 


The P„ are even or odd functions of C according as n is even or odd: 


(10b) (- C) = (- 1)" P. (Cl- 

in addition to a differential equation with respect to the variable 
< , our generating function yields a difference equation with reject to 
the index n. We rewrite, say, the first line of equation (3) with the 

abbreviation a = r/r© * 




F<x*— 2^+1 

By logarithmic differentiation with respect to ot we obtain 

Sn<x^-^Pn 


(11 a) 


a*— 2«f + l 
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and after cross-multiplication 

If we compare the coefficients of the same power of oc on both sides, 
say those of a", we obtain 

f = (« - 1) P„-i - 2 r n P„ + (» + 1) P„+i , 

or 

(11 b) (n + 1) - (2 n + 1) C P„ + n P„_i = 0. 

The same recursion formula is, of course, obtained from the second line 
of (3). 

By the logarithmic differentiation of (11) with respect to C "’6 
obtained a mixed differential difference equation. 

Instead of (11a) we now obtain 

niM « p' dPniC) 

and after cross-multiplication we get, from the coefficient of , 

(lid) p„-p;-, + 2{p;-p;+x = o. 

Multiplying this equation by 2/i -H 1 and adding twice the equation 
obtained from (lib) by differentiation with respect to C , we obtain 

-(2« + i)P„-p;_,+ p'„+i = o. 

We rewrite this as the differential recursion formula: 

(lie) 


C. Associated Spherical Harmonics 
The potential equation (4) suggests that in addition to the particular 
solutions 


( 12 ) 



f" 


P„ (cos 


which depend only on r and & we might consider also the particular 
solutions 
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(12a) 


^fim 


.n 


n —1 


(cos e 




which depend on r, and <p , by as$ociaiimj to P„ certain spherical 
harmonics (where m is an integer assumed positive for the time being) 
defined by the differential equation 


(13) 




which follows from (4). Written in analogy to (6) and (6a) we have; 

(13a) I {(1 - 1^) ^ } + {« (« + 1) - 1^4 ■ 

(13b) {a-e)^-2C^i+nin+l)-^,}P:^0. 

According to Thomson and Tait our original P„ are called zonal spherical 
harmonics and the associated ones are called tesseral. The lines of zeros 
of the former divide the surface of the sphere into latitudinal regions of 
different signs, those of the latter divide it into quadrangles (tesserae) 
of different signs which are bounded by lines of latitude and of longitude. 
The associated or tesseral spherical harmonics are orthogonal for different 
lower but equal upper indices; namely as in (7) we conclude from our 
differential equation, which now is (13a), that 


14) P^dC = 0 for 

In order to obtain an analytic expression for P" we expand at the 
points ^ ± 1 (north and south poles of the unit sphere) in powers of 

P? - (C T 1)' K + «! (C =F 1) + «2 (t T 1)" 4- ■ • -1 . 

This is analogous to (19,36). The determination of A in analogy to 

(19.37), is obtained from the differential equation (13b): 

(15) A(A — 1) + A = 

(The other root A = — W2 must be excluded for reasons of con- 

tinuity.) We unite the branches at each of the points C = =b 1 mto 
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and write 

(16) = (1 — V = sin”* ^-v. 

For the v which we introduced here we obtain from fl3b) 

(17) 2 (m+ 1)C^+ [n(n + + 1 )] }»='>. 


which now must be solved in terms of series which contain only integral 
powers of C ^ 1 • However we do not have to investigate these series 
since the required integral of (17) can be obtained in closed form from 
(6a). Namely if we differentiate (6a) m times with respect to C and 
apply the well known rule of differentiation 

•P' \ d /mWd”* 

U7a) 


then we obtain exactly the expression {} of (17) applied to the w-th 
derivative of P„. Hence we see that we obtain a solution of (17) by 
setting 


(17b) 


d”P„ 


With the’ use of (16) and (10) we obtain a simple representation for our 
associated spherical harmonics and at the same time a determination 
of the normalizing factor which has been free up to this point: 




2"n!'~ 




Hence f or even m, P^ is, like F„, a polynomial of degree n; for odd m, 
P” is Vl — f* times a polynomial of degree n — 1. We further see 
from (18) that 

(18a) P^ = P„, P^ = 0 for m>n. 

The last statement follows from the fact that for m > n the order (ff 
differentiation in (18) is greater than the degree of the differentiated 

polynomial. 


D. On Associated Harmonics with Negative Index m 

Up to now we had to assume a positive index m, for example, m 
(17b) we made use of differentiation of order m with respect to C • 
However our final representation (18) can be extended direct y o 
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negative m with m ^ — n . We therefore extend (18) to the 2n + 1 
values I I w . For negative m too, the function F” is a polynomial 
of degree n (in the same sense as for positive m). This is because the 
pole at r = ± 1 given by the factor (1 - ^ for negative m is can- 

celled by the second factor of (18), which has a zero there of correspond- 
ing order due to the fact that the order of differentiation has been 
lowered by | m |. In addition the Pn satisfy the differential equation 
(13) for negative m too (since (18) depends only on m®). Hence the P'H 
for negative m can differ from the Pjj”' only by a constant factor C, 
which is best determined by the comparison of the highest powers of C 
in P“”* and P+’" as calculated from (18). We then have; 


p*m 

•t 

n 


= ( 1 -?^) 


« 971 


rf"- 






(- D” C 


m V— 2m 


(2n)! 


»n + m 


/ (2 7l) { m I \ 

/ I ^ ^ 


(n-l-ni)! 


hence 

(18b) 


P;;-”* = C.P;!-'"> 


(n — m .) ! 


C= (-I)*” 


(n — Tn)l . 
(n + m)l ’ 


(n — m)! 
(n + m)! * 


This equation holds for both positive and negative m. 

Our definition of the P", which departs from the older mathematical 
literature, has been justified by wave mechanics and will also serve to 
unify our expressions.*^ 

Hence we have exactly 2n -f- 1 adjoined P”, one of which coincides 
with P„, the rest being pairwise equal except for the constant factor C; 
another difference is in the factor exp {i m 9 ?) by which they are multi- 
plied in ( 12 a). 

In the older literature the upper index of P" is assumed positive throughout 
ah’d the 9>- dependence is given by coswi^ or sinvitp . It is much simpler to 
aasume this dependence exponential, as we have done in (12a), where we also dropped 
the restriction to positive m. 

An even greater departure from the customary definition is suggested by C. G. 
Darwin {Proc. Roy. Soc. London 115, 1927) who appends the factor (n - m) ! to the 
right side of (18). Then (18b) simplifies to 

r=s (— I)” P|,”‘ for m<0. 

But this definition implies a change in the classical expression for the Legendre 
polynomials Pn = P*„, which we want to avoid. 

Moreover, some authors, in particular E. W. Hobson in his Theory of Spherical 
and Ellipsoidal Harmonics, Cambridge 1931, use the factor (— 1)" in the definition 
of in (18), but this is immaterial for our purposes. 
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E. Surface Spherical Harmonics and the Representation 

OF Arbitrary Functions 

By the most general “surface spherical harmonic" (introduced by 
Maxwell) we mean the expression 



{cos 

m— — n 


which contains 2rt + 1 arbitrary constants. Multiplied by r" (or r""' ) 
yields the most general potential of order n (or— n - 1) which is 
homogeneous in the coordinates x,y,z (Maxwell’s solid harmonics). It is 
a combination of the special ti,.„ of ( 12 a) which also are homogeneous in 


x,y,z: 

(19a) 


r" 

y-n-l 


n 

Y„= Aj„u„„, 

m— — n 


and the general non-homogeneous solution of the potential equation (4) 
is represented as a sum of its homogeneous parts: 


(19b) 




By restricting this representation to the case of a sphere of radius 1 and 
giving the value of u on the surface as f{<p, '&) we obtain 


(20) 


9) = 

n*0 




1 X K (COS ^) e 

n->0 m.-— n 




By using the notation instead of the of (19) we emphasize the 
fact that the free constants in each Y,, are independent of and dmeren 
from the constants in any other Y„. The series (19b) and (20) express 
the fact that the boundary value problem of potential theory for adhere 
is solvable for an arbitrary value / (i?, 9 ?) of the potential on sur- 
face of the sphere, both for the interior of the sphere (factor r in 
and for the exterior (factor r'"-*). In the following section we shall 
treat this problem by direct construction of Green’s function and there y 
derive the above series again. The first rigorous proof of ( 20 ) under ve^ 
general assumptions on the nature of / {d, 9 ) given by Dinch e 

1837. 


F. Integral Representation of Spherical Harmonics 
We now consider a special homogeneous function of degree n in 


x,y,z 
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(21) (z + i x)" = r” (cos ^ i sin t? cos 9?)" = r" (^ + — 1 cos 9)” , 

which, like every function of the fonn/(2 + ix) or/{z + iy) etc., obviously 
satisfies the equation /d « = 0 . Hence the coefficient of r"in (21) is a 
surface spherical harmonic Yn- If we average it over 9?, making it a 
pure function of C » we obtain our zonal spherical harmonic 

+ n 

(22) P„ (0 = 2 ^ / (C + VC^-1 cos ?-)" d,p . 


If on the other hand we construct the m-th Fourier coefficient of as 
in (1.12) then we obtain the associated (tesseral) spherical harmonic 

+ n 

(23) P^(C) = ^ / (f + l/C“-l cos<p)"e-*’"'d9.. 

— n 


The integral representation (22) is first mentioned by Laplace in his 
M6canique Celeste, Vol. V. The fact that the denominator 2 n pro- 
vides the correct normalization is seen by setting ^ = 1 , for then the 
integrand becomes 1 and hence P„(l) = 1. On the other hand we still 
have to determine the normalizing factor C in (23). By comparison 
with the normalization of (18) we find‘® 

(23a) 


If in (21) we replace n by — n — 1, as we know is possible, we get, 
equivalent to (22), the representation 


(23b) 



/ 

— fi 




> 


which is also seen to be normalized. 

*• For instance by passing to the limit C-*- 00 in both (23) and (18), whereby, 
except for the factors C'* and eip(—imq>) , the integrand in (23) reduces to 

(1 -f cos <pr = 2" cos’" 9>/2 = 2* •* e< " P (1 + «■ * ^)’" • 

In the binomial expansion of this expression we have to consider only the term with 
since all the other terms vanish upon integration with respect to tp . The 
factor exp{ — in (23a) is due to the factor sm" d in (18). See also 

the Btmilftr passage to the limit C 00 in (i8b). 
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G. A Recursion Formula for the Associated Harmonics 

Starting from the recursion formulas (lib) and (lie) for the zonal 
spherical harmonics, we differentiate (11b) m times with respect to 

apply rule (17a) to the middle term and multiply each term by sin” 

As a result of (18) we obtain 

(24) — (2n+l)C^^-m(2n-hl)sm^P^-* + nP^_i = 0. 

On the other hand we obtain from (lie) upon (m — l)-fold differentia- 
tion with respect to C and multiplication by sin”^: 

(25) Pr4.i-'P:r-i = (2« + l)sin^i^-*. 

Eliminating the term with sin from (24) and (25) we obtain the 
recursion formula 

(26) (n 4 - 1 - «i) 1 - (2 n + 1) f P;^ + (n + m) P”_i = 0. 

which is a generalization of (lib). Apparently this equation holds only 
for positive m, due to its derivation through m-fold differentiation. 
However we can verify it for negative m if we consider our general 
definition (18) of P” and the relation (18b). 


H. On the Normalization of Associated Harmonics 

From (10a) we know the value of the normalizing integral for 
m = 0. We denote it by or also by N^. Its computation in §5 is 
based on the symbol D^.j of (5.9). We first consider the generalized form 
of the normalizing integral 

(27) ” = / n" (0 K ” (0 . 

- 1 

Written in terms of the symbol f we have as a result of our general 
definition (18) 



A 




m 


n 


+ 1 


2tn 


- I 





Through m-fold integration by parts we obtain, since the terms outside 
the sign of integration vanish for f = ± 1 : 

... # ^ ^ y -I \m utO ' ' 

(29) 


Nt’" = / i>n,» ■ rff = (- !)”• ^ 
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Here in the last equation we have substituted the value of from 
(10a). The normalizing integral is usually taken as 

(30) = 

- I 


This can be deduced directly from (29) by using the relation (18b) which 
yields 




1 (n-f 
n + I {» — m}! * 


Its direct computation in the manne" of (28) would have been somewhat 
more cumbersome. 

We remark that in the following chapter we shall always carry out 
a “normalization of the eigenfunction to 1.” If we denote the associated 
harmonic with this normalization by 77^, then we have: 

(31a) ^ 


and comparing this with (30) we get 

(31 b) /TT = KIVK = ^ • [(« + i) 

J. The Addition Theorem of Spherical Harmonics 

The proof of this theorem is based on a lemma, which wp shall be 
able to prove only with the methods of the following chapter and which 
shall be assumed here without proof, namely: The surface spherical 

harmonic 

(32) y,.= 2 /7^(cos{>)e*”‘’’-/7”(cos^o)c-‘”*^* 

depends only on the relative position of the two points ( <p ) and ( <Po ) 
on the surface of the sphere, in other words it has an invariant meaning 
independent of the coordinate system. If we now change the coordinate 
system of ^,'<p by letting the polar axis of a new coordinate system 
^ pass through the point ( ), then the latter has the coordi- 
nate 00 = 0 ^0 becomes undetermined), while the O coordi- 
nate of the former point ( ) is now given by 

(33) cos 0 = cos ^ cos sin ^ sin ^ocos i<p—<Po) 
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For 00 = 0 all the terms in (32) vanish except those with w = 0. 
Henoe the right side of (32) becomes the product of the zonal spherical 
harmonics 77„ (cos 0) and /7„ (1). Due to the stated invariance of 
Y„ we then have 

(34) 77„(cos0)77„(l)= ^ (cosi9)77”(cos^o)e^’"^^"’’*^- 

m*- — n 

This is the symmetric form of the addition theorem which expresses its 
structure in a convincingly simple form. The form which is common in 
the literature is obtained by expressing the 77^ in terms of PH* with the 
help of (31b) and (31). Equation (34) then becomes 

(35) P„(cos0)= Z -C (cos e’”<— >, 

or written in real form 

P„ (cos 0) == P„ (cos d) P„ (cos ^o) 

+ 2 ^ ^ ^ m{<p — <Po ) . 

fn B 1 

It is however evident that the true structure of the addition theorem is 

gradually lost in the passage (34) (35) (36) . 

Another rather transparent form of the addition theorem is 
obtained from (35) by replacing one of the upper indices m by - m and 
applying (18b): 

(37) P„ (cos 0) - ^ 1)”* PH: (cos ^) P-"* (cos 0^) 


§ 23. Green’s Function of Potential Theory for the Sphere. 
Sphere and Circle Problems for Other Di0erential 

Equations 

We superimpose two principal solutions u,u' of the potential 
equation Au = 0 , 


« = 4, iP = (!-«•+ (y-»7)*+ (*-?)’. 

Ji 

«■ = 4- . = (* - f T + (y - ’)')* + (* “ 

JC 

and seek the level surfaces of the function G = u - u^ m particular the 
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surface G = 0. According to (1) the latter is given by the equation 
R"^ = (e'/e)® R^, or written explicitly: 



(l _ 1 ,^ (x 2 + 4 . 22 J 

+ + n'^ - $ 


= 0. 


This is the equation of a f^-pherc. The position of its center and the length 
of its radius can be calculated from (2) ; the center 0 lies on the connect- 
ing line of the “source points” Q = ( t ) and Q' = ( t)', ), 

the radius a is’obtained as the mean proportional of OQ = q and 
OQ' = q’ . 



so that one of the source points lies in the interior, the other in the 
exterior of the sphere of radius a. 

For further discussion we shall not use the cumbersome formula (2), 
but rather the elementary geometric Fig. 22. 


A. Geometry of Reciprocal Radii 

Fig. 22 illustrates the 
method of reciprocal radii^^ 
formulated in (3). We call 
Q' the inverse tmaye of Q 
with respect to the sphere of 
radius a, or also the electric 
image (Maxwell); the nota- 
tions e and e' in (1) are con- 
nected with the electric 
point of view. The relation 
between Q and Q' is sym- 
metric: Q is the inverse 
image of Q'. From (3) we see in the well known manner that the points 
Q,Q' are hannonic with respect to the points of intersection Pi, Pi of the 
line OQQ' and the sphere. 

The method of reciprocal radii was developed through the pioneering 

•’The term '‘reciprocal” arises from the (bad) habit of setting o = 1, in which 
case e' = 1/e . Fe>r rejisons of dimensionality we consider it better to retain the 
radius n ns a length. 



Fig. 22. Geometry of reciprocal radii. P and Q' 
are transformed into each other by inversion on 
the sphere of radius a around the center 0. The 
triangles OQPk and OPkQ' are similar. 
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work of William Thomson*® who applied it to a wide range of problems 
in electro- and magnetostatics. Transformation by reciprocal radii is 
called inversion for short. 

From (3) it follows that the triangle OP^Q of the figure is similar to 
the triangle OQ'P*, hence we have; 


(4) -^ = A , " here P* = P,Q and = PuQ'- 

Here F* denotes a special point on the surface of the sphere while the 
symbols P,F,F' are reserved for an arbitrary point P: {x,y,z) and its 
distances from Q and Q'. In order to determine the “image charge’' e' 
which was introduced in (1) we compare (4) with the relation 



which follows from (1), and is valid for every point P^.. 


We obtain 



fl ^ f: _ ?! (the latter due to equation (3)). 

e Q a 


B. The Boundary Value Problem of Potenti.\l Theory for 

iHE Sphere, the Poisson Integral 

Equation (5) brings us back to our starting point, the condition 
<? = u — w' = 0; and we can now justify the notation G, which signifies 
Green* s function. We have in fact 

(6) e = G(P.(?> = i-^ 

as Green’s function for the “interior boundary value problem” which is: 
to find a potential U which has no singularities in the interior of the 
sphere for a given boundary value U on the surface of the sphere. In the 

same manner 

{6a) e = <?{p,g') = i-5 

is Green’s function for the corresponding “exterior boundary value 
problem.” Of the three conditions a),b),c) (see p. 50) that serve to 
define Green’s function, we have b) satisfied on account of (5) and a) 
satisfied because the potential equation is self-adjoint and therefore t e 

de Math. 10 (1845). 12 (1847). Maxwell in his Treatise, vol. I. 
Chap. XI, quotes a paper in the Cambridge and Dublin Math. Joum. of 1848. 
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differential equation of G coincides with that of U. In order to satisfy 
condition c) i)f the unit source we merely have to make 

e or e' = — 1/4 yr. 

for the inner or outer boundary value problem, as seen from the table on 
p. 49. 

We write (6) explicitly by introducing the spherical coordinates 
r, ■&, q> for F{r = 0 is the center of the sphere. ^ = 0 an arbitrary 
ilirection). Let the corresponding cooi'dinates for Q and Q' be: 

5-0. ^0. -Po "ith ro=Q, 

^ 0 ’ ff’o with Tq = Q ^ ^0 ~ ^o» 9^0 ~ *Po'f 

as in (22.33) we let 

cos O = cos 0 CDS 0Q + sin 0 sin cos {(p — ; 

for e'/e we use the first of the values given by (5), and \vc let 
e = — l/4yt . Equation (6) then becomes 

(7) ^ — 

/r* -J- g* — 2 r g COB 0 

The solution for the interior boundary value problem according to the 
scheme of (10.12) is then 

(8) U{Q)=jU^da. 

The integration on the right is with respect to the point P and is 
taken over the surface of the sphere, dGjdn = dG 'dr for r = a and 
da — ein 0 d0 d<p ; Q is an arbitrary point in the interior of the 
sphere. From (7) we get the general relation 



A T — Q COS © 


-COB© 
Q £'• 


where li and ft' arc as before. Hence, for the surface of the sphere, 
where according to (4) we have li]^ = ^ , we get 

Therefore, if we set U = f (i?, tp) equation (8) becomes 


(9) AnUiQ) ^ a*(l — K) f f 

\ a/ JJ (a* + g* — 2agco8©)* 
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This representation was deduced by Poisson in a very circuitous manner 
through the development of / (^, <p) in spherical harmonics. Here we 
see that the direct way is through Green’s function (7). 

The corresponding formula for the outer boundary’ value problem is 
obtained from (6a) by setting e' = — 3/4 71 and taking the second 
value in (5) for c'/e. We have: 



4 71 t7(Q') 


) j J (a^ + p'2 — 2 ap' cos ©)* 


The so-called “second boundary value problem,’’ in which we set 
dG ‘dn=0 on the surface of the sphere, can not be solved with the 
method of reciprocal radii. 

We now wish to gain a clearer geometrical understanding of the 
way in which formula (9) ; which is analytic throughout, can, on the 
surface, represent an arbitrary function / (^, tp) , which is in general not 
analytic. For this purpose we have to consider the passage to the limit 

Q — > it as Q^a. In this limit the factor 1 — in front of the 
integral in (9) vanishes and hence only those elements of area d<J con- 
tribute to the integral for which the denominator /i® vanishes. The latter 
approaches zero for only when cos0 = l> and therefore 

^ = ^ 0 , (p = 9^0 . Thus the only determining part is a neighborhood 
of that element of area which approaches Q, in other words the special 
value / (^ 0 * ff’o) ®n this element of area will alone determine the limiting 
value. We indicate this fact by rewriting (9) in the form 


« 2n 


( 10 ) 


( />*\ , r r s\xi0d&d0 




In the numerator of the integrand we are allowed to replace sin ^ d'& d^p 
by sin 0 d0 d0 ■, after this is done the integration can be carried out 

explicitly. We obtain 

^ - V 

a ^ \a — Q (o* + — 2ag cos e)*/ 

Substituting this in (10) we observe that the contribution of the second 
term in the parentheses vanishes for ^ a. From the first term, a ter 

dividing the denominator a — g into the factor 1 se* 

desired value: 

Lim U = f (^o> 9^o)’ 

Q^K 

In the two-dimensional case (circle instead of sphere) we can carry 
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out a simplified considevation in close analogy to (9) and (9a), where 
instead of (9) we get 


( 11 ) 



t7«?) = a=(l-g)/ 


/(y)rfy 

O® + e® — C03 ig) — 


C. General Remarks about Transformations 

BY Reciprocal Radii 

Returning to the three-dimensional case we now wish to consider 
the transformation by reciprocal radii from more general viewpoints. 
We choose an arbitrary point 0 to be the center of inversion and, at the 
same time, the origin of a spherical polar coordinate system; we then 
select a sphere with a center 0 and an arbitrary radius a as the sphere of 
inversion. An arbitrary point P: ( r, ) is transformed into a point 
P’: ( r', 9 ?' ). Between these points we have the relations: 

rr' &' = ■&, q)' = (p; 

dr = -^,dr’, dd = d&\ dg> = d^’. 

For the sake of completeness we also give the corresponding relations 
between the rectangular coordinates x,y,z and x',y',z'. Using the scheme 
of ( 22 . 2 ) we obtain from ( 12 ) 

x' = r' sin cos <p‘ — ^ sin ^ cos 93 = -^ x, etc. 
or, written in summarized form, 

( 12 a) (x', y\ z‘) = (x. y. z) ; 

and conversely 

( 12 b) {x, y,z) = f, (X', y\ z') . 

We now seek the transformation in polar coordinates of the line 
element ds* into ds'^. According to (12) we have 

ds^ =s dr* + r* d ^ + r® sin* ^ d®* 

( 13 ) . 

= (7) + r'* d»>'* -h r'* sin*^' d??'*) = (^^ds'*. 

Hence the transformations by reciprocal radii are conformal: every 
infinitesimal triangle with sides ds is transformed into a similar triangle 
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with sides ds' (ratio of sides = (a,T')^= (r/ti)*). According to a 
theorem by Liouville these mappings are the only non-trivial conformal 
transformations in three-dimensional space. 

The geometric characterization of our transformation consists of 
the fact that it transforms spheres into spheres, where the plane has to be 
considered as a sphere of infinite radius. A sphere that passes through 
the center of inversion is transformed into a plane, since the center of 
inversion is transformed into infinity. (Infinity in this “geometry of 
spheres’’ is a point and not a plane as it is in projective geometry.) 
Conversely, a plane that does not pass through the center of inversion is 
transformed into a sphere. 

D. Spherical Inversion in Potential Theory 

The next point of interest to us is the transformation of the differ- 
ential parameter we start from a function u{r,-^y<p) and trans- 
form the product ru by reciprocal radii (r = distance from center of 
inversion). We denote the new function by 

(14) = 

In other words, we transfer the value ru from the original point P 
( r, 9 ? ) to the point P' with the coordinates 

{14 a) r' = ^,g>' = (p 

and we want to show that the differential parameter J'v which is 
calculated in terms of the coordinates r', g>’ is given by 

(15) = 

Again, the reason for this relation lies in the conformality of the mapping, 
as indicated by the appearance in (15) of the square of the ratio of 
dilation (r/a)- from equation (13). Equation (15) can be proven as 
follows: we define the operatore A and D as in (22.4) by the formulas 

(15a) 

(15 5 ) + 

Then, if A’ and D' stand for the same expressions in r', <p' , 've 

obtain from (14) and (14a) 
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{15 c) 


V v = T Du, 


dv d{ru) dr £{r7t) 

d/ dr dr' dr * 


(15 d) 



(r «) dr a* 

~~dT^ 


(ru) . 

ar‘ • 


and hence according to (15a,c,d) 


(15 e) 


r’^A'v 


£« / d'jru) 
r'*\ er^ 



a* /e^(ru) 

r-2 dr^ 



According to equation (22.4) the expression in the last parentheses is 
just rAu. Hence (15e) becomes 

(16) A’v = (^~yrAu, 

which coincides with (15).*’ 

If we start from a function u which satisfies the differential equation 
Au=Q in the coordinates x,y-,z, then the function v = ru after trans- 
formation by reciprocal radii satisfies the differential equation Av — 0. 
in the coordinates x' ,y' ,z'. 

This theorem (William Thomson) enables us to transfer solutions of 
potential problems obtained for a certain region of space 5 to the trans- 
formed region S'. In particular this holds for Green’s function: if it is 
known for a region S bounded by planes with the boundary condition 
G = 0, then our theorem gives Green’s function G' for an arbitrary 
region S' bounded by spheres where the boundary condition G' = 0 
remains valid. Depending on the position of the center of inversion, 
the region S' may have diverse shapes. The totality of those regions 
which were treated in §17 with the help of elementary reflections now 
becomes a richer manifold of regions bounded by spheres, thus permitting 
our generalized reflection by inversion. As before, this more general 
reflection leads to a simple and complete covering of space. The previous 
condition that all face angles must be submultiples of n remains valid 
owing to the conformality of the mapping. Where there was an infinity 
of image points (e.g., plane plate) there will still be an infinity of image 
points (e.g., the region between spheres tangent at the center of inversion, 
which is the image of the plane plate). Where there was a finite number 
of image points (e.g.,forthe wedge of 60“ in Fig. 17), the inversion process 
for the spherical problem again terminates after a finite number of steps. 

Examples will be given in exercises IV.6 and IV. 7, where we shall 
also discuss the problem of a suitable choice of the center of inversion. 

Here the r€af?on for the retention of a becomes apparent: if we had a ^ 1 
the dimensionality of the factor 1/r'^ in (16) would not be understood, whereas 
now the dimensional consistency is clear. 
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Obviously all that has been said above can be transferred to two- 
dimensional potential theory, where inversion in a sphere becomes 
inversion in a circle. At the same time the range of possible mappings is 
increased tremendously since every transformation z' = jiz) where / 
is an, analytic function of the complex variable z = x iy leads to a 
conformal mapping. The dilation ratio of the line elements is then 
I d^/dz 1 and (16) is replaced by 


<17) 



E. The Breakdown of Spherical Inversion 
FOR THE Wave Equation 

Unfortunately, these mapping methods for the two- and three- 
dimensional case are entirely restricted to potential theory. If we were to 
perform a transformation by reciprocal radii on the wave equation 

(18) -b « = 0 

then according to (16) the factor (a/rOV would appear and (18) would 
become: 



Only in the potential equation {k = 0) does this disturbing factor i.a/r’)* 
disappear. In the wave equation this factor means that the originally 
homogeneous medium {k constant) appears transformed into a higUy 
inhomogeneous medium, which, in the neighborhood of the point 
r' = 0, shows a lens-like singularity of the index of refraction. The same 
holds for the equation of heat conduction, which, ^v^itten in our custom- 
ary form with u as temperature and k as temperature conductivity, 
would go into 


(19a) 



'k\y) at' 


This form of the equation certainly can not serve to simplify the boundaiy 
value problem for the sphere. Instead, we have to rely on the muc 
more cumbersome method of series expansion as applied in the corre- 
sponding two-dimensional case of §20 A. 
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§ 24. More About Spherical Harmonics 

A. The Plane Wave and the Spherical Wave in Space 
The simplest solution of the three-dimensional wave equation 

( 1 ) Au+ k' u = 0 


is the plane wave, e.g., a purely periodic sound wave which progresses 
in the 3-direction 


(2) Q=tkr, k= wav^e number. 


If we develop this solution in zonal spherical harmonics (cos t9) 
then the coefficients will be the §21 C. This follo\vs from the 

wave equation on the one hand, and the differential equation of the Pn 
on the other hand. Using the left side of (22.4) and the postulated 
independence from <p , equation (1) becomes 


1 d^TU 
T dr^ 




r* sin & 




Hence u can be separated into a product of P„ by a function R{r) which 
depends only on r. Due to the differential equation (22.5) of P„ the 
function R must satisfy the equation 


1 d^rJi 
r dr^ 




which, in terms of the q of equation (2), can be rewritten as; 



i + (l = 0 

Q \ G / 


This is the same differential equation as (21.11a); the solutions, which 
were continuous for g = 0 , were defined as Neglecting a multi- 
plicative constant we get from (21.11); 

(4) =V'r.(e) ='l/^^n+jCe) 

Similarly we obtain the linear combinations of the ?^'^($)* defined in 
(21.15), as solutions of (3) discontinuous for o := 0, Since the latter 
do not enter into the expansion of the plane wave, we have to write; 

C. Vn (S) • 

n- 0 

Here the coefficients c„ are still undetermined. They are determined 


( 5 ) 
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from the orthogonality of the P^- Namely, according to (22.8) and 
(22.10a) we get, if we again denote the variable of integration by 

^ = cos ^ 


(6) c„v.„(ff) = (K+i)_jWp„(C)rff. 

We now compare the asymptotic values for ^ oo of the two sides. 
Due to the relation of to + ^ , 've get for the left side from 
equation (19.57) 

^ cos fe — (n -f- 1) J»/2] 


The integral on the right side can be expanded into a series in 
through successive integrations by parts. Ignoring all higher powers of 
X/q for this integral we obtain; 


e*e 1 . ^ sin (d — nn/2) 

(6b) ^ (1) - (-i) = U ■ 


The coefficient of 2i" here is the same as the coefficient of in (6a). 
Substituting (6a, b) in (6) we therefore get 


(6c) = (2 n + 1) 

Hence the expansion (5) of the plane wave assumes the final form 
( 7 J # = J* (2 « + 1) t" V'n (e) Pn (COS i)) - 

n— 0 

This should be compared with the Fourier expansion (21.2b) of the 
two-dimensional plane wave. Just as we considered the latter as 
generating function of the /„, so we may consider the three-dimensional 
plane wave as the generating function of the . At the same time (6) 
and (6c) yield the following integral representation of the y* • 

(7a) 2i»V.„(ff) = /e‘»'P„(f)df, 

The next simple solution of the wave equation (1) is the spherical' 

wave 



Jk^~ ie' 


This represents a radiated wave which progresses in the positive r 
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direction if we give its time dependence by exp ( — iat) ■ According 
to (21.15a) the solution (8) is identical with the solution of (3) : 

which is singular at the point r = 0. We now transfer the source point 
r = 0 to the arbitrary point 

Q = (’'o. ^0. ’9’o) 


Then (8) becomes 


^ ,2 _ 2 f To cos 0 , 

COS 0 = cos ^ cos ^0 + ^ ^0 *^05 i<p~<Po) • 


This function too can be expanded in spherical harmonics 
(cos O) . Here the coefficients must again be solutions of the 
differential equation (3), namely, 

Vn (e) fo** Ci(e) for ^>^o> 

the former, since the point r = 0 is now a regular point of the spherical 
wave, the latter, since the type of the radiated wave must be preserved 
in every term of the expansion. Owing to the symmetry of P in r and ro 
the reverse holds for the dependence on ro. Hence in the coefficients of 
P„ (cos 0) we must have the factors 



ti(eo) 

for 

r<ro, Vn(eo) f®*" 

r >rQ 

so that the 

expansion 

reads 





oo 

. ti(eo)y’«(e) P«(cos0) 

r<ro. 

(9) 

ikR 

W " u 

oo 

■ vJeo) fi(e)PT.(co3 ©) 




n*0 

r >rg. 


The numerical factors c, must be the same in both rows, since for r = ro 
the two rows coincide (except for the point Q, where we have 0 = 0- 
and both series diverge). The situation here is the same as for the cylin- 
drical wave in §21, equation (4): in the interior of the sphere we have a 
“Taylor series,” in the exterior a series of the “Laurent type.” The c„ 
can again be determined by passing to the limit r — >-oo , We get 


= r ^1 — y cos 0 + • • r — cos © , 
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Using (7) with — instead of + i ^ cos ^ the left side of (9) 
becomes 

^ 2 (2 -h 1) (— if v« (eJ -Pn (cos 0) . 

Due to (21.15) and (19.55) the second line on the right side of (9) 
becomes in the limit 

Z (?o) 1/^ ]/^ *•' " ■ +■>”«’ P„ (cos 0) . 

This will correspond term for term with the left side if we set 

(9a) c„ = 2 « + 1 . 

We may also consider this representation of the spherical wave as an 
addition theorem for the function 

CS {k = Q^ + qI — ^Q Qa cos O) - 

If, on the left side of (9), we pass from the radiated to the absorbed 
spherical wave 

= ^0 (l^e* + eo — 2eeocos0) 

then throughout the right side must be replaced by . From half 
the sum of both representations we obtain the addition theorem for the 
regular “standing wave" 

(10) V„ (k R) = (2 « + 1) V>„ (eo) Vn (e) Pn (cos 0) , 

here the distinction between r ^ is unnecessary. 

B. Asymptotic Behavior 

If in the differential equation (22.13) of the associated spherical 
harmonics we pass to the limit 

(11) n->oo, ^->0, (cos 0„ ()?) , 

then we obtain 

This is the differential equation (19.11) of the cylindrical harmonic 
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Since P" and hence 0„ is finite for t? -> 0 , the only permissible solution 
of (11a) is the Bessel function Hence we have 


(12) (,,) = ir,) with Co = 1 . 

The latter follows from the fact that for m = 0 and t) = 0 we have 
= 1 on one hand and (due to (11)) ^ = 0 on the other, and 
hence P„(cosi^) = l and Oq (n) = 1. In order to determine for 
m > 0 too, we use (22.18), which for ^ 0 yields; 

(12a) 1 )“ (J + D”. 

We rewrite the function under differentiation in the form 


(f - 1)" 2" (l + ^-1)” = ■ ■ • + 2" (f - D” (”) (^J)” + 


In this binomial expansion we have written only one term since the 
terms of lower degree vanish upon differentiation and those of higher 
degree vanish in the limit ^ 1 . The (n + m)-fold differentiation 

of this term yields 




(n 

(n — m)! ' 


Upon substitution in (12aJ we obtain 


(12b) 


pm 1 /±Y + 

” m!\2/ (n — m)! 


Here the last fraction has 2m more factors in its numerator than in its 
denominator; since m«n, we may identify all these factors with n to 
obtain 


(12o) P- ^ (f )”»”•. 

Comparing this with (12), where we replace /„ (»?) by the first term 
of its power series (19.34), we obtain 





n 


m 


Hence for m > 0 we must, in order to obtain I„, divide P" by n" before 
passing to the limit. 

The geometrical meaning of our result is as follows: The surface of 
the sphere can be replaced by its tangent plane for the neighborhood of 
the north pole ^ 0 , The solution of the spatial wave equation, 

whose behavior on the sphere is determined by P”c*"^, thereby goes 
into a solution of the wave equation for the tangent plane, namely, 
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e*"*’’, provided we perform the passage to the limit on P^/n”' 
instead of P". The same obviously also holds for the south pole of the 
sphere . 

Having thus treated the special cases t? ^ 0 and we now 

wish to investigate the asymptotic value of as n-^oo for a 
general 0 < ^ < ?r . To this end we apply the saddle-point method 
to the integral (22.23), which we rewrite in the following complex form: 


(14) Pr({) with W = e'>, c = ™ 

the latter due to (22.23a). The integration is to be taken over the unit 
circle of the uvplane in the positive (counterclockwise) sense; the function 
f{w) stands for 


(15) 


/(ty) = log I cos d sin ^ ■ (w + 1/w) | — ~~ Jog 


Hence 



Y 8ind(l— l/w*) 
coa ^ 4- sin I? • (u>-|- 1/tv) 


m 4- 1 
nw 


We therefore have two saddle points Wu, which, for m « n and 
sin ^ 4= 0 , lie on the unit circle, namely, 


and Ave get 
(15a) 


= ±1 


With the same assumptions we get 


(15b) 


gn/(w.) ^ g±tnd iyn+ 1 


As in (19.54) we set for the two saddle points u> T- 1 = ^ after 

applying (15a) we obtain 

(15c) /(«.) - /(»„) = nwo) + . . . = |sin 

If we let 

(15d) 2iy^i{& — 7i/2) = ± t jr and hence y = ih (^/2 + ^1^) > 

then /(la) — /(wo) becomes real and — — ^sint^. This choice of y 
means that for the saddle points we shall integrate along the line of 



§ 24 . 17 


CYLINDER AND SPHERE PROBLEMS 


149 


steepest descent whose direction, according to (lod), still depends on ^ . 
The two integrals then assume the common value 



— £ 


n r 


6\n ^ 



Due to (15d) and the relation dw — e^^ds this must be multiplied by 
the factor 


(16a) 


_ g±»(0/2 + «/4} 


In the limit n-^oo the integral (16) can be reduced to the Laplace 
integral by a simple substitution and we obtain 


(16b) 


y 


71 


n sin^ 


Due to (15c) and (16a, b) equation (14) becomes 


(16c) P” = 1 ^ 2 + _j_ g- U(n + i>e + n/4+ {w+ l)jt) j 


Since we have made the assumption tn<C « throughout, the ^'allle of C 
in (14) can be reduced to exp{— nj2,) by the same reason- 

ing that led from (12b) to (13). Hence C / becomes 

«”exp{ — t(»n+ 1 )?k/2} 

Combining this with the two exponential functions in (16c) we obtain: 

(17) 

Therefore P" for real n is a rapidly oscillating function of varying 
amplitude; the amplitude is small in the neighborhood of = 7i/2 
and increa^s symmetrically for decreasing or inci-easing ^ . For 
1^=0 and 7 C equation (17) breaks down since, according to (15a), 
/"(u>o) vanishes and the series for f{w) — f{wn) starts with the third 
term (compare with the limiting case on p. 122 that led to the Airy 
integral). Equation (17) is then replaced by (12c). 

We shall apply (17) in the appendix of Chapter ^T for the case of 
complex n with a positive real part in which our derivation remains valid. 


C. The Spherical Harmonic as an Electric Multipole 

In this section we return to potential theory. Since in §22 E we 
were able to define the surface spherical harmonics of degree n as homo- 
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geneous potentials of degree n (or better of degree — n — 1), it must be 
possible to generate them with the help of repeated differentiation 
“with respect to n-directions” of the elementary potential 1/R. This is 
the point of view of Maxwell in Chapter IX of his treatise. We express 
this by the Maxwell rule; 


( 18 ) y„ — dht'" dK in)"' 


_ x)^ + - y)^ +{C- 
Lim X, y, z-^-O, Lim 

+ C’* = 1 . 


The “action point.” P = ( I, r?, C ) is to lie on a sphere of radius 1, the 
“source point” Q = {x,y,z) is to lie in the neighborhood of the origin. 
The “directional differentiations” h\,h 2 . . . ,/i„ can be performed both 
on the coordinates of P and on the coordinates of Q. We do the latter 
and then pass to the limit x,y,z (S, R —* t. In this way we obtain a 
muUipole at Q whose order increases with the order of differentiation. 

We start with the simplest case in which the directions hi,h 2 . . . 
coincide, say, with the z-direction. The surface spherical harmonic 
which is obtained in this way is symmetric with respect to the r-axis 
and hence is a zonal spherical harmonic of the Legendre type P,,- We 
follow its genesis from line to line denoting the limit process of (18) 

— Inf — P 
Bz It ~ ^ 

1 d a 1 ia“i laf — z i i . s (C — g)* 

Yi ^h^ aha Ji ~ 2 Bz* It ~ 2 ez 2 i?* 2 2?* 

2 ^ 2 ’ 

St ahiBhiBha R ^ Si Bz^ R 3 BzK 2 R*~ 2 R* } 

3 , 6 6 

“ 2 2?»“^2 2^ 

13 a 3_d_l Igyi 13/ 3 c-g I 6 

^\ahidhtdk 9 ahtR~ Aids* R~ 4 az\ 2 2?* ^2 If I 

3 1 16 (? - z)* , 36 (C - z)* . 36 15 « _ 1 . 1 _ P. 

8R'^~ A R^ *^8 2i» 8^ 4^^8 ♦ 


by — ♦ : 
1 ) 

2 ) 

3 ) 

4 ) 


This sequence Pi, . . . ,Pi, which can be completed by the zeroth deriva- 
tive Po = 1 of 1/P, coincides with the values obtained from the origins 
definition on p. 23 (the variable x being replaced by f). This follows by 
necessity from the relation between spherical harmonics and homogene- 
ous potentials, so that in (18) we were free to determine the normalizing 
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factor 1 b! only. We note the connection between tliis lulc and the 
second equation (22.3) which, after the substitution ro = z {Q on the 
2 -axis) and r = 1 (P on the unit sphere), can be written: 

7, = i; p,„ (cos &) ■ 

m—o 

and hence for z —* 0 we indeed have 

We list the names and symbols for the successive multipoles. In 
order to avoid the limit process Q — » 0 we replace the difTerentiation with 
respect to z (coordinate of source point) by a difTerentiation with respect 
to C (coordinate of action point) but with opposite sign, and interpret r 

as the distance O P = C* . 


Unipole 

charge scheme 

© 

potential 

1 

r ’ 

Bipole 

charge scheme 

© 

potential 

I rf 1 

I I rff r ’ 

Quadrupole 

charge scheme 

CD 

potential 

Id* 1 
2! rfC* r ■ 


By contracting two quadrupoles of opposite scheme tve obtain the 
“octupole” with potential 

3! dC^ T ’ 

(The determination of the corresponding charge scheme is left to the 
reader.) By n-fold differentiation we obtain the 

(_!)** d’* 1 

2"-poIe and its potential ^ y. 

In wireless telegraphy one uses the term dipole instead of bipole. Quadru- 
pole and octupole radiations occur in atomic physics. 

We now have to consider examples of differentiations with respect to 
different direelions. In addition to differentiations in the 2 -direction Me 
now consider differentiations in the (x,?/)-plane. In order to preserve a 
certain degree of symmetry we consider differentiation u-ith respect to, 
say, m equally spaced directions in the (x,y)-p!ane (in “star form,” with 
an angle of njm between tu'o adjacent directions) together with n — m 
differentiations still taken uith respect to the 2 -direction. We thus 
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obtain the tesseral surface spherical harmonics 







where instead of the two exponential functions given here we may have a 
linear combination, e.g., mg) • To this category (19) belong the 

Sin 

so-called sectorial surface spherical harmonics (this notation too is 
Maxwell’s) with m = n, which according to (22.18) is represented by 


(19a) 


P:1’, = si"" 


We discuss this further for n = 2. The star formed arrangement is 
obtained here if we take hi and ^2 in the x- and y-direction. Equation (18) 
and what follows then yield 

p2 1 a* 1 la y_ 3 (^— a:)(»7— y) 

•^2 “ 2 dxdy Ji~ 2 dx 2 

^ -fj = j sin2 # sin 2 (p, 

which is indeed of the type (19a). In this case too we speak of a guc^ru- 
pole (see the right hand side of the diagram below; the left side, which is 
placed differently in space belongs to P^)- 


X 

Quadrupole P 2 Quadrupole P\- 

The fact that (18) yields the complete system of the 2n + 1 surface 
spherical harmonics of degree n, follows from the number of constants in 
(18): two directional constants for every differentiation h and one 
multiplicative factor. 




D. Some Remarks about the Hypergeometbic Function 
The hypergeometric function is best defined by its differential 
equation: 

(20) s(l-2)y"+ [y-(« + ^ + l)z]y'-«/5!/ = 0 

From this equation we deduce the Gaussian series representation (11.10a) 
according to the procedure of §19 C. We set 

(21) y = 2*(ao+Oi* + «*^+ 
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with undetermined exponent X and coefficients a, . We substitute this 
in (20) and set the coefficients of the initial term and the genera! 

term ****** equal to zero. In this way on one hand we obtain: 

(21a) A(A-l + y) = 0. 


and on the other hand 


(21b) 


[(A + A + 1) (A + A) + y (A + A + 1)] 

= [(A + A) (A + fc- 1) + (« + /? + 1) (A + A) d- « /?] a,. 


Equation (21a) has the solutions 

{22a) A = 0 and A = l — y; 

We first consider the former solution and by substituting it in (21b) 
obtain 

„ lc{k-l) + (cc + p + l)k + ocp ^ ia + k)W+k) 

Hence if we set co = 1 we obtain the Gauss scries 


ccfS 


«(«+l)/5(^ + l) 


(23) 1/ = 2/, - F{o., y, z) = 1 + z " + 


The other solution of (22a) yields: 

(23a) y = yz— F(» — y + 1, ^ — y + 1, 2 — y, ») . 

There are also a large number of related representations for altered 
parameters «, y and linearly transformed z, which coincide region- 
wise with (23). They have been compiled lovingly by Gauss as “rela- 
tiones inter contiguas.” 

If we compare the differential equation (22.6a) of the zonal spherical 
harmonics 

(24) (1 — C®) P" - 2 C i"' + n (« + 1) = 0 

with equation (20) then we see that it is obtained from the latter by the 
substitution 


z-^ 

s— 2 » 



^ = n d- 1 , 



From this we see that P„ must coincide both with yi and yz up to a 
factor. Namely, we have: 


(24 a) 




2 
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which also yields the correct normalization P„(l) = 1 for C — + !• 
The series (24a) for breaks off as does every hypergeometric series 
with negative integral a or ^ : since ot = — n we have that P„ is a 
polynomial of degree n (th'e coefficients of (1 ^ ^^d of all subse- 

quent powers contain the factor a+ns= — n-l-w = 0 in the 
numerator). We remark that the series for in terms of 1 — C 
simpler (since it is hypergeometric) than the series in terms of C- The 
latter reads 


p _ 1 , (~n)(n-H) l — C 


(24 b) -h 


(- n) (_n+i) („ + !)( 




n 


2 ! 2 ! 

_ >■/ i^p (” + p)! 1 /I— cy 

^ ' (n — p)! p! p! V 2 / ■ 


The associated P” can also be represented by 'a hypergeometric 
series. We merely have to consider the general relation which is obtained 
from (23) by termwise differentiation: 


(25) ^ ^'(« + l, /3+1. y + l,z). 

Hence for positive m we obtain the representation 

P^iC) = C(l — ^r'^F(m-n, m-f n+1, m-M, 

(26) ^ _ (n -H m) 1 

2”* ml (n — m)i * 

from (22.18). For the negative integral m this representation breaks 
down, but can be extended to that case by a limit process; the result 
then coincides with our general definition (22.18). 

From the Gaussian hypergeometric function we derive the confluent 
hypergeometric function, which is of the utmost importance in 
mechanics. It depends only on two parameters a and y since the third 
parameter fl is subjected to the following limit process: 

(27) {q— arbitrary finite number). 

We then obtain from (23) 



y(«,r,e) = i + ^f + 


«(«+!) 
y(y + 1) 



and considering the fact that 

d d do 


d 
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we obtain the corresponding differential equation from (20) after 
dividing by ^ : 

(29) (y-e)5^-«^’ = 0. 

We shall encounter this equation again in connection with the eigen- 
functions of hydrogen in wave mechanics. 


E. Spherical Harmonics of Non-Integral Index 


Our representation must still be completed in two directions. We 
have been restricted so far to the case of integral numbers n and m and to 
functions P", which were finite throughout. Hoth these restrictions 
were suggested by the connection with potential theory. 

Concerning the first point, we see that for non-integral n the hyper- 
geometric series at the points C = ± ascending powers of 1 T C” 
does not break off as it does in the case of integral n. The solution. which 
is regular at the north pole f = + l, diverges at the south pole 
^ = — 1 and vice versa. Thus (24a) is valid for integral n only. The 
“requirement of finiteness all over the sphere” can tlierefore be satisfied 
only for integral n. The possibility of non-integral m is excluded by the 
requirement of uniqueness with respect to the <p -coordinate. 

The type of singularity of P„ (C) for non-integral n can be deduced 
from the general theory of hypergeometric series. We prefer, however, 
to deduce it by direct calculation. 

According to their original definition in (22.3) the Pr. are the coeffi- 
cients of a Taylor series which progresses in powers of t = r/ra; hence 
for integral n: 


(30) 


P (C) = — ~ ^ 

nl cW' i/i_ 


at ? = 0 . 


Yl—2Cl + t* 

According to Cauchy’s theorem this can be written as: 
(30a) P„ (f) 




This representation also holds for non-integral n, except that due to the 
many-valued character of we have to perform a branch cut, e.g., 

from t = — oo to f = 0, and that the path of integration is now a loop 
which starts on the negative side of the cut at t = — oo, then circles 
the point f = 0 in a counterclockwise direction and ends on the positive 
side of the cut sX t — — oo . It is clear that for this definition the 
differential equation of P„ is satisfied regardless of whether or not n is 
integral. Equation (30a) defines that particular solution of the differen- 
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tial equation which is regular at ^ = 1 and satisfies the normalizing con- 
dition Pn (1) = 1. Namely for ^ = 1 "'e obtain from {30a) 


(30b) 


K ( 1 ) = - 




dt 

jn +1 



The integrand now has a simple pole at f = 1. The loop described above 
can now be deformed into a path which circles the pole in a clockwise 
direction. According to Cauchy's theorem the integral then has the value 
— 2 jc i, and hence the right side of (30b) has the required value + 1. 

For 1 ? > 0 the integrand of (30a) has two further branch points 
that are due to the square root in the denominator and lie on the unit 
circle of the /-plane at 


/ = and t = e 

We connect these branch points oy a branch cut, e.g., along the unit 
circle. The path of integration may not cross this cut either. For 
■& = n — 6, ^ <C 1. ^he endpoints of the cut approach the negative 
real axis and restrict the path of integration between them. This 
explains why (30a) becomes singular for ^ 0, or in other words for 

^ 7C, C — 1 

In order to discuss this singularity we write 


/ = e*--* (] -f r) and / = e-‘"(l + T); 

in the neighborhood of the point / = — 1 on the upper and lower edge 
of our branch cut respectively. Then, except for terms of higher order 
in T and 6 , the square root in (30a) becomes 


Hence for small d only the neighborhood of t = 0 contributes to our 
limiting value as . We may, therefore, restrict the integration 

over the upper and lower edges to the small region between 

T = -f € and T — — e 

and considering the orientation on the two edges we may write: 

dt [ e'*'‘”"dT lower edge 

(—6“*'"" dr upper edge, 
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hence: 

— # — « 

dr Bin nn f dj 

~ "tT" J * 

+ # +« 

Now according to a well known formula we have 

for undetermined upper and lower limits of integration. Hence for the 
definite integral in (31) we have 

log (— e + + 5^) — log (+ e + 

and for i <C « 

( 2 «+ 4 ^ 7 )- 

In the limit <5 ^0 we have log S* as the leading term; hence we 
obtain from (31) 

(32) = 

The terms" . . . which have been omitted here reduce for 3 -*-0 to a 
finite constant which is of course independent of s . 

F. Spherical Harmonics of the Second Kind 

At the beginning of Section E we saw that for non-integral n two 
different solutions P„ of the hypergeometric differential equation exist. 
Only for integral n do these solutions coincide. But in this latter case, too, 
a second solution must exist in addition to the everywhere regular solu- 
tion found above. This solution will be singular at the points 
We call it a spherical harmonic of the second kind and denote it by Qn- 

The type of singularity can be determined from general theorems. 
In (21a) we saw that the quadratic equation for the exponent A for the 
case of spherical harmonics (y *=* 1) tl'® double root A *=• 0. By a 
passage to the limit we see that this indicates a logarithmic singu- 
larity for C = ± 1 • Just as in the case of spherical harmonics of the 
first kind, we obtain detailed information about the spherical harmonics 

“They are computed in Hobson’s textbook, equation (53). p. 225, which was 
quoted on p. 129 above. 
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of the second kind Q„ from a generating fwiction-^ (C. Neumann); 

(33) ^ 0. ('») (f) • 

Hence the (rj) are defined as coefficients in the expansion of Ifir) — C) 
in the P„, and therefore they are given by the following integral repre- 
sentation (F. Neumann) : 

+ 1 

(34) Q„{r,)=A.M. J 

- 1 

In this formula the path of integration is to avoid the singular point 
C = T] by going around it through the complex domain both to the 
right and to the left, and the symbol AM., which we shall omit in the 
future, indicates that we have to take the arithmetic mean of the two 
values obtained (this is identical with the so-called "principal value 
of the integral). The fact that this avoidance of the singularity is not 
possible at the limits C = ± 1 implies the above-mentioned loga- 
rithmic singularity. 

That satisfies the differential equation (24) (wTitten m 

terms of rj ), is to be expected from the symmetry of the defining equa- 
tion in 7?Vs and Q,P, but it can also be demonstrated directly as 
follows: we abbreviate equation (24) to 

L,{P} = 0. i, = ^(l-C“)^+n(«+l). 

and by L„{Q} we mean the analogous expression written in terms of r} 
and Q; we further note the identity 


Then from (34) we have 


4-1 

(35) £,{«.}=/ 

-1 

We integrate by parts twice, then the terms which are due to the Iraits 
^ ^ 1 vanish on account of the factor 1 — C® i^^ ® ^ 


+i 

(36) {Q„ m = I L, {P„ (C)} ^ = 0 . 

» Usually double this function is used, so that in (33) we 

oin+H- Correspondingly our QAn) differ from the customary-ones by the factor ^ 
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It is now easy to compute the first (r;) in terms of the known 
(?)) with the help of (34. We deduce for [j^| ■< 1 

from Po =1: ^0 = 

from Pi = C: = — 2 + ?; log 

The general law is (Christoffel) : 

(37) Q„ (ri) = n+ P„ (7J) log 

where 27 is a polynomial of degree n — 1 which is composed additively 
from all those Pn. 2 fc-i for which the index is non-negative. Finally we 
obtain from (34), through m-fold differentiation with respect to and 
multiplication by (1 — (which is analogous to sin”* ^), 

-i-i 

(38) Q” M = (- !)”■»>! {I - v-r'‘l 


Appendix I 


Reflection on a Circular-Cylindrical or Spherical Mirror 

Referring back to Fig. 8 and the notations defined there we continue 
the treatment of the problem which we started in §6. 

a) Circular-cylindrical metal mirror. The incoming wave (electric 
vector which is perpendicular to the plane of the drawing) is 

N 

(1) tt)= e' /o (*»■) + 2 ^ »" I„ [kr) cosnq). 

n»l 

(see (21.2b)). This representation holds for the entire r,9?-plane and 
for r = a it defines the function —f{<p) in (6.4). The sum of A' -f- 1 
terms on the right is the best approximation to w that can be obtained 
by the method of least squares; the fact that the coefficients in this sum 
are the same as those in the exact non-truncated series (21.2b) follows 
from the “finality” of the Fourier series. We write the radiation which is 
reflected (diffracted, scattered) by the mirror as the sum of + 1 
particular solutions of the differential equation 

-i- = 0 


for r < a in the form : 



r) 

K (* o) 


CO0 n<p; 


(2) 
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(since the solution must be continuous for r = 0 only the can occur 
in the representation; the sine terms disappear on account of the sym- 
metry of the incoming wave with respect to ^ = 0 ). The denominator 
IJka) is used for the sake of convenience and merely influences the 
meaning of the constants C„ which are as yet undetermined. The same 
holds for the denominators in equation (3) below. 

We write the radiation which is scattered by the mirror to the 
outside r > a as the following sum of + 1 particular solutions of the 


wave equation: 
(3) 


V = 


4* " H\{ka) 


cosn<p. 


The time dependence of the whole process should be thought of as 
given by eipC— iwO ; hence only the H' occur; the would corre- 
spond to absorbed waves. As we saw in §6 the boundary conditions (6.8) 
to (6J1) imply C„ = D„ and, according to the method of least squares, 
the system of linear equations (6.12). The constant which occurs 
there is determined from (6.7), (6.11a) and the equations (3), (4) above 
as 

U(fca) Kika)}' 

According to a well known theorem in the theory of linear differential 
equations we can rewrite this in the simpler form (see exercise IV. 8) 

— 2 i/n 

We introduce the notation: 

n 

(g) a„„= f cos n <p cos nnpd<p 


and obtain by a simple transformation 


(7) j cosn<pco3m^d^ — Onm- 

Here and in the following the symbol (2) stands for the ^ 

n > 0 and for the number 1 when n = 0. Then the left side of ( • 

becomes 




a 


n m 




Setting f(<p) = — v>f where lu is as in equation (1), and r 
for the right side of (6.12) : 


a, we obtain 
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(8a) — (i-a) + a„„ (2) i" /„ (^a). 

ti 0 

Hence the system (6.12) becomes 

‘V' 

(9) c„ + (2) !»• /„ (A a) - b-i ^ a„ „ {C„ + (2) i" I„{ka)-y, y„ C’„} = 0 , 

n = 0 

which must be satisfied for all m = 0,1, . . . ,N. 

In order to discuss this system we first set a = .t, in other words we 
consider a complete circle (spatially speaking a closed, totally conductive, 
cylinder). According to (6) we then have a„„ = 0 and (9) yields 

(10) C„ (2)i”'J„(ka). 

This result is somewhat trivial. For, by substituting the value (10) of 
Cn for Dn in (3), we obtain the rigorous solution v of the corresponding 
scattering problem for r > a: 

JL fin (fir) 

(11) w = — ^ (2)t"2„Cfeo) cosny, 

a radiated wave which, on the cylinder r = a, exactly cancels the incom- 
ing wave w of equation (1) and hence for N-*-oo yields the rigorous 
solution of the scattering problem. In the same manner we obtain for u: 

(12) tt=— J; (2)i'*/„(^rr)co8 9 ? = — 

n ■■ 0 

This result is also trivial since in the interior of the closed circle r = a 
we must have m + t; = 0. 

We now wish to investigate whether our equation (10) yields a 
useful approximation in the case « < « , too. To this end we set 

(13) = — (2) i" /„ (* a) + ^„ 
where Pn is a correction terra, and obtain from (9) : 

(14) X Onm{An(i— y«yr«) + y"y™(2)i-/„(*a)l = o. 

n n-0 

As in (6.12) this is a system of iV + 1 (and in the limit infinitely many) 
linear equations with which we can do practically nothing. However if 
we assume that?!— « is small, that is that the cylinder has only a 
narr<m slit, then becomes small and the product becomes 

small of the second order. If we neglect this term then (14) becomes 
simply 

(16) ^ = V (2)t"a„„y„J„(ia), 

Ym ^ n — 0 
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which is an explicit value for and from (13) yields an explicit value 
for C„. 

The narroumess of the slit necessary for this consideration can be 
estimated by a physical consideration: its width must be small compared 
to the wavelength of the incoming radiation; only in this case does the 
interior field go over continuously into the zero field of the closed 
cylinder. Hence we must have 



This condition can be satisfied only approximately for Hertz waves. In 
the properly optical case this approximation breaks dowm. This is the 
reason we spoke of a “quasi-optical case” on p. 29. In the well known 
Hertz experiment with concave mirrors, for w'hich we have, say, a = «/2., 
A= 200 cm., a = 50 cm., equation (16) is approximately satisfied so that 
our system of approximation is justified. 

5) The sphere segment as an acoustic reflector. In order to avoid 
discussions on vectors we deal with scalar acoustic waves instead of 
directed optical radiation. By w,u,v we mean the velocity potentials of 
the primary and secondary (reflected) radiation in the interior (r < a) 
and exterior (r > a) of the sphere. Let the sphere segment be given by 
r = a, 0 < ^ < «. According to (24.7) we write w in the form 

(17) ^ (2n + l)i"v„(Arr)f'„(oo8#); 

n«* 0 

this is the best possible approximation of a plane wave exp {» i r cos <?) 
by + 1 spherical harmonics according to the method of least squares. 
We further write 


(18) u= r<a. 

(19) «= 2 

where the constants C„,D„ are as yet undetermined. Concerning the 
denominators see the remark to equation (2). The function Cn 
Bessel function with half-integral index which was defined in (21.15) 
and corresponds to the Hankel function On the sphere segment 
(which was assumed rigid) we have 

L („ + «;) = I- (r + w) = 0 for 0 ^ d < « and r = a, 
dn on 

and for reasons of continuity we must have 


= ^ for (x<^^« and r = a . 

^ wT 
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This condition again leads to and to the equations: 

=fid). 0<0<ca, 

^ Z)„ (cos d) = 0 , ft <^<71. 


( 20 ) 


which are analogous to (6.10) and (6.11). Here J{&) stands for the 
value of — dwjdikr) for r = a, 


(20 a) 


/ &w \ 


\d(kr))r = a 


U‘ 


_ ^tA rcos 




and in analogy to (5) 

/9nM _ VnC^q) _ Cn(tq) 

Introducing the abbreviation 

a« w = / P„ sin d d» 

a 

we obtain 


<21 a) 

and from (20a) 


0 

/ 


P„P„Bin0d» = 


m 

v: + i 


a 


n m 


N 


(21b) 


^ f{^) (cos 8ini? d# = — ^^^(2 n + 1) (ka) / P„ P^sin^d^ 


N 

^ -2t-vm(fc^)+ ^a„^(2n+ ])t"v;(ta). 

n B 0 


In analogy to (6.12) the method of least squares now yields the following 
system of equations for the C„: 


( 22 ) 


N ( « 

-S cJj 

n = 0 Ifi 


P„ P„ Bin&d& + y„ y„ / P„ P„ sin 0 d& 


1 =0^“^'"' 


Pfl, sin # 


which holds for m = 0,1, . . . ,N; due to (21a, b) this becomes 


{22a) 


/nr N 

' — ^0 ®nm (1 *“ Vn y««) 

Wl + -j fi = 0 

= — 2 »"* Vm (* «) + ^ «•". (2 n + 1) i" Vn (* «). 

n « 0 


which, as in equation (9), can be rearranged to 
(23) 


-^T- [<?« + (2 «i + 1) i" (ka)] 

— s qnr,{C„ + (2« + i)<"v;(*q)-y„/mC„} = 0. 
n “ 0 


We again start with the limiting case a. — n of a closed sphere in 
which o„_= 0. Then (23) yields 



PAKTIAL DIFFERENTIAL EQUATIONS 


H )4 



C-^ = _{2m+ 


Substituting this value in (19) we obtain the rigorous solution v of our 
acoustic problem for r > a. namely, the reflection of an incoming wave 
on a closed sphere. In the interior r < a of the sphere we obtain, by 
substituting C„, in (18), a field u which, as it should be, is the negative 
of the field w of the incoming wave. 

The next problem is that of a spherical surface with a circular hole 
in the neighborhood of 0 = 7i. By setting 


(25) = — (2 m + 1) t” Vm (*a) + 

and ignoring the product term of second order we obtain from (23) 


(26) 


--il — = + 


ti »0 


which is an explicit computation of the correction term and hence of 
the coefiicients C,„. The reader should compare this result with the 
analogous result for the problem of the cylinder in equation (15). Just 
as the width of the slit there, so the diameter of the circular hole here 
must be small compared to the wavelength of the incoming radiation. 
Hence, here too, we can treat only a “quasi-acoustical” problem, the 
problem of infra-sound, which is very far from the more interesting 
problem of ultra-sound. 

Our aim in this somewhat sketchy appendix has been to show that 
the method of least squares may be applied successfully even in some 
cases in which our condition of finality for the computation of the 
coefficients C„ is not satisfied. 


Appendix II 

Additions to the Riemann Problem of Sound W.wes in §11 

The purpose of this appendix is to fill a gap which we left in §11 » 
namely we shall prove that the expression (11.10) 

(B v=(^y^yF(a + l, z = - 

where F stands for the hypergeometric series, satisfies the differential 
equation 


(x — (y — »?) 
(* + y) (f + »?)’ 


( 2 ) 


d^v Q 

M { V )= ;^ + 


dx dy X + y 


/£r £v\ _ 2av ^ ^ 

\dx dy) (X + y)* 


which is derived from (11.2) and (11.8). Riemann was able to prove 
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this by his general transformation theory for hypergeometric functions. 
However we shall proceed in an elementary fashion, by considering the 
function F in (1) as an unknown function and then by substituting (1) in 
(2) and deducing a ditYerential equation for F(z). By proving the latter 
identical with the differential equation (24.20) of the hypergeometric 
function we verify equation (1) and th<‘ determination of the parameters 
of the hypergeometric function which are contained in it. 

First we deduce from (1) 


dx \x+y) \x+y cx 

dv a + ( — ° Pf,. 1. £i 

<>y \x+ y) \x + y by 


r(=)) 


and hence we obtain as the sum of the last two terms in (2) 



g 4- v y r 2a + 2 
a. + y\x+y) L x + y 



As the first term of (2) we then obtain 


(4) 


g(a+l)(? + r?)“ (bj_ £r\ 

(x+yf*'^ (x + yf*'\bx cyj 


+ 


\x + y) \cxi 


F'{z) + " " F'\z) 
oy cx cy 



The first two terms of (4) combine and cancel respectively with the two 
terms of (3). Hence (2) becomes 



£l 4- 

bx by bxby 


F'(z)- 


a{a + 1 ) 
{x + y)* 


F=0. 


The derivatives of z here can be expressed as follows: 


(G) 

(7) 


bx by (* + y)* 
^ 2 z— 1 
bxby (*+y)** 


Due to (6) and (7) equation (5) becomes 

z{l~z) F" + {l — 'iz) F' + a{a 1) F = 0. 

This is indeed the same as equation (24.20) if we substitute 


a — a + If P — — <*» Y — !■ 


as in (1). This completes the discussion of the problem of §11. 
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Chapter V 

Eigenfunctions and Eigen Values 

In this chapter we shall develop Fourier’s methods to their greatest 
generality and thereby open up the boundary value problems of physics 
to mathematical treatment. The most striking demonstration of the 
power of these methods was given in 1926 when Erwin Schrodinger 
recognized the quantum numbers as eigen values of his wave equation 
and thereby put the tools of modern analysis at the service of atomic 
physics. It was fortunate that he had the aid of his Zurich colleague 
Hermann Weyl who had, as the greatest pupil and later the successor of 
Hilbert in Gottingen, an essential part in the development of the theory 
of integral equations. However we should note that, while the viewpoint 
of integral equations is important for the rigorous mathematical founda- 
tion, in par! icular for the existence proofs for the eigenfunctions and their 
eigen values, the older viewpoint of ’partial differential equations leads to 
the same concepts in a natural manner. We shall start by demonstrating 
this with an example which was known long before integral equations. 

§ 25. Eigen Values and Eigenfunctions of the Vibrating 

Membrane 

The subject of the following consideration is a membrane without 
proper elasticity (see p. 33) which is clamped into a frame whose resist- 
ance to distortion is entirely due to the stresses working on its edge. 
We consider these stresses as perpendicular to the edge in the plane of 
the membrane. For the deformed membrane this results in a pressure N 
which acts perpendicular to the surface and is equal to T times the mean 
curvature of the membrane, and hence is equal to T Au for a small 
deformation u. The wave equation (7.4) for a pure harmonic oscillation 
of frequency o> then yields 

— a<o'^u=TAu, a ~ surface density. 

This we rewrite in the customary form 

(1) + A® u = 0, 7^ = • 

If we do not consider as constant but as an arbitrary function F(x,y), 

166 . 
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then according to (10.6) this is the general linear self-adjoint elliptic 
differential equation of second order in two variables in its normal form. 

The non-trivial solutions of (1) which satisfy the boundary condi- 
tion w = 0 are called eigenfunctions and the corresponding k are called 
the eigen values of the problem. If k- or F{x,y) were negative then no 
eigen values would exist, as we saw in the introduction to exercise II. 2, 
The fact that eigen values do exist for positive k-, namely, an mfinite 
number, can be shown first for the simplest examples. 

a) The rectangle 0 ^ x ^ a, 0 ^ y ^ b . The boundary condi- 
tions are satisfied bv 

% 



u — = sin sin tn 7t y , 


« = 1, 2, • • * CO, 
m = 1, 2, • • • oo. 


From the differential equation we then have 



We shall ignore the constant factor by which the solutions can be multi- 
plied. We first assume a and b to be incommensurable. Then all the k„„, 
are different and only one eigenfunction u corresponds to each k. The 
number of eigen values is infinite. 

b) Circle, circular ring, circular .sector. For the full circle O^r^a 
we can write: 

(3) M = (^0 m = 0, 1, 2, . . . oo, 

where k satisfies the boundary condition 

(3 a) 7„(Aa) = 0. 

Since this equation has infinitely many roots (see Fig. 21) there are again 
infinitely many eigen values k = k„„. The roots of (3a) are all different, 
but for m > 0 there are two eigenfunctions for each eigen value corre- 
sponding to the different signs in (3), or, in other words, corresponding 

to the double possibility , mq>. We say that the problem is degen- 

eraie for m > 0; in our case it is simply degenerate. According to (20.4b) 
the (non-degenerate) basic tone of the circular membrane is k\o — 2.40/a. 
For the circular ring b ^r ^ a we write 

(4) « = [/„ (& f) -b c {k r)] e* * - . 

Here we need both particular solutions 7 and N of the Bessel differential 
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equation (we could, of course, consider W and H- instead) in order to be 
able tq satisfy the two boundary conditions; 

(fc a) + c {h a) = 0, 

(kb) + c (i b) = 0. 

Here too there exists an infinite number of different k„^ with their asso- 
ciated c„„- This problem, too, is simply degenerate when m > 0, since, 
according to (4), there are then two different u„„ for each knm- 

For the circular sector 0 ^ r ^ a, 0 ^ 9 > ^ tx we set 
(5) u = I^(kr) s\n ixcp, = 


where the k are determined by the condition IJJca) = 0. Infinitely 
many eigen values k = knm exist ; the problem is not degenerate. 

The most general region which can be treated in this manner is the 
circular ring sector b ^ r ^ a, 0 ^ <p ^ cn, which is bounded by two 


circular arcs and two radii. 

c) Ellipse and elliptic-hyperbolic curvilinear quadrangle. The wave 
equation (1) written in elliptic coordinates r} can be separated (see 
v.II exercise IV.3) and leads to a so-called Mathieu equation in each 


coordinate. The solution | = const yields the ellipses which belong 
to the family of curves; V = const yields the hyperbolas of the family. 
For the full ellipse we have, in addition to the boundary condition u = 0, 
a condition of continuity for f — 0 (focal line) and the condition of 
periodicity for ?; = ± ■ The determination of the eigen values 

leads to complicated transcendental equations which we cannot discuss 
here. The most general region of this kind is the curvilinear quadrangle 
whose boundary consists of two elliptic arcs and two arcs of hyperbolas 


which are confocal with the former. 

The simple examples which we considered here are special cases o 
the fundamental theorem of the theory of oscillating systems with infin- 
itely many degrees of freedom and their eigenfunctions: For an arbitrary 
region an infinite sequence of eigen values k exists for which there %s a 
solution of the corresponding differential equation Au + « = 0 u) ^ 

is continuous in the interior of the region and satisfies the boundary co r- 
tion w = 0 (or any of the other boundary conditions on p. 63). ‘ ® 

problem of finding a rigorous proof for this theorem has repeate y 
challenged the ingenuity of mathematicians, starting with Pomcar s 
great work {Rendic. Circ. Math, di Palermo, 1894) and culminating in the 
‘ The same theorem holds for the eigen value A of the general self-adjoint 


differential equation + A (», y) u = 0, F > 0 • 
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Fredholm-Hilbert theory of integral equations. Here we must be satis- 
fied with proving the related theorem for mechanical systems with a 
finite number of degrees of freedom: A syatem with f degrees of freedom 
which is in stable equilibrium, can have exactly J linearly independent small 
(or more precisely, infinitely small) sine-like oscillations about this stale. 

We write the kinetic energy for the neighborhood of a state of 
equilibrium qi = = ...=<?/ = 0 in the form: 

^ = ^ 2 9n 9m- 

Because q is so small we consider the as constants. At the same time 
the potential energy V becomes a quadratic form in the q^ with constant 
coefficients since the linear terms dVjdq„ vanish in the expansion of V 
in terms of the around the state of equilibrium 

Now it is always possible to transform both the above quadratic forms 
simultaneously into sums of squares by a linear transformation {trans- 
formation to principal axes of quadratic surfaces). Performing this 
transformation we obtain: 


The new coordinates x„ are called normal coordinates of the system. 
According to the Lagrange equation we then have 


d dT 
dt 


dv_ 


hence 


= 


— K 


T is a positive definite quadratic form and so is F — Va for a stable 
equilibrium; hence the and 6„ are positive. Thus for every normal 
coordinate we obtain a stable oscillation 

= c« 6’“”' with = ^ > 0 , 

which gives as many oscillations as there are degrees of freedom. In the 
limit f -^oo there corresponds an eigen value k„ to every ca„, and to 
the totality of ?i. . . . , that belong to the individual x„ there now corre- 
sponds the eigenfunction U/. The k and the co„ are both real. 

We point out that the fact that the k are real can also be proved 
directly from the differential equation without passing to the limit. If a 
k were complex then the corresponding u would be complex and the con- 
jugate function u* would have to satisfy the conjugate differential equa- 
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tion Au* k*~ u* = with the boundary condition u* = 0. From 
Green’s theorem 

< 6 ) j {u Au* - Au) da = / (« |^ - «*£) 

where the right side vanishes due to the boundary conditions; it follows 
that 

(^2 — ^* 2 ^ j uu* da = ^ . 

But uu* is always =0; hence the integral cannot vanish and hence we 
must have k = k*, and k must be real. The physical meaning of the 
real character of the k is that under our conditions the oscillation process 
is always free from absorption. 

Up to now we have assumed our problem to be non-degenerate. 
However, for the perturbation theory of wave mechanics the degenerate 
cases are of special interest. We return to our example of the rectangle 
and no longer assume the sides a, 6, to be incommensurable. This is 
certainly the case for the square a = b. Then we obtain from (2a) 


^««= ~ w*. hence K„ = k„^; 

but according to (2) we have 4= unless n = m, namely, 

m = sin n re ^ sin m Tc ^ y 

but 

«„„ = sinmref sinnre 

All oscillations with n 7 ^ m are therefore (at least) simply degeneraie, 
since two different types of oscillations u„^ and u„,„ correspond to the 
same k„„. Only the basic oscillation kn and its overtones 
(which in this special case are harmonic) are non-degenerate. 

Let us examine somewhat more closely the cases n = 1 , w = 2 an 
n = 2,m = 1 (hence kn = * 21 =/^ 7c/a )■ In Figs. 23 and 24 we 
characterize the corresponding eigenfunctions by their nodal ines. 
These are the lines u = 0 in which powder strewn on the membrane 
would collect. Together with Un and u^i we have, belonging to kn - ««. 
the eigenfunctions 

(7) u = W 12 + ^21 > 

where A is an arbitrary constant. By a continuous 
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Fig. 23. Simple degeneration in the ca^e of a quadratic membrane for = 1 . 
w = 2 or m — 1. n = 2. The diagonals are the nodal lines for A = ± 1. 


deformation of X the form of the nodal lines within the family (7) is 
continuously deformed. We compute the linear combinations with 
± 1 : 


^ * Ct V I * A ^ * V 

u = sin n — sin 2 ± sin 2 75 — sm n — 

a a a a 

= 2 sin Jt — sin ;e — ( cos 31-4- cos ?r — } . 

a a\ a a) 

From the last expression here we see that 
the diagonal y — x is a nodal line of 
A = — 1 while the other diagonal 
y = a — X belongs to X = -\- 1 . Fig. 24 
shows the behavior of the lines for arbitrary 
values of the parameter X . 

Under certain conditions higher degen- 
erations occur in the case of the quadratic 
membrane. For example, if we have 

nj -b mj = n| -b ; 



Fig. 24. Total picture 
of the jKJSsihle nodal lines 
for the quadratic mem- 
brane. The numbers on 
the left and on top are the 
values of the parameter A 
in (7). 


then for the eigen value 

h^^Vn\+fn\=~ Vnl + ml 
we have four linearly independent eigenfunctions 

Hence we have a case of triple degeneration. The higher degeneration 
here depends on whether or not a number can be expressed as the sum of 
two squares in more than one way, as for example 

65 = P -b 8’ = 4= + 7*. 

According to Gauss' Disquisitiones Arithmeticae this is the case for every 
sum of two squares among whose prime factors there are at least two 
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different ones of the form 4« + 1. Such primes permit the complex 
decomposition 

4n + 1 = (a + hi) (a — hf) 

with integral a,b; and the different groupings of the complex factors lead 
to different representations as a sum of squares. In our example 
65 = 5.13 we have 

5 = (1 + 2i)(l - 20 and 13 = (2 + 30(2 - 30 

and hence 

(1 + 20 (2 + 30 -(1-20 (2-30 = 1-4+70 (-4-7 0 

= 42+72, 

(1 + 20 (2-30-(1-20 (2 + 30= (8 + 0 

= 82 + 12 . 

For any two eigenfunctions u,u' with k' we have the ortho- 
gonality theorem 



(8) / u w' da = 0 

as a result of Green’s theorem. The proof is the same as in (6) if we 
replace u* by u'. But this deduction fails if u and u' belong to the same 
degenerate state, in other words if = k'. 

In order to avoid cumbersome considerations of special cases, it is 
desirable to force orthogonality also in the degenerate cases. It will 
prove convenient to introduce the abbreviation of Courant-Hilbert* 
for the integral in (8) : 

(8a) / uu’ da = (u, u') . 


In §26 we shall return to a discussion of the connection between this 
expression and the scalar product in ordinary vector analysis. We call 

the integral in (8a) the “scalar product’’ of u and u'. 

We first prove the theorem that n continuous, real, mutually 


orthogonal but otherwise arbitrary functions Wj, . . . , 

are linearly independent. For if there existed an equation of the form 


2 :^ c, «, = 0 with (u^, «,) = 0 for all fi=\=v t 

then by the “scalar multiplication” of the equation by we would 
obtain 

» Courant-Hilbert. Methoden der mathematischen Physik. 2nd ed., Springer, 
Berlin 1931, Chapter 11. 
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Cp M^) = 0 , hence c^ = 0 for all fx , 

which contradicts the assumption of linear dependence. 

We now proceed step by step and first treat the case of simple 
degeneracy. Let U\,Ui be continuous, real, not necessarily orthogonal 
functions belonging to the same eigen value. We consider the family 

u = CxU\ H“ C2W2 

and consider the member which is orthogonal to ai. This member is 
given by the condition 

0 = (Ml, U) = Cl (Ml, «i) + Ca (Ml, Mg) . 

We satisfy this condition by setting 

(9) Cj = -(Mi,M2), C2 = («i, Ml) 

where ca?^ 0 and hence u 5^ 0. In Ui and u we have two mutually 
orthogonal eigenfunctions of the family, which we choose as the repie- 
sentatives of the family instead of ui.Wa- We now can normalize w by 
multiplication with a constant factor such that 

(9a) (u,u) = (ui,Mi). 

For twofold degeneracy let Ui,U2 be two functions that are normalized 
according to (9) and (9a), and let Ms be a function of the same eigen value 
that is not necessarily orthogonal to the first two. We consider the 
family 

M = CiM» + CzUi -{- C3M3 

and select the member of the family that is orthogonal to both Ui and Mj, 
thus obtaining the conditions 

0 = (mi, u ) = Cj (Ml, Ml) + C3 («!, Mg) » 

0 = («2, «) = C2 (M2, M2) + C 3 (M2, Mg) ■ 

We satisfy both conditions by setting 

(10) Cl = — («I, Mg), Cj = — («2. «3)> ^3 = («1» (“2. «2)' 

The functions u are mutually orthogonal and hence linearly inde- 

pendent; furthermore we can normalize m so as to obtain. 

(10a) (u,m) = (Ml, Ml) = (m 2 ,M 2 ). 

We thereby obtain the desired orthogonalization for twofold degeneracy. 
This process can obviously be continued in the case of higher 
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degeneracy. The degenerate eigenfunctions are thus made mutually 
orthogonal ; due to (8) they are already orthogonal to the eigenfunctions 
which belong to different k. 

To the orthogonality condition (8) we add the normality condition 
(11) (w, u) = J V?- dcr = 1 


This "normalization to 1" leads to a certain simplification of the ortho- 
gonalization process above (see, e.g. (10a)). We shall see in §26 that 
(11) also has its vector-analytic analog. We still must mention that for 
complex u equation (11) must be amended to read 


(11a) 


{u u*) = j u%(* da = X 


and that in separable problems the normalization is best carried out for 
each individual factor. Thus in (2) we have to multiply the sine functions 
bv the factors 




and 



respectively 


and in (3) we have to multiply the exponential function and the Bessel 
function by the factors 


(12 a) 



and 


n 

al’^tka) 


respectively 


(the latter is due to (20.9a)). Thus our solutions in (2) and (4) at the 
beginning of this section are determined also with respect to their 

amplitudes. 

From the above-mentioned examples we deduce two theorems 
concerning nodal lines, which we shall prove now for membranes with 
arbitrary boundaries: 

1. Jf several nodal lines intersect at a point then they intersect at 
equal angles (isogonally) : for two such lines the angle is «/2, for v 
lines it is tiIv. 

2. The larger the eigen value k, the finer the subdivision oi tne 
membrane into regions of alternating signs; for A^oq the nodallines 

become everywhere dense. . . 

In order to demonstrate that theorem 1 holds for our speci 
examples we refer to Figs. 23 and 24, where the boundary itself must be 
considered a nodal line and the angles are :r/2 and nfi as sho%vn. In 
the case of the full circle we see from (3) that there are m radial lines 
intersecting at its center at an angle of nfm . In order to ^ow t a 
theorem 2 is satisfied in our cases it suffices to note that for the case o 
the rectangle and the eigen value the rectangle is subdivided into su 
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rectangles of sides a 'n and 6/m, so that for A: ->oo at least one side 
approaches zero. 

For the proof of theorem 1 we develop u in the neighborhood of the 
point O in a Fourier series. We use an r, 9? • coordinate system whose 
origin is at O. For anv shape of the membrane we obtain the expansion 

(13) u ^ J: I„(kr) (a„ cos n ^ + 6„ sin n <p) 

V 

which converges in a certain neighborhood of O, where the a,b are 
determined coefficients which can be computed from the given a. The 
fact that the radial functions in the Fourier expansion must be the 
Bessel functions 7 „ follows from differential equation (1) and the regu- 
larity of u atO. Now if there is to exist at leant one nodal line through 
the point 0 (r = 0), then according to (13) 

0 = /(, (0) ao. hence Oo = 0. 

Then if oi and 61 are not both zero there is only one line through Owhose 
direction is determined by the equation: 

0 = Zj (jfc r) (a^ cos 9? + 61 sin 9?) . 

Hence for r > 0 

tan (p = — ^ • 


This determines the direction of the nodal line uniquely. 

If there is to be more than one nodal line through O then we must 
have ai = 61 = 0. If we do not at the same time have a, = 62 = 0 then 
according to (13) we have 

0 = J2 (A: r) (ttg cos 2 9? -f- 62 sin 2 9?) 


or, if there are to be v nodal lines through O, and hence all a, 6 up to 
but not including vanish, then we have 

Q = I, (k r) {a, cos v 9? -f- 6, sin vtp) . 


In the latter case we have for r > 0 


(13a) 


tan 



a. 



The right side of this equation is given by our Fourier expansion and 
shall be denoted by ta.i a . The general solution of (13a) is then: 

n . 2n , (v—l)jt 

(13b) 9> = a, <*+—»•••«<*+ V 
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These angles differ by the constant amount yt/v, which proves the iso- 
gonality. 

Passing to the proof of theorem 2, we consider two functions u,v 
where u is a solution of (1) that satisfies the given boundary condition 
and V is the special solution 

V = h{kr). 

Fig. 25. With infreasingi the nodal lines become denser 
and denser regardless of the shape of the membrane. The 
proof is given by considering a small disc anywhere on 
the membrane whose radius a decreases to zero for in- 
creasing k. N.L. stands for a nodal line which intersects 
the disc. 

The value of k which is common to u and v is assumed to be large. With 
the help of this large k we define a small length a by setting ka = Qi 
where is the first root of the equation Iq (g) = 0 . We consider a 
circular disc of radius a situated anywhere on the nodal line pattern of 
the eigenfunction u (see Fig. 25). With this disc as our domain of inte- 
gration we apply Green's theorem: 

(14) J {uAv — vJu)d(T = — 

The left side vanishes since both u and v satisfy the differential equation 
(1) with the same k. On the right side we have for r = a 

V = 0 and = A: /J, (ffi) 4= 0 • 

If we set ds = ad q> then equation (14) becomes 



and hence 
(15) 


2 n 

Qx Kiel) f 

0 


2n 

J u = 0. 


0 


According to this u assumes both positive and negative values on the 
circumference of the disc. Hence there must be at least two zeros of u 
on the circumference; that is, our disc must be intersected by at least 
one nodal line. The disc becomes smaller as k becomes larger and hence 
for increasing eigen value k the nodal lines become arbitrarily dense. 
This holds for every part of the nodal line pattern. 
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§ 26. General Remarks Concerning the Boundary Value Problems 

of Acoustics and of Heat Conduction 

The eigenfunctions of the oscillating membrane can be adapted 
directly to the spatial case. Here we do not think of an oscillating rigid 
body, but (in order to avoid all complications involving vectors and 
tensors) rather of an oscillating air mass in the interior of a closed rigid 
hull of finite extension. Just as on p. 166, we interpret the scalar function 
u as the velocity potential of the air oscillations and we again set the 

boundary condition du/dn = 0. . 

For the rectangular solid with side lengths a,t),c we have, m analogy 

to (25.2), 



u = = cos cosmnj cos Zji ^ 


with eigen value 
(la) 



This state is non-degenerate if a,b,c are incommensuiable. 

For a sphere of radius a we obtain the general eigenfunction m 

analogy to (25.3); 

(2) „ = 1 iK 1 r) P: (cos e-" ^ 

Under our boundary condition the eigen value is given by 


(2a) 


V« (*«i«) = 


where is the l-ih root of this equation. This state is 2n-fold degenerate, 
since independent of m and the different states />" for upper index 
— n ^ m ^ belong to the same k„i. 

Also in this category are the eigenfunctions of 
(0 < r < a, 0 < z < A) which we derived m §20 C. With the boundary 

condition du/an = 0 they are given by 


(3) 




ntm 


= /„ (Ar) e±‘’‘’’cosm7i|-; 


the corresponding eigen value is determined from the equation /; (A «) 
= 0. the l-ih solution of which we denote by A„, . Therefore 


(3a) klt„ = Xl,+ 

Due to the factor exp(±in,p) in (3) this state is simply degenerate 
for n > 0. 
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We now consider these eigenfunctions “normalized to 1” where we 
have to keep in mind the remarks on pp. 173,174 . Then for example in 

(1) we have to replace cos nn xja by 



and according to (22.31b) we have to replace P" in (2) by 

etc. (see exercise V.l). 

We now generalize the fundamental theorem on p. 169 and its 
(mathematically non-rigorous) proof to the case of an arbitrary spatial 
region S. The theorem now reads: There exists an infinite system of 
eigenfunctions 

• • • f^nf • • • i 

whose elements are regular in the interior of S and satisfy the differential 
equation 

^m«4- = 0, 

as well as a homogeneous boundary condition. The coiresponding eigen 
values 

• • • J 

ordered in an increasing sequence, are infinite in number and increase to 
infinity; if S is bounded then they form a ''discrete spectrum'' and they are 
real since the differential equation was assumed free from absorption. 

This system of eigenfunctions satisfies the conditions of orthogonality 

and of normality: 

(4) /«„«mdT = a„„, 

which according to (25.8a) can be written as 
(4a) (^«> ~ '^jim 

or for complex eigenfunctions 

(4b) (^ni ~ m ■ 

If the system of w„ is complete (see p. 5) then we claim that any 
continuous point function / given on S can be expanded in the w„. 

(5) /=-S^n«n‘ 
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If this expansion is possible then, according to (4b), we obtain from (5) 
through termwise integration 

(5a) 

That this expansion is possible is postulated by the Ohm-Rayleigh prin- 
ciple, which we shall assume in the following discussion without present- 
ing its mathematical proof. In connection with the name of this principle 
we remark: Georg Simon Ohm was not only the discoverer of the basic 
law of Galvanic conduction, but also did profound research in acoustics. 
He found that the differences in the tone-color of different musical 
instruments are the result of differences in the mixture of basic tone and 
overtones. Since, according to (25.1), the overtones are related to 
the and since they are harmonic with the basic tone only for strings 
and organ pipes, so the construction of an arbitrary tone-color means the 
construction of an arbitrary function from the (in general enharmonic) 
eigen values. In Lord Rayleigh’s classic book, Theory of Sound, this 
principle is generalized in the sense of equation (5) and is applied in 
many directions. 

We shall now make some remarks about so-called Hilbert space, 
not only to justify the notation (u„.u„) of (4a,b) which is reminiscent of 
vector analysis, but also to give the Ohm-Rayleigh principle an elegant 
geometric interpretation, which in the hands of the Hilbert school has 
even been worked out as a means of proving this principle. 

In accord with Courant-Hilbert (see p. 172) we define, in a space 

of dimensions, the basis vectors e,, ej e,v (corresponding to 

the i,j,k of three-dimensional vector analysis) which lie in the coordinate 
directions xi.ij, . . . ,xn and whose scalar product is to satisfy the con- 
dition 

(6) (e,.e„) = 

We further consider a vector which forms the angles ocj, . . . with 
the coordinate axes 

(7) a = COB Cl + cos ej + • • • + cos etn ey 

and we call it a unit vector if the scalar product of a with itself has the 
value 1 : 


(7a) 


N 

(a, a) = £ COB* = 1 . 


A second unit vector b with direction angles is called orthogonal to 
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a if the soalar product of a and b vanishes: 

iV 

(7b) (a,b) = ^ cosrt„cos^„ = 0. 

71 “ 1 

Kquations (7a. b) are scon to be generalizations of well-known formulas 
from three-dimensional analytic geometry. 

In the limit N ^oo we now obtain Hilbert space. Here we note 
a foimal analogy between the basis vectors e„ and the elements u„ 
of our system of eigenfunctions. The relations between the latter as 
written in the form (4a) are formally the same as the relations (6) 
between the The system u„, if it is complete, can serve as sub- 
stitiite for the basis e„. The same is true for the u* in the case of 
complex u„. Kvery other system of functions that is orthogonalized 
and normalized to 1 can be composed from the u„ in the sense of equation 

(7) and can be visualized as a vector in Hilbert space. Two such vectors 
can be transformed into each other by a rotation of Hilbert space. But 
according to (5) any function / is composed of the u„. ith the system 
of coordinates which is formed by the u„ the function/ is associated by 
(5) to a certain point of Hilbert space. The coordinates of this point as 
measured in the system are the expansion coefficients A». Hilbert 
space thus becomes a function f^pace. The association between the 
arbitrary functions and the points of the space of infinitely many 
dimensions is one-to-one. If we join the point which represents the 
function / to the origin of the coordinate system of the u„, then this 
infinite dimensional vector represents the function/. According to (5a), 
which we can write in the form = (/,«*), the coordinates of the 
representative point are the projections of the representative vector on 
the axes of the system of u*. 

From these highly abstract generalizations we return to the physical 
applications. For the time being we restrict ourselves to the simple 
problems of acoustics and heat conduction in their historical form. ^ 
defer the questions of wave mechanics to the end of this chapter. 

The general problem of acoustics for the interior of an arbitrary she 
5 is the following: the wave equation 

(8) ^ = c* Jv , c = speed of sound, 

is to be solved with the boundary condition dv = 0 so 
/ = 0 the functions v and dv dt become equal to arbitrary prescri e 
functions t>o and t'l in 5. This problem is solved by: 

(9) V = cos Q)„ ( + sin t. 
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where the and are to be determined so that 
(9a) 

Due to the relation of the w„ with the eigen values A,, (namely c = <ji„/k„) 
the second equation can be rewritten as; 

(9 b) k„ u„. 


From this we obtain as in (5a) 



We see that this is an initial value problem; the boundary value problem 
has been shifted to the ii„. 

The general heat conduction problem can be solved in the same manner. 
The difference is that now one arbitrary function vo suffices to describe 
the initial state, the initial temperature variation dv/dt being determined 
by the differential equation of heat conduction. As a boundary condition 
we may use any one of the conditions a),b),c) on p. 03, to which we then 
also subject the eigenfunctions u„. 

We now set 

( 10 ) V = 2 

where x stands for temperature (not heat) conductivity. The coeffi- 
cients An are again determined by the initial condition v = vo: 

(10a) A„= Jvq < dr. 

In addition to this initial condition the function v satisfies the differential 
equation (25.1) and the boundary condition to which the u„ are sub- 
jected. 

The potential equation Au = 0 has no eigenfunctions, or rather 
every solution which is regular in the interior of 5 and which satisfies 
the boundary condition u = 0 or du/dn = 0 must be zero or constant 
in the interior of S. Hence there can be here no closed “nodal surfaces” 
u = 0 or du/dn = 0. However, in the next section we shall construct 
a solution of the general potential boundary value problem (given values 
u = 1/ on the boundary) from the eigenfunctions of the wave equation. 

A solution of the potential equation which is regular in can also 
have no maximum or minimum in the interior of S. Extremal values 
of u can be assumed only on the boundary of S. This follows from 
Gauss’ theorem on the arithmetic mean which can be deduced from 
Green’s theorem (see exercise V.2). 
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Also, no eigenfunctions exist for the differential equation Au — 

= 0 or the more general Au — Fu = 0 for positive F{x,y,z) (see 
exercise II. 2). 


§ 27. Free and Forced Oscillations. Green’s Function 

for the Wave Equation 

The eigenfunctions correspond to free oscillations; in a non-absorb- 
ing medium they need no energy supply. We now wish to consider 
forced oscillations, which must be stimulated in the rhythm of their 
period in order to be able to continue in their purely periodic state. 
Just as the free oscillations, they are to satisfy a homogeneous surface 
condition, e.g., u = 0; the region S will be assumed to be bounded in the 
discussions in this section. The measure of stimulation shall, for the 
time being, be assumed to be a continuous point function in the interior 
of S, and in analogy to the Poisson equation of potential theory we 
denote it by g Correspondingly we write the differential equation of 
forced oscillations as: 

(1) Au + u = Q, 

Here k = o)j<'., as we remarked in (26.9a), where (o is the circular 
frequency of the stimulation and c is the speed of sound. We assume 

(2) k 

i.e., k is different from every eigen value of the region S for the same 
boundary condition. The case of “resonance" k = k^ will be treated 
at the end of this section. 

According to the Ohm-Rayleigh principle we can expand q in terms 
of the normalized m„ as in (26.5) and (26.5a): 

( 3 ) « = A„ = Jgvyr. 

we also write the solution u of (1) in the same form: 

(3a) u = J:B„u„. 

Substituting these expansions in (1) and considering the differential 
equations = 0 , which differ from (1) and which are 

satisfied by the eigenfunctions u„, by equating the coefficients o on 
both sides we obtain 

* The function q does not represent charge density as in potential theory, but 
is of dimension sec"' if u stands for an acoustic velocity potential. 
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We now consider the special case in which q is a d- function^ and 
hence the stimulation is limited to a simple source point Q of yield 1 
(see §10 C). We then have 


/ e dr = 1 , 

Q 


for a domain of integration which contains the point Q, and 

j gdx = 0 . 

for a domain of integration which does not contain Q. Hence we obtain 
from (3) 

(4a) 


{Q) J edT = u* (Q) 


and from (4) 

( 5 ) 


G{P. Q) = 



<(Q) 

A*— k* 


where the u of (4) is now denoted by the more suggestive G{P,Q). Indeed 
this solution is Green' s function of our differential equation (l)/or arbitrary 
positions of the action point P and the source point Q and an arbitrary 
region S. We assume only the complete system of eigenfunctions and 
eigen values for the region S. It should be noted that the Ohm-Rayleigh 
principle has not been applied to the singular 3- function, but only to 
the continuous function e of (3), which may, e.g., be taken as a regular 
Gauss error function. Hence in our derivation we do not need the 
expansion in terms of the of an arbitrary function but only of certain 
special everywhere regular functions. In the same manner the termwise 
differentiation which was needed in the derivation of (4) has been carried 
out on the regular function (3a) before passage to the limit and not on the 
limit (5). 

Green’s function is also the solution of an integral equation. In order 
to demonstrate this we recall equation (10.13a), which holds for every 
self-adjoint differential expression L(u) and hence in particular for the 
wave equation For the three-dimensional case and the 

boundary value u = 0 it reads: 

( 6 ) Uq = J q{P)G {P, Q) dtp . 

^ We have dropped the name ''peak function*’ ("Zackenfunktion”) which was 
introduced by the author (see Jahreiber, DtaUchcn Math. Vereinigung 21., 312, 1912) 
in favor of Dirac’s notation ** d*function.” 
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The function GiP,Q) is called the "kernel" of the integral equation. 
Corresponding to the reciprocity theorem d) on p. 1 , which, for complex 
G. has to be rewritten as 

(6 a) G{P,Q)=^G*{Q,P), 

we call G a “symmetric kernel.’’ From the structure of (5) we see 
directly that (6a) is satisfied. 

The convergence of the series in (5) is absolute only in the one- 
dimensional case; in the two- or more dimensional case the convergence is 
conditioned by the alternation of signs of the eigenfunctions for a suit- 
able arrangement of the series. This is the reason equation (5) does not 
appear explicitly in Hilbert’s theory of integral equations, but in an 
integrated form in which it converges absolutely. In the one-dimensional 
case equation (5) has been rigorously proven by Erhardt Schmidt.^ 

The non-absolute convergence of (5) becomes apparent if we try to 
show by termwise differentiation that the differential equation (1) is 
satisfied. For then we obtain from the n-th term 

- 1 - + *^ «« + (^* — ^) 

and cancelling the factor — kl with the denominator and summing 
with respect to n we obtain 

(6b) AG+k^G= (P) u* (Q ) . 

For P = Q the sum on the right side consists of positive terms and 
diverges, as it should ; the fact that it converges for P=^Q and vanishes 
throughout is caused by the alternating signs and cannot be proven from 
this representation. The order of increase for P -♦ Q can be deduced 
directly from the differential equation (1) as follow's. We consider a 
sphere with small radius r and center Q, and integrate (1) over i 

interior. Due to the <5-character of q the right side becomes equal to 

1. According to Gauss’ theorem the first term on the left side becomes 



while the second term vanishes. Hence we have 



^ _ 1 
^ 4 Ji r* ’ 


G = h Const for r — ^ 0. 

4 jrr ‘ 


This expresses the fact that G{P,Q) has a unit source in the point P Q 
The above formulas can be interpreted best in Hilbert space 

® In his famous dissertation, Gottingen, 1905. 
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p. 179). Namely, equation (6b) states that J (7 + (7 is the scalar 

product of the two unit vectors uiP) and u* (Q) . Hence these unit 
vectors are orthogonal if u(P) and u{Q) are different Q); if m(P) 
and u{Q) are equal (P = Q) then orthogonality is of course excluded; 
instead the product becomes infinite. The expression (5) is constructed 
from the individual terms of the same product with the “resonance 
denominator” k'^ — kl as weighting factor. 

Despite its poor convergence equation (5) has frequently been found 
useful in wave mechanical computations (see §30). For the time being 
we apply it in order to close a gap in the theory of spherical harmonics. 
But first we make a few preparatory remarks: 

1. If the system of eigenfunctions is separable then the summation 
in (5) decomposes into three summations corresponding to the three 
coordinates. For the rectangular solid we should have: 

CO CO oo 

(8) ^ A 

n^l mal 

where n,m,l are as in (26.1). 

2. Green’s function depends only on the position of the points P,Q 
relative to the boundary surface a and on their distance R. It is inde- 
pendent of the orientation of the coordinates in space. A transformation 
of the coordinate system which transforms the surface a into itself and 
leaves R fixed leaves G(P,Q) invariant. 

3. If <7 is the surface of a sphere then the condition of invariance 
is satisfied for every rotation of the spherical polar system r, <p with 
r = 0 as the center of the sphere. The coordinates r, ■&, tp shall be 
those of P, Tq, ^ 0 , <pQ those of Q. 

4. In the latter case we face the additional fact that the system of 
eigenfunctions (26.2) is degenerate, since the eigen value k„ as defined by 
(26.2a) is independent of m. Writing 0 as a triple sum in analogy to (8), 
we can take the denominator — kl and the radial part of the eigen- 
functions in front of the summation over m. Hence we have 

( 9 ) G {p,Q) = ^ ’ 

<9a) . 

m » — n 

where stands for the function y>„ of (26.2) normalized to 1, and 
for the spherical harmonic P„ nomalized in the same manner. The 
function Y„ is a surface spherical harmonic. In (9a) we have used the 
fact that, due to the real character of and /7" the conjugate 
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complex of the eigenfunction 

(cos 


for the argument Q = ( r^, (pQ ) oan be written as 


(Ki '■o) (cos i?o) e 


- 


for all values of m between — n and +n. 

From remark 2 concerning the invariance of G, and from repre- 
sentation (9), we now see that the surface spherical harmonic (9a) has an 
invariant meaning which is independent of the rotation of the polar 
coordinate system. But this is the very theorem which we assumed as an 
axiom for the proof of the addition theorem of spherical harmonics on 
p. 133. That proof is now completed. 

Up to now we have assumed that stimulation of forced oscillation 
takes place in the interior of the region S. We now wish to assume that 
stimulation takes place from the surface. This is the case if, instead of 
the homogeneous boundary condition u = 0, we prescribe the inhomoge- 
neous boundary condition 

(10) u= U. 

The surface is then held in pulsation with the rhythm w of the forced 
oscillation and with the amplitude U which may vary from point to 
point, while in the interior of S the differential equation (1) holds 
throughout with g = 0 . From (10.12) we know that this boundary 
value problem can be solved with the help of Green’s function by the 
formula 


( 11 ) 


"0 = / f/'p- 


where the variable of integration on the right side is P and the domain 
of integration is the surface of 5 {dap = element of surface, dvp — 
element of nor mat at the point P). According to (5) equation (H) 
becomes 


(11a) 


Uq 


- V f T7 

^ ir J ^ ev. 


da D . 


This formula contains the general solution of the famous Dirichlel 
problem of potential theory, for by setting A: = 0 we obtain 


( 12 ) 




^-1 r T» 


do D • 


The remarkable fact about this solution is that it is not expanded in 
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particular solutions of the differential equation /du = 0 concerned, 
but rather in the eigenfunctions of tlie wave equation (there arc no eigen- 
functions of the potential equation). Equation (12) remains valid if 
instead of the boundary condition ( 10 ) we prescribe the more general 
condition 

dn ' 


except that in this case we must subject the eigenfunctions to the 
corresponding homogeneous condition 



In the special case of a sphere of radius a we obtain from (12) and 
the boundary condition ( 10 ) 

^ « (^0. ^0. ^’o) 


(13a) A„„ = ff U 77™ (cos e*’”’’sin d??. 

where and 77„ have the same meaning as before. The extra factor 
2 m on the left side of (13) is due to the fact that, as with the Hcsscl 
functions and the spherical harmonics, we have to normalize the two 
functions exp ( — ^*^^1 exp {im^) to 1 . 

Written in terms of the same variables Q = ( r^, t?©, 9 ?^, ) and 
expanded in terms of particular solutions of Au = 0 our solution 
reads : 


(14) 


2 u {tq, ■9q, 9?o) = 



n 


m 




— tm 


By comparing these solutions we obtain remarkable summation formulas 
(see exercise V.3). 

Finally, we must consider the exceptional case k = k„,. From the 
mechanics and the electrodynamics of oscillating systems we know the 
“resonance catastrophe”: if the rhythm of the stimulating force equals 
a proper frequency of the system the oscillations increase to infinity, 
The condition for this event is cu = <o„, and hence A: = h„,. Eiiuation 
( 1 ) then assumes the form: 

(16) 4- w = e • 

Here we have an inhomogeneous equation whose left side coincides with 
the homogeneous equation of a free oscillation. 
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For simplicity we first consider the two-dimensional case of the 
membrane of §25, which now, however, is subjected to a periodically 
changing transversal pressure® q — e (a:, y) with an arbitrary distribu- 
tion over the membrane. Do pressure distributions exist for which the 
resonance catastrophe is avoided, that is, for which equation (15) has 
continuous solutions throughout (for the boundary condition u = 0)? 
The answer to this question is physically evident: for such a solution the 
pressure on the membrane may do no work. Hence we must have: 

(16) / = 0. 


The pressure distribution must be orthogonal to the eigenfunction u = Wm 
with which it is in resonance, e.g., it may have equal magnitude in oppo- 
sitely oscillating sectors of the membrane; m particular the pressure along 
a nodal line may be of arbitrary strength. 

This orthogonality theorem is a corner stone in the theory of integral 
equations and has important applications in the perturbation theory o 
wave mechanics. Here we must be content with uncovering its physical 

basis. , 

The orthogonality theorem can be adapted directly to the three- 

dimensional case if in (16) we replace the surface integral with respect 
to da by a volume integral with respect to dr . Then we see that t e 
expansion coefficients /l„and B„ in (3) and (4) vanish for n — ^ 

passing from the continuous distribution g ^ 6-function we o am 
information about Green’s function in the case of resonance. From 
A„ =0 and equation (4a) we have wJl(Q) = 0. In other words: e 
singularity of Green's function must lie on a nodal surface of the critical 

proper oscillation u„. ■ t n 

For this position and only for this position of the source point V 

an everywhere regular Green’s function exists. The specia orm o 

Green's function for the case of resonance is obtained from the genera 

form (5) by omitting the term involving A*„,; it therefore reads: 



G (P, Q)='Z 

n4^ m 


kt - ki 


§ 28. Infinite Domains and Continuous Spectra of Eigen Values. 

The Condition of Radiation 

With increasing domain the eigen values become closer and ^os , 

for an infinite domain they are dense everywhere; we then deal ^ 

continuous spectrum of eigen values. m 

* More precisely; pressure divided by surface tension ^ (®®® 

The dimension of e >s that of pressure dyn/cm.*. DUt / cm 
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Ijet US consider, e.g., the interior of a sphere of radius a for v anishing 
boundary values. For the case of purely radial oscillations its eigen 
values are given by the equation 

, . sino 

U) = yo(e) = -^- 

Hence k,a = V 7 t and the difference of successive eigen values is 

for a^oo. 

* a 

We may therefore consider the function "hich is everywhere 

regular and vanishes at infinity as an eigenfunction of infinite space. 
Thus, if we have an acoustical or an optical problem in which the 
prescribed sources are in the finite domain (with a discrete or a continu- 
ous distribution), and which is to be solved for a given wave number k, 
then we can always add the function y>o to the solution. Hence oscilla- 
tion problems (in contrast to potential problems) are not determined 
uniquely by their prescribed sources in the finite domain. This para- 
doxical result shows that the condition of vanishing at infinity is not 
sufficient, and that we have to replace it by a stronger condition at 
infinity. We call it the condition of radiation: the sources must be sources, 
not sinks, of energy. The energy which is radiated from the sources 
must scatter to infinity; no energy may be radiated from xnfimty into the 
presenbed singularities of the field (plane waves are excluded since for 
them even the condition u = 0 fails to hold at infinity). 

For our special eigenfunctions 

’r f 

the state of affairs is simple: for the time dependence exp (-teoi) 
e<*7r is a radiated, an absorbed, y>^{kr) a standing wave 

(nodal surfaces hr = V7t). By excluding absorption from infinity we 
exclude the addition of the eigenfunction Vo (^7- Hence the per- 
missible singularities are restricted to the form 

(la) « = C — 

For these singularities we have the condition 

(2) = 

t -»oo ' 

It is called the general condition of radiation and we shall apply it to all 
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acoustic and electrodynamic oscillation problems that are generated by 
sources in the finite domain. 

In fact, condition (2) holds not only for the spherical wave (la) 
which radiates from r = 0, but it also holds for a stimulation which acts 
at the point X = Xo, y — yo, z = Zn 

u = C^-^ , =■. (x — a;(,)2+ (y — yo)^+ (2— 2b)® 

Hence, for a continuous stimulation of the spatial density q = q (Xo> * 0 ) 

we have: 

/ ^ikM 

Q dxQ dyQ dzQ . 

This holds not only for unbounded space, but also in the case where there 
are bounded surfaces a on which arbitrary linear boundary conditions 
are prescribed, whether homogeneous, e.g., u = 0, or inhomogeneous, 
e.g., u = U. In the former case we have scattered or reflected radiation 
emanating from the surface a , whereas in the latter case we have 
radiation that is stimulated by the pulsating surface a itself (see 

p. 180). 

As counterpart to the radiation condition (2) we have what may be 
called the “absorption condition”: 

(2a) Lim / = 0 . 

r -^00 ' ' 

We demonstrate the general validity of the radiation condition by 
showing that it guarantees the uniqueness of solution of the above general 
oscillation problem. We may then be convinced that the unique solution 
of the mathematical problem is identical with the solution that is realized 
in nature. Our problem is the following: 

a) In the exterior of a surface u, which may consist of several surfaces 

<^i> <^ 2 * • • ' > the function u is to satisfy the differential equation 

Au + Jc^u = e 

The function q measures the yield of the sources which may be 
continuously distributed or concentrated in single points. e 
function q is given and must vanish at infinity with sufficien 

rapidity. . . . 

b) On c the function u is to satisfy u = U, where U is a given pom 
function on a . The surface c lies entirely in the finite domain, 

c) In the finite domain u satisfies the condition (2) . The quantity r m 
(2) stands for the distance from any fixed finite point r = 0. Aroun 
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this point we draw a sphere S of radius r -»■ oo , which does not 
intersect the surface <r . The surface element on the sphere is 
dZ=r^dti), where do) is the solid angle seen from r = 0. The 
region between Z and a is called S. 
d) Except at possible prescribed sources the function u is to satisfy those 
conditions of continuity which we prescribed in the derivation of the 
differential equation. 

We assume that two solutions of this problem ui and exist and, 
as usual , form 

(3) u> = ui — U2, 

as well as the conjugate function w*. These functions satisfy the condi- 
tions a) to d) with p = 0 and U — 0. Then in Green’s theorem 

< 4 ) 



the integral on the left and the first integral on the right vanish. Hence, 
the integral over the sphere Z must also vanish. 

For the further discussion we write: 



w 



fn{». 9) 




which is sho^^m to be sufficiently general by the following: we consider ta 

expanded in surface spherical harmonics 9?). According to §24 A 

the coefficients must be of the form 

+ r) 

where f is connected with the half-index Hankel functions by equation 
(21.15). But here we must havel>„ = 0, because of the behavior of 
for large values of the argument (see §21 D, p. 1 1 7) . At the same place 
we learned that the Ci are composed of a finite number of terms of the 
form e**7(ifc r)” m<n . By arranging this expansion in spherical 

harmonics according to powers of r“" we obtain (5), where the <p) 

turn out to be finite sums of surface spherical harmonics. 

The satisfy a simple recursion formula. According to (22.4) the 
differential equation ^ written in terms of 

yields the equation 

-t- i i)(rw) + jfcz rw = 0 . 

dr^ r* 


( 6 ) 
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where D is the differential symbol of (23.15b) in the coordinates 
Applying (6) to (5) we obtain 



2ikn 



n(«+l) 






Replacing the index of summation n in the first term of the parentheses 
by n + 1 we obtain 


n— 0 


and hence the recursion formula: 

(6 a) 2ik{n + 1) /„+ 1 = {«(« + 1) + -0} /« • 


Hence: if fo = 0 Men all fi = = . . . = 0. 

We now investigate the remaining integral in (4). Since we are 
interested in the limit for r -> oo we can replace w by the first term of 
its expansion (5), ignoring the higher powers of l/r, whence: 












Thus we obtain: 


j'r^dto = — %ik J /o/J • 

The integrand is poaitive as long as/o?^ 0. But we saw in (4) that this 
integral must vanish. Hence 

/o = 0, and due to (6a) /i = /a = • • • = 0- 

Therefore 

uj = 0 and Ut = U:. 

The author’s original proofs of this uniqueness theorem assumed, in 
addition to the conditions a),b),c) for u, the existence of Green’s function 
for the exterior of the surface and an additional “finality condition. 
The fact that the latter is superfluous has been rigorously proven by 
F. Rellich® even for the case of an arbitrary number of dimensions 

^ See footnote on p. 183 and Frank-Mises II, chap. XIX, §5. The form of the 

proof given in the text is es.sentially F. Sauter’s. x *u,» 

> Jakresber Deutschen Math. Vereinigung 53, 57 (1943), which also r a 
case in which the surface <t stretches to infinity. 
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where the radiation 

(7) 


condition reads 

Lim r~^ — i = 0. 


oo 


In the two-dimensional case h = 2, where, as we know, the spherical 
wave e'^'/r is replaced by the cylindrical wave Hjtikr), equation (7) 
becomes 


(7a) 



which actually is satisfied by u = IlGikr). In the one-dimensional case, 
where the radiating wave is given by exp(tA;|*|), equation (7) 
becomes 



Lim 

1*1 -►oo 




Following Rellich, we stress the fact that no radiating solution u 
of the wave equation can exist which, in every direction, approaches zero 
more rapidly than 1/r. For such a function u we would have/o = 0 in 
C5) and, as we have seen, this causes u to vanish identically. In this 
respect the wave equation differs from the potential equation. For the 
latter solutions exist which, for increasing r, decrease more rapidly than 
1/r, the so-called dipole, quadrupole, and octupole fields of §24 C. For 
the wave equation such an r-dependence, which implies a pole of higher 
order than 1/r at r = 0, can happen only in the so-called "near zone” 
(r<A. A= wavelength); in the “far zone” (f> A) every solution 
of the wave equation behaves like the spherical wave c“7r. Potential 
theory is the limiting case A = oo , as for this case, the near zone 
reaches to infinity, so to speak. 

We now come to the problem of Green’s function for a continuous 
spectrum. We first consider in detail the very simplest one-dimensional 

example ( oo < a: < -f- oo), in which the radiation condition is the 

only boundary condition prescribed. Green's function is then identical 
with the “principal solution” introduced on p. 47. and therefore has a 
“unit source” at an- arbitrary prescribed point x = Xo (see exercise IL3). 
It must satisfy the conditions: 


a) 

b) 


d*0 

dx* 


+ Ifca G = 0 


\dx/x,+ o Sdx/xt—O 


da 

d\x\ 


— t lb G = 0 


for xo 

(definition of unit source) 


c) 


for ® ± CO. 
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The solution is seen to be 




1 

2 ik 


z,) 


1 

2 ik 


g-a(z-z,) 


for x>Xff, 
for X <.Xq . 


We compare this to the representation (27.5) first for the finite 
region —?<*< + ?, but with the usual boundary conditions 
replaced by the radiation condition. In preparation for a continuous 
spectrum we change the name A*„ of the eigen values to ^ ; the eigen- 
function u = Ux which belongs to X is then defined by 

a) 0+;.2« = O -l<x< + l. 



If we write the solution of a) as: 

(9) tt = A ^ 

then according to b) we must have 

A A + k P. — k+2iAl 

£^X=k‘ -I+i* 


From this we obtain the equation for X: 


This equation splits into the equations 


(9a) 

A — ^ 2iXl LI 

B = A, 

u — 2 .4 cos A®, 

(9b) 

^ — k 2ill _ 1 

B = —A, 

u = 2 1 sin A® 


From (9a) we obtain as first and second approximation 

for A>i, ;i=jm and m^^oo. 

for ^<4. A = y(m + i) and = 


(10a) 
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(10b) 


for A>1. A = j(m + J) and = ^ (m + i) [l- 

for A = and = jm^l — , tn = 0,1,2,... 


Fig. 26. The path of integration ll'i i-J e<tm- 
pleted by the path Wt to an infinite closed path 
IF = U’l + U'l. For positive x — x» this path 
ca»i be deformed so that it runs in the positive 
imaginary A* half plane. 



We see that the values of A as calculated from (9a) and (9b) form a 
sequence (marked by x in Fig. 26) that, starting with A =0, first 
descends linearly into the negative imaginary A- half plane* and finally 
for large A (large m) osculates the real A- axis from below. According 
to (9a, b) the successive points alternatingly belong to cosine and sine 
eigenfunctions. After normalization to 1 these eigenfunctions are 



- cos Arc , 

Vni-rA) 

^ sin Arc , 

^ yi(i—A) 



siD aI cos Ai! 


In the limit l->oo the A- points of Fig. 26 will be everywhere dense 
on the right half curve denoted by Wi. The difference between two 
successive points of the sequence (lOa) or (10b) then always becomes 


(lla) 




We now return to the representation (27.5) of Green’s function. 
For u(P) and u(Q) we substitute their expression (11) in the variables 
X and Xo respectively, and combine the pairs of successive cosine and sine 
terms, i.e., the terms which belong to successive eigen values A. The 
numerator of (27.5) then becomes 


«(P)«*(e) 


c osAj C 08 Arp 

Ul + 'l) 



Rtn Ax 810 AXp 

■ — 


According to (11) and (lla) we have for Z -*• oo 

* The fact that the eigen values are complex in contrast to the theorem on 
p. 169 is due to the fact that our present boundary condition is of a complex nature. 
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Hence the numerator in (27.5) becomes cos A (x — rfA/jr, while the 
denominator in our present notation is k" — a?. Equation (27.5) then 
becomes 




i dx 

n J 



where W in the last term is the path Wi + Wi of Fig. 26. The fact that 
tlie integration over TFi is equal to one half the integral over the whole 
path W follows from the fact that in the integral over Wi both the numer- 
ator and the denominator are even functions of A. The fact that in the 
last term we can replace the cosine by the exponential function follows 
from fact that the sine part of the exponential function is odd in A and 
hence vanishes upon integration. The path W is much more convenient 
than TFi since it can be deformed away from the origin by the methods 
of complex integration. 

The manner in which this deformation should be performed can 
be seen from Fig. 26. For positive x — xo the path W can be drawn over 
into the positive imaginary A half plane, for negative x — xo it can be 
drawn into the negative imaginary half plane. In the one case the path 
can not be transformed across the pole A = + ^ of the integrand in 
(12), in the other case it can not be transformed across the pole A = A:. 

Forming the residues and combining the two cases we obtain from (12): 




1 

2ik'^ 


This is exactly the same as (S). 

Hence we see: The general representation (S7.-5) of Greenes function 
remains valid for a continuous eigen value spectrum if, in accordance with 
the radiation condition, we consider a complex path of integration. If 
instead we have the “absorption condition" (i replaced by — i in (la) 
and (2)), then instead of W we have to consider its reflected image on the 
real A- axis; we then obtain equation (13) with i replaced by — i- 

If instead of the one-dimensional case we consider the two- or thr^ 
dimensional case and correspondingly replace the coordinate ^ by t e 
polar coordinates r, ^ and then the spectrum o t e eigen 

values becomes continuous only in the r^coordinate but remains 
tinuous in the angle coordinates. For example in the case of unbounded 
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three-dimensional space we start from the following representation of 
Green’s function 

,14) 2nG{P,Q) = ^^77:‘(cos^)77-{cos^o) > 


(14 a) 


F = ^^{Xr) 


Here, as in the preceding section, IT and stand for the spherical 
harmonic and Bessel functions normalized to 1; and in the followingthe 
2',Z^ correspond to the Hankel functions C*. The factor 2n on 
the left side is due to the normalization of the functions exp 
and exp {— . As in Fig. 26 the path TFi lies in the complex X- 
plane from ^ = 0 to A = oo. and again avoids the pole X k 
We first give a brief discussion of the way in which this representation 
can be treated in analogy to the one-dimensional case. This will yield a 
representation of spherical and cylindrical waves which we have met 

before. 

In order to transform W\ into the path IF of Fig. 26, we write 

5'„ar)=i(ZiWr) + Zj(Ar)), 


For the convergence problems which arise in connection with the 
normalization we refer the reader to Appendix I. Due to the proper- 
ties of Hankel functions (see exercise IV.2, in particular equation (12), 
and also the discussion in connection with equation (32.13)), we can 
transform the integral over Wt, which involves the function F of (14a), 
into the integral over W involving 

(14b) = iX r) (X r^) r > ro , 


and 

{14c) Fz = ^^niXr) ZliXro) r < /„ 

Since the integrand y&n\shes at infinity in the positive 

imaginary X- plane for both cases r ^ , the integral of (14) reduces 

to the residue at the pole X = k: 




^ Zl (k r) {k r,) 

'FAkr) Z;.(ir„) 


r<rQ. 


Applying the addition theorem of spherical harmonics (22.34) we obtain 
from (14); 
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G{P, Q) = 



n„ (cos 0) n„ (1) 


Zl {k r) [k ro) 
{k r) Zl {k ro) 


r>ro, 
r <rQ, 


For reasons of symmetry G(P,Q) in unbounded space is a pure 
function of the distance 


between P and Q; namely, due to the definition of the unit source on 
p. 47 we have 

( 16 a) C) = = 4^- 

where is given by (21.15a). If, on the right side of (16), we pass 
from JJ, W, Z to P,y>, C (see Appendix I equation (9a)), we obtain the 
addition theorem (24.9a). 

The corresponding series for the two-dimensional case are con- 
tained in (21.3). 

More important than the derivation of these kno^\'n formulas is the 
generalization to the case in which space is not unbounded but is 
bounded by a finite closed surface o (or, in the two-dimensional case, 
by a curve s) with prescribed boundary conditions. We are then dealing 
with the proper problem of Green's function: to find a function G{P ,Q) 
having a unit source in Q, satisfying the radiation condition at infinity 
and the given boundary condition on o(or s). 

We choose the special case in which the surface o is a sphere 
r = a, and the boundary condition is 

(17) u = 0. 

The point Q is to lie on the ray 

The eigenfunction which belongs to the eigen value A is no longer 
but can be written in the (non-normalized) form 

(18) ««(A,r) = V’n(^*') + ^Ci(^**) 


Due to (17) the function A becomes*® 


(18a) 



Vn (1«) 

c; (^) • 


For the construction of Green’s function we shall not follow the 
general method of equation (14). Instead we shall use a shorter though 

The fact that A depends on A made it necessary to write « (!.*•)» instead 
of « (A r) . 
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less sj’stcmatic approacli based on equation (24.9) for unbounded space: 


,ikR 


(19a) ] e' ^ 

a9b) 71^ = j; 


Cj,(^: r) 
Cj,(^^o) Vr.(A r) 


r >ro. 

r <ro. 


Here (19b) will not yet satisfy condition (17) for r = a; in order to 
satisfy (17) we complete the right side of (19bl by adding 


CO 


— 'V (2n4- 1) (cost?) Ci(^ro)v.„(^a) 


Cl(ir) 






Due to (18) the right side of (19b) becomes 

(20) Ij2n+ 1) P„ (cos {)) (k fo) (k, r) . 

ft— 0 


If we make the same adjunction to (19a) then the continuous passage 
from (19a) to (19b) for r = ro is preserved, as is the radiation condition 
for r oo . The right side of (19a) becomes 

(21) Ji: (2 n + 1) P„ (cos ^) Ci, (* r) {k, r^). 

ft “ 0 


From (20) and (21) we obtain Green’s function by adjoining the factor 
kjAni which, as in (16a), is due to the condition of a unit source. 
We then have: 



G iP, Q) = 



(2 n + 1) (CO.- y?) 




^>ro, 

r<TQ. 


This way of writing reveals the connection with our general method 
in (14). The function F of (14a) is now represented by 


F = w„(A, T) «„(A,r^); 


except for a constant normalizing factor. The corresponding functions 
F 1 .F 2 of (14b, c) become 



1 Cn r) (A, To) 
^ ^ 0 ) «» (^. »■) 


r > ro . 
r<ro 


IJy forming the residues for X = k we then obtain equation (22). 

In Appendix II of this chapter we shall introduce a novel method of 
constmeting Green’s function, which not only improves the convergence 
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of the series in the most important cases, but also reveals new aspects 
of the method’s applicability. 

In the appendix to the following chapter we shall further show that 
this method would solve the problem of wireless telegraphy on a spherical 
earth (for infinitely conductive soil and a vertical “dipole antenna”) if it 
were not for the decisive role of the ionosphere. 

Finally we remark: a representation of the form (14) remains valid 
if as the surface o we choose an ellipsoid instead of a sphere. Instead 
of the r, q> we then have to use the coordinate system of confocal 
ellipsoids and hyperboloids. The spectrum of eigen values for the exterior 
of the ellipsoid will then remain discrete in the parameters of the one 
piece and two piece hyperboloids, but becomes continuous in the 
parameter of the ellipsoids. By integration over this last parameter we 
would obtain a simplification similar to that of (22). Even in the most 
general case where there are no separating coordinates, in which the 
eigenfunctions can be decomposed into products, we can still use equa- 
tion (27.5) as a starting point for the representation of Green’s function. 

§ 29. The Eigen Value Spectrum of Wave Mechanics. 

Balmer's Term 

The Schrodinger equation of wave mechanics for the simple case 
of the hydrogen atom reads 

( 1 ) 0 . 

This is our equation (7.15), with the difference that the symbol of energy 
W has been replaced by the difference of the total energy IT and the 
potential energy. T or, mechanically speaking, by the kinetic energy. 
The Rutherford model for the H-atom consists of a nucleus, the proton 
with a + e charge, and of an electron with a — e charge that moves in 
the proton field. Its potential (Coulomb) energy measured in electro- 
static units is 



where r is the distance from the proton and V is normalized so that at 
infinity we have T = 0. The mass energy woc* of the electron at rest 
is not to be counted in the total energy. In the following may con 

sider the proton at rest at the point r = 0. 

Equation (1) differs from the wave equation we have treated so 
far because the constant has been replaced by a point function which 
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becomes singular at the point r = 0. Whereas we have used k to denote 
eigen value, we shall now use W as an eigenparameter. Hence, we shall 
seek those values of W for which (1) has a solution which is continuous in 
the entire space. These solutions are the eigenfunctions of our ‘‘Kepler 
problem,” where the nucleus plays the role of the sun and the electron 
the role of the planets. Since the electron may move in unbounded space, 
the spectrum of eigen values will be continuous in the r-coordinate as in 
equation (28.14). More important for us is the fact that the spectrum 
also has discrete components. 

The spectral apparatus gives us the discrete spectrum by measuring 
the line spectrum, which, in the case of hydrogen, is given in the visible 
range by the Balmer series //«, Hg, . . . The lines of tliis 

spectrum cumulate at the limit given by the Rydberg constant li. The 
adjoining continuum lies in the near ultraviolet range. Both the discrete 
and the continuous spectrum are given by the Schrodinger equation. 
This equation reduces to a simple mathematical formula the enigma of 
the spectral lines, with their finite cumulation point, the behavior of 
which differs so fundamentally from that of all mechanical systems. 

Niels Bohr gave a general explanation of the Balmer series and its 
limiting frequencies twelve years before Schrodinger, by endowing the 
Rutherford model with certain quantum theoretical traits. However the 
concept of orbits he used lead to diverse contiadictions and had to be 
abandoned in favor of the analytic model of equation (1). The fact that 
(1) is also based on quantum theory is indicated by the entrance of 
Planck's constant K — hj2n . 

What is the physical meaning of the eigenfunction y> 'i The 
answer to this question shows the complete revolution in the concept of 
nature that quantum theory has brought about: \rp\^dx dy dz stands 
for the probability with which we may expect to find the hydrogen electron 
at the point {x,y,z) within an error of dx,dy,dz. Hence, in wave mechanics 
the concept of probability takes the place of the concept of strict deter- 
minism which rules in classical mechanics. The measure of indeter- 
minacy in the atomic range is Planck’s h (Heisenberg). 

The “normalization of the eigenfunctions to 1,” which so far had 
been introduced only for mathematical simplicity, thereby acquires a 
fundamental meaning. Namely, the equation 

(3) /lV'pdT=l 

asserts the certainly that the electron is somewhere in space; this condi- 
tion is necessary from the point of view of wave mechanics. Equation 
(3) holds for a discrete spectrum; for the continuum it must be modified 
according to the prescription of Appendix I to this chapter. 
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We now turn to the integration of (1). introducing the coordinates 
r, i9, 93 . If we write the wave equation in the form (22.4) and let“ 

(4) V = 

then according to the differential cfiuation (22.13) we obtain 


We first consider the case in which the electron is tied to the nucleus. 
Then W must be negative since the energy of the electron at rest at 
infinity is normalized to zero. If it is absorbed by the nucleus and 
stably tied there then its energy is decreased. If, on the other hand, 
W > 0 then even for an infinite distance from the nucleus the electron 
has positive kinetic energy and, mechanically speaking, has a hyperbolic 
orbit. 

The asymptotic behavior of % for r -»• 00 is obtained from (5) by 
neglecting all terms with l/r and 1 r-: 


For negative W we write 





Q 




The other solution of (5a), namely. % = exp (+e/2), must be neglected 

since % is to be finite everywhere. 

In order to obtain an exact solution of ( 0 ) we write 


( 6 ) 


X = e-’ V (e) 


and obtain as the differential equation for v 
(6 a) + 


^0 


with the abbreviation 


(Gb) 


n 5=s 


m eyft 
J/— 2mir 


'• Here we denote the lower index of P by I instead of w. corresponding to w-ave 

mechanical usage: I = azimuthal quantum number, nr = radial ^ 

„ = _j. 2 _}. 1 * total (luantum number. « « magnetic quantum number, nnere 

we now iiave — I ^ m ^ + 1 - 
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In order to discuss (6a) avo use the method of equation (19.36). We 
write 

(7) v = Q^w, It’ = Co + fli e -i- 

and in analogy with (19.37) we obtain: 

(7a) A(A 4- 1) = 1(1 + 1), and hence X — 1 . 

The other root of (7a) A = — i — 1 must be excluded, since v as well 
as X must remain finite for g = 0 . The recursion formula for the 
0 /. is obtained in analogy with (19.37a) by equating to zero the coeffi- 
cients of in the power series obtained from (6a) and (7). 

Thus we find: 

n h\ ^ + ^ + 1 ) 

^ ^ 4- 2 (A 4- A: -f- 1) — i (i + 1)] + flfc [n - 1 — A - *] = 0 • 

If in this equation we make the coefficient of a^. equal to zero by setting 

(8) n = A: 4“ ^ 4“ 1> 

then Ot+i vanishes and so do all the subsequent terms in w: the series 
breaks off, that is, w becomes a polynomial of degree k, whose further 
properties we shall treat later. For the time being we shall stress only 
the following facts: 1. Due to the factor exp ( — g/2) in (6), we see 
that as r — ♦ 00 the function x tends to zero with sufficient rapidity 
to make possible the normalization of y according to (3), no matter 
what the degree of the polynomial w. 2. If the series did not break off 
then from (7b) we should obtain an asymptotic behavior of which 
would make w become infinite to the order exp (4-e) for p-^co , 
and the normalization of would be impossible. Hence the require- 
ment that the series for w break off is a wave mechanical necessity. 

We now consider equation (8). We denote the value of k there 
by n,. (radial quantum number) and for A we substitute its value 
from (7b) (azimuthal quantum number). Hence, according to (8) n is 
integral: 

(8 a) n = «, -f i 4" 1 • 

This number n is called the “total quantum number.” From equation 
(6b) we obtain: 

. fit 

(8 b) W = = 2 7l*n' ’ 


Setting W equal to the energy quantum h v we obtain 
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where 

(9 a) 


wi e* It 
^ “ n* 



2 71^ m e* 


This R is the above mentioned “Rydberg frequency”; it can be measured 
spectroscopically with extraordinary precision and hence can lead to an 
improvement of our knowledge of the fundamental constants €,m,k. 
The number v of (9) is called the Balmer term. 

The observable frequency of a spectral line is obtained by the 
passage of the atom from an initial state 1 to a final state 2 and is com- 
puted as the difference of the associated terms Vg and Vj. Hence for the 
hydrogen spectrum we have 



The Balmer series corresponds to the passage into the final state = 2; 
the Lyman series which lies in the ultraviolet range corresponds to the 
passage into the fundamental state of the hydrogen atom na == 1; in 
both cases the passage is from an arbitrary initial state > n^. Hence 
we have 

(10a) V = R , 71 = 3. 4, 5, . . . Balmer series, 

n = 2, 3, 4, . . . Lyman series. 

The series with ria = 3, na = 4, . . . lie in the infrared domain. 

After having learned about the eigen values of the H-atom we wish 
to consider the analytic character of its eigenfunctions, ^\ith the use of 
(7), (7a) and (8a) we obtain from (6a) 

(11) 0 + [2 (i -M) - e] w' + (n — ; - 1) w = 0 . 

This equation is obtained through {21 -|- l)-fold differentiation from the 
simpler differential equation 

(12) ei” + (1 — e) r-\-fiL = 0 with /* = n + l 

For every integer this equation has one and only one polynomml 
solution of degree fi. With a suitable normalization we obtain the 
solutions: 
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= L=l, 

/x = l, L = — 1 , 

fi = 2, i = 4^4-2, 

fx — ^, L = — + — 18^ + 6. 


These are precisely the expressions we denoted in exercise 1.6 as Laguerie 
polynomials; equation (12) is the Laguerre dih'erential equation, as 
indicated by the clioice of the letter L. This differential equation coin- 
cides with the differential equation (24.29) of the confluent hyper- 
geometric function for the parameters « = — // = — n — I . 

Hence we have 


(13) L = F 


and 




Hence from (4), (6), (7) and (7a) we obtain the representation of the 
hydrogen eigenfunction 






Pf’fcos i?) 


where JV is a normalization factor due to (3). From (5a) and (8b) we 
obtain q : 

(14a) p=— , a = 

' ' n a ’ me- 2 

where, as is customary, a denotes the “hydrogen radius." 

In order to justify this notation, and as a single special application 
of the above, we compute the “probability density" in the “fundamental 
state" n = 1 of the H-atom. For n = 1 we have according to (8a) 
f = 0, rir = 0 and hence from (14) 

y = - A”! e- = - iVi e“ \,pf=-Nle- 2'^“, 

where from (3) we obtain Ni = (n a®)”* . Hence, the probability of 
finding the electron is distributed spherically over the nucleus. For 
r = 0 this probability assumes its maximum for r = a its value is 
only (A^j/e)®, but it only vanishes at infinity. The charge density is propor- 
tional to this probability. From the point of view of wav'e mechanical 
statistics we do not have an electron which is concentrated at a point, 
but instead we have a charge cloud whose principal part is in the interior 
of a sphere of radius a. 

From the older point of view of orbits we must ascribe a disc-like 
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form to the H-atom. The fundamental state (circular orbit of radius a) 
then corresponds to a circular disc. In a magnetic field all the circular 
discs of an Il-atom gas would have to be parallel to each other and per- 
pendicular to the magnetic force lines; a light ray passing through this 
gas would have to show “magnetic double-diffraction.” Precise measure- 
ments by Schiitz, though performed not on an H-atom gas but on the 
analogous Xa-vapor, showed no trace of this phenomenon. This is one 
of the contradictions which have been cleared up by wave mechanics. 

A behavior similar to that of the fundamental state of the H-atom 
is obtained for all states with I = 0, the so-called “s-terms” of spec- 
troscopy. For I = 0 we obtain from (14) 

e=^. n = n, + l. 

which again means spherical symmetry. Such s-terms are the funda- 
mental states of the alkali atoms Li, Na, K The same holds for 

all completed shells, e.g., the so-called eight-shells of rare gases. The 
proof is based on the addition theorem of spherical harmonics. This 
spherical symmetry of the closed shells is obviously of great importance 
for all chemical applications. 

We have to add a few remarks about the continuous spectrum of 
hydrogen, that is, about the states TF > 0 (the “hyperbolic orbits of 
the older theory). The electron is then no longer tied to the nucleus 

but is still in the field of the proton. 

According to (5a) and (6b) e and n become purely imaginary for 
IF > 0. In the asymptotic solution (5a) the two signs of pare equiva- 
lent; both solutions exp {± e/2} can be used. It is unnecessary, and 
due to the imaginary character of q it is also impossible, to make the 
series (7) break off. Hence every value of W is permissible. Tfw W- 
spectrum becomes continuous and reaches from IF = 0 to IF — C50. Since, 
according to (8b) IF = 0 corresponds to the limit n = oo of the discrete 
spectra, we see that to each of these spectra there adjoins a continuous 
spectrum in the short wave direction. The analytic form of the repre- 
sentation (14) remains valid; but L is now no longer a Laguerre poly- 
nomial but a confluent hypergeometric series which does not break off, since 
the parameter a=-n-l in (13) is no longer negative integral but 

general complex. 

§ 30. Green's Function for the Wave Mechanical S^tering 

Problem. The Rutherford Formula of Nuclear Physics 

Nuclear physics originated with Rutherford’s experiments on the 
scattering of «- rays by heavy atoms. Since the electron shells of the 
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atom are immaterial for the case of a* rays, we may treat the scattering 
problem in terms of the continuous H-speotrum. are dealing, in 

fact, with a two-body probtciu: a nucleus (of charge Zc, where Z is the 
atomic number, Z 1 for the Il-spcctriinil anil a particle intei’ueting 
with it (in this case an a- particle with mass and charge Z e where 
Z' = 2; in the preceding case an electron of mass ni and charge c 
corresponding to the chaige number Z' = — 1). First we want to find 
that point of the continuous spectrum that corresponds to the energy 
constant of the incoming a- rays. For an inHnite distance between 
the a- particle and the nucleus the kinetic energy of the a- particle is 




hence 


2»n^ U' = 


where ^ = m^v is the kinetic momentum of the «• particle. 

If we now pass from the corpuscular interpretation of the rays 

to the "complementary" wave interpretation, then pjJi is, at the same 
time, the tcare number'- of the <x- rays. 

Hence we have 




>«a V 

~ir 





We can, therefore, rewrite the variable Q of f29.5a) in the form 
(2) n = 2il(„r . 

For an arbitrary point of the continuous spectrum (i.e., foi an aibitiaiy 
value TF different from IF,, ) we replace by A as in §28. Equations 
(1) and (2) then generalize to 



If, as before, we assume the nucleus at rest then the wave equation 
(29.1) becomes 




ZZ't^ 

Y 


) 



For the time being we replace (3) by: 

In furt tJie formula e.juation of L. de liroglie: “h times the 

reciprocal of the wavelength etpial.'* the momentum. '' which in turn is the relativistic 
completion of Planck’s equation: "h times tlie reciprocal of the time of oscillation 

equub the energy.*’ 
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Alp -p ip = 0, 


K2 = ;2- 


2 ZZ'e^ 


tor tlu‘ |)oint / = of the .‘^pect rum we then have 


1310 


Kz=^kz- 


2 ZZ'f? 
^8 r 


Wo note the important fact that in the difference the 

potential term, which is a function of position, is eliminated, so that this 
difference becomes independent of position: 


(4) 


A -f> 


A'; = - A- 


.2 




d'he leader should convince himself that all our previous deductions 
from (Ireen's theorem, such as the orthogonality of the eigenfunctions 
in §26 or the representation of Clreen’s function for constant fc* in §27, 
remain \ alid for our generalized wave equation Aip-\- = 0 with A* 
ix function of position given by (3a, b). 

^^■e now return to the Rutherford scattering experiment. If we 
consider the source of the a- rays (the radium particle) to be point-like 
and in the finite domain, then we have a spherical wave of corpuscular 
rays, which is modified by the presence of the nucleus in the manner 
prescribed by the wave equation (3). However if we remove the source 
to infinity, which is more natural and at the same time simpler, then we 
have to treat the same problem for the plane wave. In both cases the 
solution is given by Green's function of §28; in the first case for a general 
position of the source point Q, in the second case for the limit Q -^oo. 
Since Green’s function was to be summed over the complete system of 
eigenfunctions, we have to consider the discrete as well as the con- 
tinuous eigen value spectrum for a finite Q. However in the limit 
Q^oo uiQ) vanishes for all eigen values of the discrete spectrum; 
hence, in this case we have to carry out the integration over only the 
continuous spectium. We may retain the expression (29.14) for the 
eigenfunctions u(P) in question, if we replace e by 2tAf m accordance 
with (2a). If in addition we let ^ = 0 be in the direction of the hn^e 
which joins Q to the position O of the micleus, then the scattering prob- 
lem becomes symmetric with respect to the axis ^ = 0, and hence 
independent of <p , so that the eigenfunctions m(P) must be inde- 
pendent of tp . Therefore according to (29.14) Ave have 

(6) « (P) - Xi (e) Pi (cos ^), Xi=^Q' ^ ^ 


dQ 




The corresponding expression for u{Q) is obtained from (5) by replacing 
P,(cos^) by P,(cos^o) = -Pi('-1) = (-!)** ^nd Xiie) by XM 
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and then passing to the limit then obtain the repre- 

sentation of the plane wave from (28.14). By performing the integra- 
tion over the path W of Fig. 26 and forming the residue at the pole 
we obtain a series representation of the form 

( 6 ) e = 2ik„r, 

where the coefficients C, are determined in a somewhat cumbersome 
fashion in terms of the normalizing factors of the X ^ 
asymptotic behavior of ;t(e 0 ) ■ This representation was first derived by 

W. Gordon.** 

A much simpler representation is obtained if we replace the polar 
coordinates r , ^ by the parabohc coordina/es ^,rj. We thus obtain as 
the wave function of the scattering process (see Appendix III of this 
chapter) : 

(7) y = 77 = r- a: = 7 ( 1 -cos ^). 

Here k is the wave number of (1) 

(Va) k=k^ = ^; 


and n is the total quantum number, which, becomes purely imapnaiy 
for the continuous spectrum as mentioned at the end of § ^ 

quantum number is computed from (29.13) where, as in equation (3), we 

have to replace e* by — ZZ'e ^ : 



ie^ZZ' 


The function L„ is the confluent hypergeomelric function of (29.13) for 

I = 0 : 

(7c) i„(e) = F(-n, l.e). 


The variable rj is the parabolic coordinate defined ( 7 ), the other 
coordinate is f = r + x = r (1 + cos tf). In the following & will 

be called the “scattering angle.” 

From (7) we obtain the asymptotic value for r • 


CO 




r 


with the abbreviations 

“ Z. Phyaik (1928). See also the excellent lx»ok by Mott and Massey, The 
Theory of Atomic C^oUision-s. Oxford. 1933, chapter III. 
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^ {—ikTjT 



infk 

1 — cos^ * 


The first term on the right side of (8) represents the incoming pZane wave, 
the second term represents the spherical wave scattered from the nucleus. 
The quantities Ci, Co are not constants but depend on 7) ; however, 
since n is purely imaginary unly their phases depend on r). We are 
interested only in the absolute value of the ratio CtlCi, which is inde- 
pendent of ri and hence of r, and depends only on the scattering angle 
. Namely, from (8a) and (7a, b) we obtain 



C| |tn[ 

Cl A(X — cos^) — cos#) 2maf28m^#/2 


According to the wave mechanical definition (29.3) of probability 
density, the square of this quantity is the ratio of the number of scattered 
particles per unit of spatial scattering angle and the number of incoming 
particles per unit of area on a surface perpendicular to the incoming direc- 
tion. This law was deduced by Rutherford through geometric considera- 
tion of the classical hyperbolic orbits without the help of quantum 
theory. This was possible owing to the fact that the constant ^ 
canceled in (9). Rutherford’s law holds not only for rays but also 
for any other particles (protons, electrons, . . . ) which are in Coulomb 
interaction with the nucleus, of course with a correspondingly different 
meaning of Z’ and . The interesting "exchange effect" that occurs 
for the equality of scattering and the scattered particle will not be dis- 
cussed here. For very high velocities of the scattering particle we should 
have to use relativity theory. 


Appendix 1 

Normalization of the Eigenfunctions in the Infinite Domain 

In passing from a bounded to an unbounded domain we encounter 
certain difficulties in convergence which can be removed only by a 
in the normalization process. This modified process was introduce J 
H. Weyl in the theory of integral equations and has been adapted to wave 

mechanics. 

As an example we choose the function Ulhr), where v i 
arbitrary and is a root of the equation h{ha) = Q . According o 
(20.19) its normalizing integral would be: 

a 3 

itf = y [/, (fc r)]* r dr = ^ [/; (t a)]* i 

0 


(1) 
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Due to the asymptotic behavior of ci' this integral becomes divergent 
in the limit a->oo {undetermined between the limits ± oo). In order 
to obtain a normalization of 1, for a-»-oo we start from the more 
general integral 

(la) N' = Lim J 1, (k r) I, {k' r) r dr 


According to (21.9a) N' behaves like the function ^(fc|4') namely, 
it vanishes for k ^ k' and becomes infinite for k = k' so that 



/ N’ k’ dk' = 1 
a 


where A is an arbitrary interval containing the critical point k' = k. 
Since in particular A can be chosen arbitrarily small, so tliat k' can be 
considered constant in A , we may replace (2) by 

(2a) 

j 


and similarly 
(2 b) 



1 



We now change the normalizing integral (1) in the limit a — ► oo to 




oo 


= / r dr I, (k r) J dk' I, (Jc r), 


that is, in (1) we replace one'* of the two proper oscillations I, by the 
group of neighboring proper oscillations 


(3 a) 



dk' I, (*' r) 


and thus eliminate the above indeterminacy by averaging, so to speak, 
by interference within the wave group. From (la) and (2a) we then 
obtain 

(4) lN'dk' = ^. 

d 

In order to make clear the mathematical essence of the above 

•* The symbols a, r, e of (21.9a) have been replaced here by r,k',k. 

According to the original method of Weyl we could also replace both eigen- 
lunctione I by “eigendifferentiala" of the form (3a). Instead of the expressions 
"group of proper oscillations" or "wave group" used in the text, the less attractive 
term "wave bundle" is customarily used in wave mechanics. 
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procesSj we were somewhat careless in the interchanging of the limiting 
processes a~* oo and A -*-0 (or in other words k' . It would 
therefore be desirable to deduce equation (4) once more on the basis of 
Green’s theorem. Writing 


(5) u= v = /^ (*' r) e'''’’, do^rdrd<p, d£=ad(f 


we compute'® j (u Av — v Av) da in the known manner both as a surface 
integral and by Green’s theorem as a contour integral. We then obtain: 


(5 a) 


(jfc® — fc'*) J uvrdr=a^^ — v 



If we divide by — k'^ and integrate with respect to k' (under the 

integral sign) from k' — k — 4/2 to fc' = Af + J/2, and then pass to the 

limit a — ► oo , the left side becomes the normalizing integral N of (3). 

On the right side we choose a so large that we can compute the I, 

asymptotically. If we choose half the sum of (19.55) and (19.56), the 
constants =F f*' + in the exponents partly cancel and partly are of 

no consequence in the following consideration, and so may be omitted. 
Then we obtain as the right side of (5a) : 


fc+J/2 


_ (e < fc' « 4- e- < «)<* (e< **—«-»**))• 




After multiplying out and collecting terms we obtain 

^ sinffc — k')a , sin (fc + ^') <* 1 

1/i^ 1 + k^V \ 


(6) 


1 r dk' f sin (k— 

« J 7^1 


For sufficiently small A we can replace by k and put it in front of 

the integral. If in the first term of the integral we make the substitution 

X = (k ~ k')a, then it becomes 


-/ei 


Bin X 


dx 


with 




= a A/2, 

= -a A/2, 


— 4 

In the limit o-»- oothis assumes the value n (see exercise 1.5). In the 

second term of the integral (6) we make the substitution y = {k + k)a. 

>*The domain of integration of Green’s theorem is not the complete 
radius a. but the domain of periodicity of u and v as in equation (25^). ^ 

a circular sector of angle « = 2 «/v. In the integration ynth respect to ^ ^e obtain 
a factor a on both sides of (Sa) that, in the text, has already been canceled. 
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The limits of integration then become 


PQ 


for 


OO, 


y, = (2 fc — /1/2) a 
y. = {2 * + J/2) a 

It is easy to see that this second term vanishes. 
1/k and (5a) becomes 

(7) 


Hence (6) becomes 


which coincides with (4). From this it follows that the Bessel function 
which is normalized to 1 in the above manner is given by 

(7a) ^J,(kr)=/kl,{kr). 

y iV 



From the relation (21.11) 

(kr)= y>„ (fe r) 


we further see that the function y>„ normalized to 1, which we denoted 
by on p. 197, is related to Vr. by 


(8») 





ky)„{kr). 


Indeed, from (7a) and (8) we have 

t» oo 

1 = 1 rdr]^J^^^(kr) j dk' ]/P r) = 1 f r^drky>„ {kr) f dk' k' y>„ (i' r) 

0 a 0 j 

substituting this in (8a) we obtain 

(9) 1 »= /*r* dr {k r) f dk' {k' r) , 

which according to (3) means normalization to 1. 

Equation (8) relates not only and v>„, but also the associated 
functions and Cj,’* ; hence equation (8a) holds also for the C„ 

normalized to 1 which we denoted by on p. 197. 

For a general three-dimensional eigenfunction equation (3) holds 
in the form 


(10) N — j dx u„ ^ dk' , 

A 

where u„ and u„' are the eigenfunctions belonging to the eigen values 
k and k'. The eigenfunctions normalized to 1 are then 

(lOft) u^ = ujyjr. 
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A Xew Method for the Solution of the Exterior Boundary 
\ alue Proulem of the Wave Equation Presented for the 

Special Case of the Sphere 

The “exterior boundary value problem” consists of the construction 
of a solution of the wave equation Jw -E u = 0, which is continuous 
throughout the exterior of the given bounded surface c , assumes 
arbitrarily prescribed boundary values u — U on a , and satisfies the 
ra<liation condition at infinity. We know that this solution is best 
represented by Green’s function which vanishes on a , satisfies the 
radiation condition at infinity, and at a prescribed point Q has a dis- 
continuity of the character of a unit source. 

In the case of a sphere of radius a and a source point Q with the 
coordinates t = Tq, d = 0 , we constructed G in the form of equation 
(28.22); 

^ (fc, ro) C„.(A: r)P„(cosi9) for r>ro, ^ 
z Tg) ik r) P„ (cos for 

The radiation condition is satisfied by the factor "lore 

precisely Cj(A:r), in the first line, the boundary condition for r = a is 
satisfied by the factor in the second line 

(lb) u„(k, r) = v>n(* r)-i- AC„(^r), A=~ 

where n is a positive iritegral and hence P„(cos is continuous for all 
values 0 ^ ^ ^ 

We now attempt to solve this problem in a more economical manner, 
by subjecting C..(Jtr) not only to the radiation condition, but also to 
the boundary condition 

(2) ^(fca) = 0 

Then V must be integral, since the roots of C,(e) = 0 coincide with 
those of Hl+^{o) = 0 . According to (21.41) these roots are non- 
integral and complex (of large absolute value). We denote the consecu- 
tive roots which lie in the first quadrant of the complex v- plane y 
Vj, J’ 2 * • • • general root by v„ . We use X to denote summa- 

tion over the complete system of these roots, and write 

(3) G= X: D. C , (ft r)P,{- cos i^) . 

The function P, here is not a Legendre polynomial but the hyper- 


(1) G = 


k 


ini 



APi*i:\i)tx n 


21.') 


(jeonuiric of (24.24;i) 

(3a) P,{-co^&)=f(-v,v+ 1, l/ 


The fact that in (3) we used P ^{ — cos i?) instc:id of P^f+cosi?) is 
due to the fact tliat (! is to l)o regular on tlu* lay ^ = /r ulaueas tlu' 
ray d = 0 is to contain the singular point Q. Accoi(iing to (3at tlic 
function ( — cos for ^ = ct has tlio value F { — i>. v 4- 1, 1, 0) = 1 : 
for 1 ^ = 0 we obtain from (24.32). after repla<'ing ^ by — ^ = — cos i?. 
the \'aluc 


( 4 ) 


sui vr? 


P (- V, V + 1. 1, 1) -> log 0^- . 


We now tuin t<i tlie dcdc'imination of tl)o cotdiicients D^, to which 
F. Sauter has made such valuable taaitributicjns. We rtanark; the fuuc- 
tiona Cj, are mutually orlhoijitnal, that is. m- hare 


00 


( 5 ) 


/ C (e) ie) dQ = 0, 

ka 


This is a consequence of the differential equation for which in 
analogy to (21.11) reads: 

s^r+[e“->’(>'+ i)]t. = 0. 

% 

If WO also write the same equation for and multiply thr.so eqttations 
by fp and respectively, then by integrating the difference of these 
equations over the fundamental domain ka q <ioo wo obtain: 

(5a) {v (V + 1) - + 1)} „ K.de = e (f, - f, ^If") I” 

ka 


The right side of (5a) vanishes at the lower limit on account of (2), at the 
upper limit on account of the asymptotic behavior of the ^ according 
to (19.55). Thus (5) is proven. At the same time (5a) yields the 
normalizing integral 


^== /rt. {0n^d0 = umo J'*^ 

J Vty+l)- 

ka 


-f. 


d9i, 

d9 


-A<(/x + l) 


00 

ka 


Differentiating the numerator and denominator with respect to and 
considering (2) we obtain 
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Introducing the abbreviations 

fCt. \ / \ 

(6 a) r],{Q)=—^, 


we can rewrite (6) in the shorter form 



d^r(Q) 





(fca)* 

2v + l 


7], {k a) C; {k a) . 


If we now multiply (3) by {k t) k dr and integrate from r = a 
to r = oo then, on account of the orthogonality and the normaliza- 
tion, we obtain: 


(7) Da Pf {— cos &) = J G Cyik r)kdr. 

a 

where v is any one of the roots v. 

However this determination of the D is not yet satisfactory since 
we do not know G. We therefore perform the following limit process: 
we divide (7) by P,(— cos^) (we now omit the bars over the v ) and 
then let t? approach zero. We also split off the source point singularity 
from G by writing 

{7a) —^nG^~ + g, = +il — ^rrQCOS^. 


Then equation (7) becomes 

OO 

(7b) = Lim f + g)CAkr)kdr/ P,(— cos^). 

Now g remains finite whenever a < r < oo and ^ is arbitrary, whereas 
P, ( — cos^) becomes infinite as ^ ^0 ; hence the contribution of g 
on the right side of (7b) vanishes. For the same reason we may restrict 
the contribution of e’*VP to an integration over the immediate neighbor- 
hood of the source point coordinate ro by writing 

r = ro(l-b»?), —e<r]< + £, dr = r® (i?; , 

CAk T) = Uk r,) . = 

while the denominator R is approximated by: 

« = >-0 l/a + »?)" + 1- 2 (1 + ^ - 

Thus (7b) becomes 
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+« 

(7c) — y’ cos i9) 


The limit on the right side is known from (24.31) to be njsinvn. 
Hence with the help of (6) we obtain from (7c) the completely determined 
value 




1 2v+l 

4 A:a2 sm»>7i r), {k a) {k a)' 


which no longer depends on e . Equation (3) for Green's function then 
assumes the form 

1 ^ 2v + l p , 

4 4:a2-^ sinvTi (i a) a) 

This formula becomes considerably simpler if, instead of tlie we 
introduce the normalized eigenfunctions 



Z^ikT)^ 


Ukr) 


Z,{kT^) 


Cv(A;rp) 

l/A^r 


Indeed, \vith the help of (6b) we can then rewrite (9) as 
(9 a) = ZAkr) . 


Equation (9a) will prove useful later on; for the time being we shall use 
equation (9), which has the following advantages and disadvantages: 

1. In (9) Green’s function is represented by the same formula 
both for r > To and for r < ro, not by two different formulas as in (1). 

2. The general requirement of the reciprocity of Green’s function is 
satisfied owing to the fact that (9) is symmetric in r and tq. On the 
other hand in equation (1) the reciprocity of G was expressed by the 
fact that by interchanging r and ro we interchange the two representa- 
tions for r > ro and r < ro. The reciprocity of G with respect to the 
angles and (w’e considered the case in which the latter is zero), 
can be expressed both in (9) and in (1) by replacing cos^ by cos 0 
which is symmetric in and . 

3. The orthogonality relation (5) is essentially different from our 
previous formulations: in (5) 4’* is multiplied by and not by 4* 
as in (25.11a); also, in (5) Cp is multiplied by the one-dimensional 
interval dr not by r^dr as in the application of Green’s theorem in 
exercise V.lb. 

4. It is remarkable that our representation (9) seems to break 
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down for ^ = 0 . since then according to (4‘) every term of the series 
becomes infinite like log ^ . whereas the function it represents is to be 
regular for ^ = 0 and r 5 ^ ro. Hence the whole ray ^ = 0(not only 
the point ^ = 0, r = Tq on it) must be considered a singularity of the 
representation (9). Hence in the neighborhood of this singularity, that 
is to say in a more or less narrow cone around this ray, our representation 
will become more or less useless. The question of the completion of our 
representation for the interior of such a cone shall be postponed to p. 221. 

5. On the other hand equation (9) simplifies for the neighborhood 
of ^ = n, say for ^ *= 71 — <5, where in the original form (3) it reads: 


(10) 0 = 2 r) P, (cos a). 

We now let ro increase to 00 , that is to say we pass from the primary 
spherical wave (7 to a plane wave u coming in the direction ^ = 0 . 
Then for (^^ 0 ) Hankel’s approximation (19.55) no 

matter what the index v since now the argument is large compared to 
the index. Then according to (21.15) we may write: 


(10 a) 


C, (A '■o) = 


1 

ikr. 


HkTt- {•'+l)*/2) 

e 


By combining all the factors which are independent of v into the 
amplitude A we obtain from (8), 

(lOb) = 


Substituting this value in (10) we obtain the diffraction field of the plane 
wave u in the rear of a sphere of ladius a under the angle of diffraction 
S . For the time being we set the boundary condition w = 0 for 
r = a; later on we shall discuss a boundary condition that is adapted to 
electromagnetic optics. 

6. The great advantage of (9) as compared to (1) lies in its rapid 
convergence for large values of ka. In order to test this convergence we 
compute the factors in the denominator of (8) for large ka and v. 
If as in (21.30a) we set 



cos « = — . 
e 


then we have according to (21.39) 


(Ua) 


C. (e) = 




sm z; 
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where 

(11 ^5) z = Q (sin (X — (X cos a) — ;r/4. 


The roots of f ^ = 0 are given by 

(11c) sin z = 0, z = 2 „ = — w 7c, cos z„ = (— 1)”, cos^ z„ = 1. 

Hence according to (11a) we obtain for z = z„, if we ignore the slowly 
varying factor sin a , 


8^. * 

dot 

therefore by (11) 



= t a 


sin oi cos 2 . 


(lid) 



af, rfa 

da dv 


— t a 

Q y^incx 


COS z 


m • 


On the other hand, for z = 've obtain from (lla,b), if we remember 
that sin = 0, 


(lie) 



dg dg da dg 



Sin a cos z 


m 


% 

Q l^sina 


COS 

TTi 


/dz ^ fe da\ 

( 8 ^ dadgfz^t^ 


Finally we obtain from (lld,e) for q= ka 

(12) ^Aka) 

If we substitute this in (8) we obtain 



k 2v + i 
4 a sinv^ 




According to (21.41) v in the first approximation is equal to ka, 
but with increasing m it increases in the positive imaginary direction. 
Hence sin vn increases exponentially in the sequence Vj, »' 2 > - and 
hence D, decreases exponentially due to the denominator sin vn . 

The same thing occurs in (13) due to the factor C, (^»'o) • This 
latter factor is to be computed according to Debye’s formula (21.32) 
(the higher saddle point is the determining one) and not according to 
(11a) (where the saddle points are approximately of the same height). 
Hence the auxiliary angle now has a meaning different from that in (11) : 
cos « is equal to v/i fo and not to v/ife a as before. Hence, C,(kTQ) 
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also (Iccrcascs exponentially on the v- sequence. The same thing holds 
for the additional factor r) in (9). 

In the special case of wireless telegraphy (appendix to Chapter VI) 
we would need about 1000 terms for a representation of the type (1), 
whereas, as we shall see. we need only one or two terms of the correspond- 
ing series of the type (9). In this appendix we shall also discuss how one 
type is obtained from the other by a -purely mathematical transformation 
(in the complex plane of the index v) . 

7. The structure of Green’s function and its singular behavior for 
■& = 0 becomes particularly clear in our representation (9a). In order 
to obtain a rough estimate for the behavior of Green’s function for small 
we use the approximation formula (24.32) 

Pj,(— cos log for ^->0 

and then obtain from (9a) 

(14) G==~f]og^^SZ,a-r„)Z,(kr). 

*1 > « ^ 


Here — has a “ d- like character.” Namely, if wee.xpanda function 
in the’^fiindamental interval a<r<oo in an arbitrary normalized 
orthogonal system of functions (^r) : 


<5(r, ro) = 



ZAkr) 


• with 


r 




(5(r,ro) = 



then we obtain formally: 

A^= { d{r,rffiZ,{kr)dr = Z^{kr^) / a{r , To) dr = (A r©) » 

but as yet we know nothing about the convergence of this general 
d- series 

(14 a) a{r, ro) = Z, (A ro) Z, (k r) for r =}= f© 

Only the divergence for r = r© (all terms positive) is apparent. The 
‘‘representation of zero” for ro is obtained by an infinitely rapi 
“oscillation around zero.” Hence {14a) is not suitable for the actu 

computation of (7 for ^-*-0. • CfFo 

We obtain this representation from the defining equation (7a) o 

function g, which is continuous throughout, and which for r = a assumes 
the boundary values 
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a4 a Sq 

(14b) g = g^ = Rl = 7^ — 2 a 

here is the polar distance on the sphere r = a. In addition, g must 
satisfy the differential equation Ag + k^g = 0 in the exterior of the 
sphere a <.r <.oo , and the radiation condition at infinity. Hence g 
can be computed as a solution of the exterior boundary value problem 
on p. 214, which can be represented in terms of C5reen’s function by 

r SO j eo (dO\ 

9 ~ j 9a ^ , Sn [dr)r~a ' 


Using the representation (9) of G we obtain for g a series summed over 
V , which, on the ray ^=0, a<Cr<co , reads: 


(14c) 


g(r, i? = 0) = — I 2^ 


sin vn 


(1 r) 
r},{ka) 


(14d) C, = fg^ P, (— cos sin . 

0 

Since the singularity ii? = 0 of P,( — cosd) now occurs only under the 
integral in (14d) and is only of logarithmic order, the coefficients C, 
are all finite; however their explicit computation” does not seem to be 
easy. 

In this appendix we have introduced an entirely new kind of “singu- 
lar eigenfunctions,” which are essentially different from the “regular 
eigenfunctions” that we have used so far in this chapter. Our singular 
eigenfunctions 


C. (* r) P, (— cos ^) 


are not free oscillations, but require a stimulation along the ray ^ = 0. 
On the other hand each of the particular solutions 

«„ (Jc, r) P„ (cos &) and {k r) P„ (cos 

in (1) is sourc£ free throughout the physical domain a ^ r < oo, 
0 ^ ^ ^ 5 j Their stimulation, if we should speak of one, takes 
place in the exterior of this domain, namely in the center r = 0, and 
for u„ at infinity. 

In the author's 1912 paper, quoted on p. 183, our “regular” eigen- 
functions were called “improper” and our “singular” eigenfunctions were 
called “proper.” The following discussion may serve to justify this 
apparently paradoxical notation. 

See the discussion of "Whittaker’s integral," which is a limiting case of our 
Cp, in the textbook by Watson, pp. 239-240. 
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We start from the fact that for all oscillation problems, whether free 
or forced, periodic or damped, we have the relation 




O) 



where we may assume c (the velocity of sound or light) to be real and the 
carrying medium to be absorption free. Heretofore we have assumed 
o) to be real and the time dependence to be in the form exp . 

The equation 


(15a) 


V 

a cos (X = T 


which follows from (11), and our condition . then yielded a 

complex value of v with positive imaginary pari, so that for real k the 
quantity a cos <x also had the same character and hence was of the 
form 


(15 b) a cos a = A i B with B > 0. 

Now however, while preserving the relations (15), (15a), (15b), we set 
V equal to a positive integer, say = n. Then from these relations we 
obtain complex values for k and w with negative imaginary parts: 





n 


A—iB 


CO = <Wj — i 0)2 



The boundary condition (A: o) = 0 now becomes 

(15 c) = 0 

and the above purely periodic time dependence factor exp{— tco^} 
becomes 

exp {— s coi t} e"*"*' = exp {— ick^t) 

Appending this time factor and considering the regular character of 
( — cos ^) for integral n we obtain from our singular eigenfunction 
(14) the damped oscillation 

(16) tn [(^ — ^ * 2 ) »•] {— cos ^) exp ^ c 0 ’ 

which is regular throughout the region r > a. The amplitude is infinite 
at t = — oo , decreases at a constant rate, and vanishes at ^ > 

whereas the frequency remains constant. (The only exception is t e 
surface r = a. since 'there we have Cn ^ throughout.) There 

exist oo^ such oscillations of zonal character. Their parameters ^ ® 
integer n and the complex roots of the transcendental equation tn ( ®) 
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which are infinite in number. (For tesseral splierioal harmonics tlie 
number of possible oscillations would increase to oo® .) These damped 
oscillations are obvioualy the physically simplest particular solutions 
of our sphere problem for the boundary condition a = 0 and hence 
deserve the name “proper eigenfunctions.” Their close connection with 
our singular eigenfunctions (16) explain how the latter led to tlie simplest 
solution of the boundary value problem. 

In the following discussion we apply these eigenfunctions, which so 
far have been developed only for scalar fields, to the case of the electro- 
magnetic-optic field. We shall see in C’hapter \l that this can be done 
without difficulty. We have to keep in mind tlie following facts: 

1. The boundary condition u = 0 must be replaced in the electro- 
magnetic case by 

(17) |(r«) = 0, 

as will be shown in Chapter \T. 

2. In the transcendental equation = 0 , or, as we wrote in 

(15c), (ka) = 0. we have to replace the function fnf g) by 

L ie) = |r • 

which, due to q = kr, is the same as 

(17 a) ^(e) = C„(e) + eC;((?)- 

In the same manner we have to replace the function yj in (6a) by 

(17 b) ^„(e) = ^- 

3. While in the scalar case we had one field function u, in the 
electromagnetic case we have two such functions u and v. The function v 
satisfies the same differential equation as u and a similar boundary 
condition. 

Our damped electromagnetic eigen-oscillations have long been 

known in the literature. In the case of the sphere they were investigated 

by .1. J. Thomson'* in 1884 as the simplest case of the Hertz oscillator 

which was then the center of interest. They were generalized by 

M. Abraham'* to the case of the elongated ellipsoid of revolution (rod-like 

oscillator) and the Paraboloid of revolution (wire with free ends). Indeed, 

London Math. Soc. Pror. 15. 197. and the textlx)ok Recent Re.searclie.s in 
Electricity and Magnetism, Oxford 1893. the so-called “third volume of Maxwell.” 

“ Ann. Physik 66. 435 (1898); 67. 834 (1899); Malh. Ann. 52. 81 (1899). For 
further literature see Emykl. d. Math. IFiss. v. V. 2. Abraham’s article, p. 508. 
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our ontire ilevelopment can, with the introduction of elliptic coordinates, 
ho adapted witliout fundamental change from the cylindrical and 
spherical harmonics of the representation (16) to the domain of the 
Lame wa\e functions. We can use this method in order to construct 
Clreon’s function for the exterior of an ellipsoid or paraboloid and thus 
obtain general solutions to the associated boundary value problems. 

We finally indicate some problems for which the method of this 
appendix is helpful. 

a) Dispersion by colloidal particles. In a 1908 paper G. Mie deduced the 
impressive color phenomena seen in the ultramicroscope from the dielec- 
tricity constant and the conductivity of the individual scattering par- 
ticles. The particle was assumed to b? spherical with a diameter small 
compared to the wavelength, i.e., ka<K\. In this case the series of type (1) 
converge sufficiently rapidly. In the opposite case A:a 1 the use of 
geometrical optics suffices; hut the intermediate case gives rise to diffi- 
culties. In this intermediate case we have to use series of the type (9) as 
specialized for a source at infinity. The fact that in our case the sphere 
was assumed to be infinitely conductive, while in Mie’s case it was 
assumed to be an arbitrary dispersive medium, does not make an impor- 
tant difference. We must merely replace the boundary condition (equa- 
tion (17)) for the complete conductor by a transition condition between 
the interior and the exterior. The convergence of the series will be the 
better the nearer we are to the limiting case of geometrical optics. 
h) The reflection of a plane wave on the surface of a completely con- 
ductive sphere. The diffraction field in the rear of a sphere was discussed 
schematically (i.e., with the simplified boundary condition u = 0 and 
for a scalar field) under 5 above and was represented by the equations 
(10), (10a) for » 1. On the/ronf of the sphere, especially for == 0 , 
we know from experience of strange interference phenomena, which so 
far have not been amenable to the usual treatment by series of type (!)• 
The analytical difficulties which arise here are expressed by the singu- 
lai'ity of the ray ^ = 0 in series of the type (9). However, we claim 
that this problem can be treated in the manner indicated on p. 221, if 
we take into consideration the actual conditions of the reflection problem, 
c) The rainbow. With this classic problem we return to the starting 
point of Debye’s asymptotic investigations (seep. 117) and all subsequent 
advances in the domain of short waves (ka ^1). The rainbow problem 
has since been brought to a beautiful conclusion by B. Van der Pol and 
H. Bremmer.^® However, from the viewpoint of method there remains a 
gap between the wave-optical and geometric-optical method. 

It was the task of this appendix to bridge such gaps mathematically. 
^■ophit. Afag. 24. 141 , 825 ( 1937 ). 
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Appendix III 

The Wave Mechanical Eigenfunctions of the Scattering Problem 

IN Parabolic Coordinates 

In the following discussion we outline the steps which lead to the 
representation (30.7). For details the reader is referred to textbooks on 
wave mechanics.-' 

The parabolic coordinates f = r + »j = r — x define, in a 
plane which passes through the j-axis. a double system of confocal 
parabolas which have the point r = 0 as a common focus. Die degen- 
erate parabolas ^ = 0. tj = 0 coincide with the negative and positive 
x-axis respectively; the parabolas ^ = oc, j/ = co limit the plane 
in the direction of large positive and negative / respectively. 

If we rotate the plane around the x-axis then »; together with 
the rotation angle <p form a spatial coordinate sj'stem which bears the 
following relation to the Cartesian coordinates x.f/, 2 ; 

X = i (I — 7?) , y = l/f 7y cos 9 ? , £ = n 9 ■ 

From this we obtain the line element 

(1) = + + 

With its help Jyi is transformed into 

4 (d £ ^ ^ _L J. 

^ ^ ^ S'// ' ' 

The wave equation (29.1) for an interaction energy 

,, ZZ'e* 2ZZ'e^ 

^ ~ I- ~ ^ + 

and for independence from tp , becomes 



b dyi d brp 
b^^ bri'^ br,^ 


2 ft* 


[(^+//) fF-2ZZ' c2)]v> = 0. 


This can be separated by setting V = Vi (^) Vz (^) ; with ^ as the 
separation constant we then obtain: 

** For example, the author’s Atomhaii iind S|>ektr..!imien. v. II. Chapter V. §6 
anti Chapter 11, |9. There, in addition, the a.symptotic repre-sentation (30.8) is 
derived with the help of a complex integral representation of L that we cannot 
discuss here. 
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(3) 

(4) 


d e tfVi _L 

(nia W j. 

Wa Z Z' 

TS ^ df ■ 

1 2n^ ^ 

•2 ft* 

d dtp.^ , 


OT* ZZ'e* 

(It) ^ di] 

V2/I* 

2 ft* 



The function y*! must satisfy the rarf/a/ion co7irf/7ton (28.2) for |-^oo 

(large positive r). Written in parabolic coordinates (according to (1) 
dsf is equal to for large i , whence df^ in (28.2) becomes 

d/ds^ = (d^/ds^) djd$ = 2 0/af , and we have: 


( 5 ) I ^2 - a Vi) = 0 with ft = ^ . as in (30.7a). 

Hence we set = exp and get from (3) 

(6) (- T ^ + T + W ^ 2^ + Vi - ^ • 

The terms with i cancel because of the meaning of fc and W in equa- 
tion (30.1). Therefore (6) is satisfied by choosing 

^ nu,ZZ'e» ik 

(7) P = 2^^ 2 • 


We see that for this V'l equation (3) is satisfied not only asymptotically 
but for all f . 

Due to (7) equation (4) becomes 



d d\pt 
dr} ^ dij 


, /m<» W 
*'■ V 2 ft* 



maZZ'e^ 

ft* 




The function satisfy the absorption condition for 7 ;-»-oo 

(large negative z), which, written in analogy to (5), reads: 



Hence for large n "'e have the first approximation 


^2 = exp ( — ih t]I2) . 

However, this is not an exact solution of (8). 
general 


Hence we set the more 


From (8) we obtain the equation for / {rj) 

(9) = 
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Equation (9) is the differential equation (29.12) of the Laguorre function 
L^{q). if set 

Q = ikt), fi = • 

The last value coincides with the imaginary total quantum number n of 
(30.7b}. Hence we have 

M = -^n (« V)^ Va = L„ {i k t]) 

and finally 

(10) V- = Vi (« V-J (1) = ■'>'= L. (i h n) . 

Thus we have a quick proof of (30.7.) 


Appendix IV 

Plane and Spherical Waves in Unlimited Space of an Arbitrary 

Number of Dimensions 

After having treated plane and spherical waves in three-dimensional 
space and plane and cylinder waves in two-dimensional space, we cannot 
resist the temptation to adapt these formulas to the many-dimensional 
case. In this connection we shall encounter remarkable generalizations 
of the ordinary spherical harmonics, the Gegenbauer polynomials, and 
generalized addition theorems of the Bessel functions. A systematic 
approach to these generalizations is again given by our theorem in §27 
about the representation of Green's function in terms of the eigen- 
functions for the space in question. 

A. Coordinate System and Notations 

Let the number of dimensions be p + 2 so that p = 0 represents 
two-dimensional, and p = 1 represents three-dimensional space. On 
the one hand we use the Cartesian coordinates ari,Tj .... 2 :^+ 2 , and on 
the other hand the polar coordinates The connection 

shall be given by 

x^ — r COS & 

(1) Xi = r sin ^ cos q>i 

X, = r sin ^ sin q>i cos 


Xf4.is rsin^smv’jBUif’t ... 0089)^ 

r8m^8in?>2Bin?>| ... sin 97^.1 sin 
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In order to cover the whole space — oo < ar< < + oo the coordinates 
r ,0 must vary between the limits 

0<C9?j < + * = 1»2 p 1» 

<<Pp< +n- 

Bv forming the sum of the squares in (1) we obtain 


0 < r < CO 


1 ® 

0 < d < 71, I 


(la) 


P + 2 

^ 4 = 

i = l 


(2 a) 


The definition of the (p + 2)-dimensional line element is 

p + 2 

(lb) ^ dxt. 

If for every direction of the coordinates we compute the corre- 

sponding d.s from (1) then we obtain (in unified form) 

(2)tiy=(<ir, rd&, Tsm&d/p^, r • r sindsing?! . . - sm?’, .i<i?’»)- 

The coefficients of dr,d&,d^, on the right side of (2) will be 

denoted by ffi.ffa, . . . ,ffp+2- We then have 

?i=l. ?a=*^ 09= f sin#, = rsindsin?*,, 

• • -.^p+a = ‘ • 8in9>p_i. 

From (2) and (2a) we obtain the (p + 2)-dimensional volume element 

(2 b) rfr =* 5 dr d& d<pi . ♦ . » 

P + 2 ^ 

(2c) ?= n = + Binyp-i* 

We denote the surface element of the unit sphere in (p + 2)-dimen- 
sional space by dta, its total surface by Si and set 

(2d) Si= /dty = Si,p, 

where Si» and are the components obtained through integration of 
doi with respect to # and PiyPt, • ■ -tPp respectively. From (2 ,c) A\e 
obtain 


(2e) 


:■ „ r(p+l) " ypi_ 

j sin**# 2*-r(f-n)r(f +1) p r (p/2) r (p/2) 


„ 2-»*»r(p) 


+« 


/}„= f sin*"* p, dpi / sin®** p* dp* ... J sin p,-i dp»-i / d^t 
^ 0 0 0 


(2f) 


*>+i 


= 271 


. • 
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We denote tlie Laplace operator in our space by Jp (thus in three- 
dimensional space we would denote it by ) and 

we write for a function a which depends {)n r alone 



g dr dr) dr V dr) 


The potential equation Jptt=0 then becomes 


(3 a) 


d*u p+1 du . 

dr* r dr 


Except for additive and multiplicative constants of integration we obtain 
the solution: 



We generalize this solution to 

(4a) u=B-p, R*=^(*<— y<)*' 


If we place the second point introduced here on the axis ^=0 and 
denote its distance from the origin by ro then according to (1) we have 
Vi = To, ijz = ya = • • • = Vp+i = 0 and = r»— 2 r cos ^ + r*. Hence 



is also a solution of Jp 0. 

As in (22.3) we expand (4b) in ascending (or descending) powers of 
t/tq and call the coefficients p-dimensional zonal spherical harmonics 


P„(c 08 <>|p) 


or also Gegenbauer polynomials^ The Legendre polynomials may 
thus be denoted by 

P„(C09#|1) . 


Hence we write-^ 




P„ (coa^lp). 


and deduce from this 

Gegenbauer 'r original notation (see e.g., Witn. Akad. 70 (1875) ) is C* (cos 
where ? ^ p/2. 

**The defining equation (5) is not limited to integral p; equation (5) breaks 
down* for p — 0 since in tl^at case (4b) lias to be replaced by the twoHiimensional 
logarithmic potential. 
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(5 a) 


cos & 
cos d 


n(-i|p) = (-i)"A(i!p) 

^*2.*i(01p)=0 




cos d = 0 






For the particular solution of the potential equation J,u = 0 
which depends only on r and & 

(5 b) w = r" P„ (cos i>]p) 

we then obtain the differential equation 



and after dividing out the factor + we obtain the ordinary 

differential equation for P„ (cos^p) 

(5 c) + n (n + p) sin" dj P„ (cos^jp) = 0. 

The reader is asked to check the connection of these and the following 
formulas with the formulas from the theory of ordinary spherical 
harmonics. 

The Gegenbauer polynomials can be expressed in terms of hyper- 
geometric series in a manner similar to that of the Legendre polynomials 
in (24.24a) ; we have 

(6ci) P„(co3^|p)= P«(l|p) + P. 2 2 )‘ 


B. The Eigenfunctions of Unlimited Many-Dimensional Space 

From the potential equation we pass to the wave equation. For a 
function which depends only on r the wave equation is, according to (3), 



<ir* r dr 


If we set « = w, then we obtain the Bessel differential equation 
with index p/2 for w. Hence (6) is integrated by 
(6a) u=r-*P I,i,(kr), 


and also by 

(6b) « = r'"/»Hiy,(ifcr), (6c) « = 

The function in (6b) behaves asymptotically like 
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/ P + 1 
T~ . 



in 

2 



and satisfies the radiation condition (28.7) 


p + i 

TJm f 2 
r -►oo 



In the same manner (6c) satisfies the absorption condition. Hence 
(6b, c) represent the radiated and absorbed spherical wavea in (p + 2)- 
dimensional space. This remains valid for a general position of the source 
point with the solutions 

(7) (kB), B* = f^—2rroiX}aif + rl. 

The function in (6a) may be called “eigenfunction of spherical 
symmetry.” We now want to find the general eigenfunctions of zonal 
symmetry. They are of the form 

(6) «„ (r, d) == (r) P, (cob e\p). 

From the equation (5c) of we find the differential equation of t»„ 







If we treat this equation as we did (6) by setting r„= r-Pl^w then for 
w we obtain the Bessel differential equation with index n + p/2, and 
hence as the solution which is finite for r = 0 


Hence the eigenfunction becomes 

(8a) = f- *■) P„ (cos d|p) . 

According to §26 any two of these eigenfunctions are mutually 
orthogonal, both in the continuous spectrum 0 <k< oo, and in the 
discrete spectrum n = 0,1,2, .... 

For two eigenfunction u„,u„ with equal k but different indices we 
obtain from (2b, c) and (8): 

(9) Ju„u^dr= (ln+,itikr)I^^/, (* r) r P„ (cos (p) P„(co3#[p) ainP 


where is as in (2f). Due to the fact that neither nor the 
integral with respect to r vanish and due to the orthogonality of 
and we obtain : 

P, (oo8 d I p) P„ (oofl d I p) sin* = 0, m n . 


( 10 ) 
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Note the characteristic factor sin*^ in (10), which in the three- 
dimensional case (p = 1) becomes the customary factor ein^ for the 
Legendre polynomials. While in the customar>' analytic derivation of 
(10) this factor might appear artificial, it follows in our many-dimensional 
approach directly from the meaning of dx. 

We also note the corresponding normalizing integral for 7n = n 


7t 


(11, If = / [P. (cos 0 I „]■ sin. « iO = rwTOi 

0 

which is a generalization of the normalizing integral for ordinary zonal 
spherical harmonics: iV = l/(n -|- 5 )forp = 1. The proof of (11) starts 
from the defining equation (5) of the Gegenbauer polynomials. 

With the help of (2e) we can replace (11) by: 


(11 a) 


p T(n-Hp) ^ 
" " 2 (n + p/2)n!r(p) 


C. Spherical Waves and Green’s Function 
IN Many-Dimensional Space 

The spherical Avave of zonal symmetry has been described by equa- 
tion (7). From this function we obtain Green’s function of (p + 2)- 
dimcnsional unlimited space by adding a factor / such that the source 
Q of V becomes a unit source. According to §10 C this means 

1 “'<' = / / Ip t«- ''ip ■ 

where the integration is to be taken over a sphere of radius ; 
da denotes the surface element on this sphere; dw, as in (2d), denotes 
the surface element on the unit sphere. Hence we obtain from (12) 

(12a) 1 = fSi Liin {k R)]. 

R ->-0 

For odd p we can use the formula (19.31) for H, which yields 


Lim • 

R-*-0 


sin p nj-Z ^ sia pn/2 r{—pl’^ + 


Using a well-known r- relation we can replace this by 



For even p Ave obtain the same value from (19.26) and (19.47). Hence 
AA’e obtain from (12a) 
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a2b, 

and from (7) upon multiplication by/ 

(13) 0{P,Q) = ^ (-j" (^)' Hip (i (I) . 


On the other hand wc want to construct G{P,Q) as in §2S from the 
eigenfunctions u{P) in (8u) 

<13 a) « (P) = r- r) P„ (cos .?|p) 

and the associated i/(Q) for a point Q with the coordinates r= Tq, ^ 9 = 0; 
(13 b) u {Q) = To- ♦ p /3 (X f^) P„ (1 \p ) . 


In both representations (13a, b) X (see ociuation (28.14)) denotes the 
variable of integration in the continuous part of the eigenvalue spectrum. 
In a similar manner we perform the integration over A in the complex 
A* plane and obtain in analogy to (28.15) 



= {r r,)- J: P„ (cob &\p) P„ (ijp) 


7ii ♦ p/a (k rp) + p/a {k r) 
7b + p/a p/a 


r < To- 


In order to be able to apply this formula to Green’s function we still 
must normalize the functions u(P) and n(Q) to one. The general term 
on the right side of (14) must therefore be; 1) divided by the normalizing 
factor of (11a) due to the dependence on ■&] 2) divided by 1?, of 

(2f) due to its independence of the coordinates , and 

3) multiplied by k dvie to the r-dependence according to Appendix I, 
equation (4). Altogether this yields the factor (see also (5a)) 


(14 a) 


k 2 n+p nir(p) k 2n + p /„ , 

i? p r{n + p)~0 p 


which has to be introduced under the £■ sign of (14). Thus, according 
to our general theorem of §28 we obtain Green's function of unlimited 
space. Comparing this with (13) wc obtain: 


( 16 ) 


Bpj% (fcJ?) 



P„(C08 


#1p) { }. 



7n+p/j(4ro) 7/,i*p/9(ir) _ _ 

{kTp)*t^ (fc7)V/a 


7ii+p/«(*»') ^ii+p/«(*^o) 


(fcr)'/* (tro)*/» 


r < To . 
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This general addition theorem of Fessel functions holds both for H = W 
and for H = H-, and hence for any linear combination of the two, so that 
in (15) we may replace H on both sides by 

Z = + c^W, 

hence, in particular by 

/ = uw + m, 

in which latter case the distinction becomes immaterial. The 

theorem holds, under more general conditions than those assumed in the 
derivation, if, as in footnote 22, we replace p/2 by an arbitrary number, 
say V . 


D. Passage from the Spherical Wave to the Plane Wave 

For ro-»*oo we deduce a representation of the plane wave in 
many-dimensional space from the last line of (15) 

First we obtain on the right side, according to HankeFs approxima- 
tion (19.55), 

Correspondingly, on the left side we obtain 

However for ro-*-oo we have 


if = — 2^ cos ^ 4- - • •^= r,— r cos# + • * ■ ; 

therefore, 

a\,,AkR) = “P AfCOS#— 

= a exp { — » i r cos # }, 

so that the left side of (15), with the corresponding approximation for the 
denominator, becomes: 

After canceling the common factor on both sides we obtain 
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( 16 ) cos« = 2W^ r(^) ^ (n + n(co8^|p) ■ 

This represents an incoming wave in the direction of the positive axis 
# = 0 , or, in other words, a w'ave which proceeds in the negative direc- 
tion of this axis. The wave which proceeds in the positive direction is 
obtained from (16) by replacing + i with — i. The reader is asked to 
verify that this formula coincides for p = 1 with the three-dimensional 
representation (24.7). In the two-dimensional case in which (4b) breaks 
down (see footnote 22) equation (16) is replaced by the representation 
(21.2b), 

Through a suitable averaging or with the help of an "addition 
theorem^^ of Gegenbauer polynomials" we obtain from (16) remarkable 
relations between Bessel functions of integral and of fractional indices.-^ 

See the lucid collection of Gegenbauer’s results in the book by Magnus and 
Oberhettinger.Formeln und Siitze iiber die speziellcn Funktionen der Matliematischen 
Physik. Springer, 1943, particularly p. 77. 

*‘G. Bauer, Sf/zurjffsber. bayr. Akad.. 1875, p. 247; generalization to higher 
dimensions, A. Sommerfeld, Math. Ann. 119, 1 (1943). 



Chapter VI 


Problems of Radio 

The problems of signals with electric waves have been in the fore- 
ground of applied physics since the beginning of the century. Can we 
understand the remarkable range of radio signals from the otherwise 
completely reliable Maxwell theory? The answer is both yes and no. 
Yes, in so far as only the known electrodynamic laws are applied. Xo, 
in so far as the ionosphere (Kenelly-Heaviside layer) plays an essential 
role in overcoming the curvature of the earth, and has to be added to the 
Maxwell wave propagation as a deus ex machina. 

Unfortunately we shall be unable to treat the reflection processes in 
the ionosphere, and shall restrict ourselves to questions of propagation 
in the homogeneous atmosphere and in the earth which is also assumed to be 
homogeneous. We shall also have to omit the questions of the construc- 
tion of transmitters and receivers, which are of such great importance 
for the engineer, since they do not properly belong to the domain of 
partial differential equations. Instead, we shall idealize the transmitter 
to the utmost and treat it as a Hertz dipole (§31). On the other hand the 
questions of propagation definitely belong to our domain and they will 
give us a complete demonstration of the usefulness of the methods which 
we have developed above and which we have so far applied mainly to 
rather artificial problems of heat conduction and of potential theoiy. 
Further demonstrations of this usefulness are given by problems in 
general electrodynamic oscillations. They arc treated with some com- 
pleteness in the textbook by Frank-Mises, Chapter XXIII, and the 
reader is referred to that book. If, among these problems, we again 
consider radio, it is because the previous representation was simplified so 
drastically that it could not be reconciled with practical problems. 
Xow we shall not place our antenna-dipole on the surface of the earth, 
but at some distance from it, we shall treat the radiation of the hon- 
zontal antenna in more detail and demonstrate its asymptotic identit\ 
with the radiation of the vertical antenna for increasing distance fiom 
the origin, and we shall treat the radiation characteristic with lespec^ 
to the terms of second order in 1/r, etc. The energy conditions (lequire 
energy supply for prescribed antenna current, heat loss in the eart 
will be discussed in the final section. We shall almost always consi er 

the earth as a pfane. The analytically interesting problem of the eai t s 
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curvature, whicli opens a further domain of application to the method 
of eigenfunctions, can be treated only in an appenilix, since even an 
only moderately complete treatment of the problem of a plane earth is 
almost too long for us here. 


§ 31. The Hertz Dipole in a Homogeneous Medium Over a 

Completely Conductive Earth 

We assume that the reader has a knowledge of the concepts of 
electrodynamics and their interconnection through Maxwell’s equations. 
Since we are not dealing with atomic physics but only with the phe- 
nomenological Maxwell theory, we shall use the system of the four 
units, M (meter), K (kilogram mass), S (second), Q (charge, measured in 
Coulombs). In this system the specific inductive capacity and the 
permeability are definite quantities; as usual their values in a vacuum 
are denoted by Cq and no- We then have €qHo — 1/c*. The parasite 
factor 4jr, which mars the customary electromagnetic equations, is 
suppressed in our system through the suitable choice of units, wher- 
ever it is not implied by the spherical symmetry of the problem. 


A. Introduction of the Hertz Dipoi.e 

In the electrostatic case we deduce the potential of the dipole by an 
oriented differentiation from the fundamental potential <P = l/f (see 
§24 C); the field E of the dipole is then obtained from this potential 
by another differentiation. In the electrodynamic case 0 is replaced 
by the function of the spherical wave 

(1) n = or more completely JT = ^ , 

The notation 77 is due to Hertz' himself. As shown by the second form 
of equation (1), we assume the oscillation to be purely periodic and 
urulamped in time (this is realized for the tube transmitter). 

In the abbreviated first form of (1), which we shall use in the 
following discussion, we have to remember that 

( 2 ) n = -ieon=-ikcn. 

where 

' In SLs riindamentai work ‘‘Die Krafte elektrlscher Srhwingungen.” collected 
works II, p. 147, which also contains the well-known force lines of the oscillating 
dipole. 
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o) = circular frequency 

(2 a) k = 2 nIX = mjc — wave number 

c = (ojk = velocity of light in a vacuum. 

As we know, 11 satisfies the oscillation equation {7.4), which for purely 
periodic processes becomes the wave equation : 

( 3 ) ^ 77+^:277 = 0 . 

In the electrodynamic case 77 is not a sca/or but a vector. Hence 
in the future we shall speak of the Hertz vector fj. It is connected with 
the vector potential A by the simple relation 

(3a) 77= A. 

Just as the individual elements of wTiich A is compose^have the direction 
of the corresponding elements of current, so our 77 in empty space 
(i.e., in the absence of the earth) for a single antenna would have the 
direction of the antenna current. Here we assume the antenna to be 
short compared to the wavelength, that is, with both ends loaded with 
capacities so that the current can be considered in the same phase along 
the whole antenna. In representation (1) we could express the vector 
character of 77 by multiplying the right side of (1) by a constant vector 
which has the direction of the antenna and, as we shall show later, the 
dimension of an electric momentum (charge X length). However, ^\e 
shall refrain from doing this in order not to make the formulas unneces- 
sarily .cumbersome; hence we retain equation (1), although it is incon- 
sistent from a vectorial and even a dimensional point of view. On y in 
§36 shall we correct this flaw. However, we wish to stress now t a , 
due to the vector character of S , we have to give the Laplace operator 
A in (3) its general vector-analytic meaning 

zj77 = grad div 77 — curl curl 77. 

(see v.ll, equation (3.10a)). This will be used in §32. Only in this and 
the following section, where we deal with one Cartesian component , 
or 77, at a time, can we use the ordinary ^ 

We now claim that the field E, H can be obtained from 11 by tne 
following differentiation process: 


(4) E = k^n grad div 77, 
In order to prove this w'e must 


H = — . - curl 77 . 

ft^tw 

show that Maxwell’s equations in a 


vacuum 
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+ curlE = 0 , 
fo E - curl H = 0 


are satisfied, where as in (2) we have to replace 


(5 a) H by — iwH, E by — im E 


Due to (4) and (5a) the left sides of (5) become: 

curl (— k~ + + grad div) 77 

and 

— icDEQik^ + grad div — curl curl) 77. 

Both vanish, the first due to curl grad = 0, the second due to (3) and 
(3b). Hence, if for 77 we substitute (1) and determine the free con- 
stant in terms of the strength of the alternating current in the antenna, 
then, according to Maxwell, we have in (4) the field radiated from the 
antenna, valid for all distances that are large compared to A = 2 njk 
For the immediate neighborhood of the antenna our description breaks 
down owing to the excessive idealization of our antenna model, Follow- 
ing Hertz, we call our model an oscillating or pulsating dipole, since the 
ends of the antenna (both in this picture and in reality) carry alternating 
opposite charges. This extreme simplification of the antenna, which in 
reality is of complicated construction, may serve as an example of the 
degree to which physical data can be idealized in order to make them 
accessible to fruitful mathematical treatment. 

We now pass from the case of vacuum to that of a medium "earth’' 
of general electromagnetic behavior: it is still homogeneous but with 
arbitrary dielectric constant e and conductivity a; also its perme- 
ability fi will be arbitrary for the time being. The equations (1) and 
(3) for 77 remain formally valid; however the wave number k is no 
longer determined by (2a) but by 

(6) k^ = efto}^ -f- tfiaco. 

At the same time (4) is replaced by : 

(7) E = ft2 5+graddiv^, ^ curlTZ. 


As before, we prove that the corresponding generalized Maxwell equa- 
tions 
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ju H + curl E = 0. 
e E -j- a E — curl H = 0 


are satisfied. The oscillation equation, from which we obtained the 
wave equation by the elimination of time dependence, is obtained in 
analogy to (7.4): 

(7 b) /l/7=(£^|-. + a/.|)/7. 


B. Integral Representation of the Primary Stimulation 

We first wish to bring the representation (1) of 77 into the form of a 
superposition of eigenfunctions. Since we are dealing with cylindrical 
polar coordinates r,(p,z, we shall use the eigenfunctions u and eigen 
values X of (26.3) and {26.3a) that are independent of tf ; we denote 
the quantity m7t}h by ft .• 

We then have: 

(8) w = /fl (3 r) cos fiz, ft* = - 

However, whereas the A has previously been restricted to a discrete 
spectrum corresponding to the boundary conditions on the cylinder of 
finite radius, we now have a continuous spectrum 0 ^ A <oo corre- 
sponding to the unlimited medium (see §28). Thus, according to (8) 
the also have continuous, and in general, complex values. Further- 
more, since we no longer have the boundary condition for the bases of 
the cylinder, we shall replace cos/4 0 by exp(±/4 0 ). Hence we are 
looking for a representation of 77 of the form 

(9) 77 = ^“V(A)7o(Ar)e±^^dA, ^ = 

where F{X)dX represents the arbitrary amplitude constant by which 
any eigenfunction may be multiplied. Due to the altered meaning 
of r (cylindrical coordinate r instead of the spherical polar coordinate r 
in (1)) we have to rewrite the expression (1) for 77 as 

fiikB 

(10) 72* = r* + 2“. 

Our condition (9) then reads for 2 = 0: 

* A confusion between this fi and the above magnetic constant /* is unlikely. 
The latter, moreover, will soon disappear from our formulas. 
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oo 

(11) I 

6 


In order to satisfy this condition we use the integral representation of an 
arbitrary function by the Bessel functions of §21 B. We employ equa- 
tion (8a) of that section, which for 



w = 0 


becomes 


f 


OO 

j o<p{c)l 0 {c r) da, 
0 


oo 


q>{a) = f e)dQ. 

0 


The first of these equations becomes identical with (11), if we make the 
following changes in notation 


a = X, a<pia) — F{X), hence <p{a) = F{X)fX ; 


The second equation then becomes 


(11b) F{X) = Xle'^^IoiXe)dQ. 

which is the solution of the integral equation (11). The integration in 

(lib) can be performed in an elementary fashion, if we use the repre- 

sentation (19.14) for /o with the limits of integration ± tc ; namely, by 
reversing the order of integration we obtain 

^ 7t OO 

J,„ f Jt(k+*cosw) j- ^ f dw 

j ^ ^ 2 ni J k + ^ COB w ‘ 

n -n 



The last expression arises from the lower limit g = 0 in the preceding 
integration with respect to g ; the term arising from the upper limit 
g = oo can be made to vanish by a small deformation of the path of 
integration into the “shaded” region of the uj-plane (see Fig. 18). The 
remaining integration with respect to w yields 


(12a) 


2n 
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Hence (12) becomes: 

( 13 ) m = ^ 


£ 


and (11) becomes: 
(13a) 


f.tkT 

r 


CO 



0 


From (10) we now obtain a corresponding representation for 77 
Namely, we can complete (13a) to a function of r and z, which satisfies 
the differential equation (1) by setting: 




X dX 


where ^ is to be taken with posiiiwe real part, in order 

to insure the convergence of the integral and its vanishing in the limit 
0 i CX5 . The fact that (14) coincides with (ISa) for 2 = 0 insures 
that it also gives the correct representation of for 2 0. 

In the following section we shall transform (14) into 

(14a) i7=i/ 

— 00 

with a more exact determination of the path of integration, which will 
then be complex. Due to the asymptotic character of Hq, equation 
(14a) has the advantage over (14) in that it demonstrates that the 
radiation condition is satisfied, just as in (1) where the factor exp( + 
is adapted to the radiation condition. 


C. Vertical and Horizontal Antenna 
FOR Infinitely Conductive Earth 

Up to now we have dealt only with unlimited space, whether 
or filled by a homogeneous medium with the constants . e 

now pass to the case of the half-space 2 > 0, which, at 2 = 0, is bonded 
by an infinitely conductive earth (0 ->-oo) , in w’hich E = 0 . ence, 
due to the equality of the tangential field strength, whic is 
required by the Maxwell theory, we know that Eung must vanis a s 
on the positive side of s = 0. According to (7) this means 

(A2 77 -b grad div - 0 for 2 = 0. 


( 15 ) 
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We satisfy this condition by adjoining the minor images of opposite 
sign to the two single poles of the given dipole: Figure 27a, b serves to 
illustrate this. 

а) Vertical antenna at a distance h above z = 0. The arrows leading 
from the negative to the positive charge are in the same direction for the 
original dipole and for its mirror image. Hence we write: 

=r2^-(2-/0^ 

(16) /7 = /7, = , p,2^y2_l_ ;i)2. 

The parallelogram on the left side of the drawing shows that charges of 
the two dipoles equidistant from 2 = 0 act on a hypothetical unit charge 
situated in the plane 2 = 0 so that the resulting force is in the 2 -direction. 
This means Eung “ 

б) Horizontal antenna at a distance h above 2 = 0. The arrow of the 
reflected dipole has the opposite direction to that of the original dipole. 

Hence we write 

(17) 77 = 77* = —^ 

where R and R’ are as before.’ The parallelogram on the right side of 
the drawing shows that two associated charges of the two dipoles act 
on a positive unit charge in the plane 2 = 0 



Fig. 27. Reflection by infinitely conductive earth, a) The vertical dipole. 
The auxiliary construction on the left shows that the horizontal components of 
the forces exerted by a pair of mirror image poles on a particle on the boundary 
plane cancel b) The same thing is shown by the auxiliary construction on the 
right for the horizontal dipole. For the latter the orientations of the arrows in 
the original and its mirror image are opposite, for the vertical dipole they are equal. 

80 that the resulting force is perpendicular to the plane 2=0. Hence 
we again have E = 0. 

*The opposite choice of signs in (16) and (17) indicates the vector character 
of n , which is suppressed in equation (1). 



244 


PARTIAL DIFFERENTIAL EQUATIONS 


§31. 18 


In exercise VI. 1 we shall compute this using the vector formula 
(15) for both cases a) and b). 

In one respect a) and b) differ fundamentally. Namely, if we pass 
to the limit h —*0, we obtain 

n =2 , from (16) but 77 = 0 from (17) 

Hence: a vertical antenna located directly on the earth for a sufficient con- 
ductivity of the soil generates the field which would be generated by the 
same antenna in empty space in complete absence of the earth. On the 
other hand a horizontal antenna located directly on the earth for a complete 
conductivity of the soil is canceled by its mirror image. The former 
made it possible to adapt the formulas and figures of Hertz’ original 
work, which were relative to empty space, to the case of a grounded 
antenna (Max Abraham). In fact, we can cut the Hertz pattern of force 
lines of the oscillating dipole along its central plane and replace that 
plane by the surface of the earth. The force lines are then perpendicular 
to this plane and hence satisfy condition (15). The latter, that is, the 
disappearance of the horizontal antenna field for A = 0 as expressed by 

(17) , decreases rapidly in importance for A > 0 (see the figures in §36). 
Indeed, the horizontal antenna is an effective means of communication 
even when A < A and the medium is sea water (a very good con- 
ductor for the comparatively long radio waves). Thus we see that for 
the horizontal antenna the nature of the ground and the distance from 
the ground play a greater role than for the vertical antenna. The formula 
n = n in (17) is then no longer adequate and must be generalized 
(see §33). 

D. Symmetry Character of the Fields of Electric 

AND Magnetic Antennas 

As we have just seen, the vertical antenna gives the field of a 
Hertz dipole of strength 2 for the limit A — » 0, and the horizontal antenna 
yields a zero field. However, if in the latter case we let the antenna 
current increase at the rate at which A decreases, then we obtain the 
field of a quadrupole. In fact under this limit process Fig. 27b goes over 
into the quadrupole scheme as seen on p. 152. Replacing the amplitude 
factors 2 and zero by A and B we can write; 

(18) Vertical antenna: n^ = Dipole, 

Horizontal antenna: Quadrupole. 
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The latter representation corresponds in Fig. 27b to tlie combination 
of the pairs of poles which lie on the same vertical line to a vertical dipole 
and to their relative translation in the horizontal direction. This means 
that the horizontal antenna in the ^-direction is equivalent to vertical 
antennas with opposite current that are mutually translated in the 
/-direction. We shall discuss this more closely in connection with Fig. 30. 
Written in polar coordinates / = rcos^', y = rsin(p the second 
formula (18) reads 


(18a) 


* r OT 


IT 


D 


“/T • 


Hence, the directions ^ = 0 and <p ■= n parallel to the antenna are 
preferred directions for in the perpendicular directions 9? — ± ?r/2 
/7,vanishes. The associated direction characteristics of the horizontal 
antenna will be described in Fig. 29, where we .shall also compute the 
constant B (which vanishes with increasing conductivity). On the 
other hand the field of the vertical antenna is symmetric with respect to 
the 2 -axis and hence its direction characteristic is a circle. From this 
follows the particular suitability of the horizontal antenna for directed 
broadcasts (see §33). 

Rod antennas of vertical or horizontal direction are called electric 
transmitters. A coil traversed by an alternating current or any (circular, 
rectangular, etc.) closed conductor is called a magnetic transmitter, 
because then the magnetic field is concentrated in the axis of the coil 
(the normal of the wire loop); the customary notation is “frame antenna.’’ 
In the central perpendicular of the frame a magnetic alternating current 
pulsates, while along the rod antenna there pulsates an electric 
alternating current. While the magnetic force lines are circles around 
the rod axis in the electric transmitter, in the magnetic transmitter the 
electric force lines are circles around the normal of the frame antenna 
(at least for distances that are large compared to the frame). These 
statements are correct only for the vertical electric or magnetic dipole; 
for an oblique or horizontal position the circular symmetry is disturbed 
by the conductive ground. Generally .speaking the data for the magnetic 
transmitter are deduced from those for the electric transmitter by replac- 
ing E,H by H, — E, (for details see §35). Due to the boundary 
conditions for E (not for H ) in the case of an infinitely conductive 
ground, the signs in (16) and (17) are interchanged. Namely, for the 
magnetic 77, (horizontal position of the plane of the frame), we have 

(19) 77, = , 77, = 0 for A — + 0 
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and for the magnetic (vertical position of the plane of the frame) 
we have 

(20) 77,=-^ + -^. 77^ = 2 forA->0. 

The proof will be giv'en in exercise VI. 1. The frame antenna of type (19) 
is of no practical importance, the antenna of type (20) will be treated in 
§35. As a transmitter this latter antenna shows a marked direction in 
the plane of the frame (e.g., for 77, the i/,a-plane) with the same charac- 
teristic as the electric rod antenna of (18). As a receiver it is arranged 
so that it can be rotated around the vertical line; if it is then oriented for 
maximal reception its plane points to the origin of the signal and it is 
therefore particularly suited for range finding (see §34). 

§ 32. The Vertical Antenna Over an Arbitrary Earth 

Let £ and a be the electric constants of the ground. As regards 
its magnetic behavior we may assume ft = /Jq , which is sufficiently 
close to reality and simplifies the following calculations. We write 

(1) n^={e + i ^)/e„ 

and, as in optics, we call n the “complex refractive index.” The wave 
number k of (31.6) will, in the following discussion, be called ke in order 
to distinguish it from the wave number of air for which we keep the 
notation k. Then according to (31.6) and (31.2a) we have 

(2) ks = nk. 

We denote the altitude of the dipole antenna above the ground by h, 
as in (31.16). 

We have to distinguish three regions: 

I. Air z > h. In addition to the primary stimulation that becomes 
singular at the dipole 2 = /i, r = 0, we have a secondary stimulation 
that is regular throughout due to currents induced in the ground. We 
write according to (31.14) and in analogy to (31.9) 

0 0 

where T’fA) is, so to speak, the spectral distribution in the A- continuum 
of the eigenfunctions, and is as yet undetermined. The factor exp (— fi 
in the representation of 77ge<. is convenient for what follows, and it is 
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permissible since it is a pure function of A and thus merely alters the 
meaning of J’(A) . 

II. Air layer A > 2 > 0. Here, too, we luive a primary and a 
secondary stimulation. Due to z < A and according to the rule of 
signs of (31.14) we must write the former with a sign opposite to that 
in (3); the latter, being an analytic continuation, has the same form as 
in (3): 


OQ 


00 




V 


Equations (3) and (4) insure the continuous behavior of the 77- field 
at the boundary between I and II for an arbitrary choice of 7’{A) . 

III. Earth 0>z>-oo. Here there is no primary stimulation; 
the 77- field — denoted by 77^ — must be continuous throughout. 
In order to satisfy the differential equation for earth (31.3) with A:| 
instead of fc®, we write: 

(5) 77^=^ fFs(A)Io(Ar)e*'‘‘‘-‘‘'‘dA, - i|. . 

0 

According to our general rule we must choose the sign of z positive 
since z < 0. The factor exp (— ^ A) is adjoined for reasons of con- 
venience; again, this merely influences the arbitrary function F^(/l). 
The functions 7 ’e(A) and T’fA) are determined from the boundary 
conditions on the surface of the earth. 

According to Maxwell we must require the continuity of the 
tangential components of E and H. These are merely 

Er and Hp • 

Indeed, the electric force lines are in the planes through the dipole axis, 
the magnetic force lines are circles around this axis, and hence Ep and 
H, vanish. (This follows from the fact that 77 = 77, is a function of 
r and z alone.) Now according to (31.4) and (31.7) we have 


0 dn 

•• — i* 577 



0r dz ’ 

“ fioifodr 

for z 

V 

o 

0 zn. 

—k^ 077, 



^^~drdz ‘ 

TT B 

fiaiio 0T 

for 2 

A 

o 

• 


Hence the continuity conditions for z = 0 are: 

0 077 0 0 / 7 , dn dUg 

0rdz ~ dr dz • 

We can integrate these conditions with respect to r and the constants of 
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integration must be zero since all expressions vanish for r -*■ oo. If in 
the second equation above we replace by n-k- according to (2) then 

we obtain: 



dn _ one 

dz dz ’ 


n = TTg for 2 = 0. 


On the right side of this equation we have to substitute the value of 
from (5) and on the left side we have to substitute the sum of 
^prim ITgg^irom (A). We thus obtain the conditions: 

(7a) poar)e-‘‘'‘[X-fiF-fi^FE)dX^O. 

0 


(7 b) 



r)e~^''(A + /iF-n^ uFe)^=0. 


They are satisfied if we set 

fiF f^E ~ ^ > 



Hence 

( 8 ) 


i \ „ _ 2A 

/* \ n‘ft + fis) * ^ n*/i + f*M 


Thus, we have demonstrated that equations (3), (4), (5) do indeed lead 
to a solution of our problem with its boundary conditions. The fact 
that there can be no other solution is deduced from the uniqueness 
axiom of physical boundary value problems, which always proves reliable. 
Due to the meaning of n, pi, equation (8) can be written in the 
more symmetric form: 


(8 a) 



X t* p/A* — *• — i/a* — ifej 

4 /a»— i* + ifc* [/a* — 4 ’ 



2Ajfc* 

4 |/a* — K* + A* |/a* — 


We again write the primary stimulation in its original form e /F 
with = r* + (z — hY to show that the contribution to that is 

due to the first term of F in (8) differs from TTprim 
we have to replace — ^ by + A, and hence by J?'® = r® + (z + f*)- 
Then representations (3) and (4) for regions I and II can be contracted 
and we obtain as the general solution of our problem for z > 0 and z < 0. 
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^ gikJr 

77=-^ + 


oo 


R 






CO 


n 


E 


= 2 I /„(Ar) 


0 


,U£t-ftn 


).dX 


«2 ^ 4- 


0 

If in particular we have A = 0 so that we can use equation (4) for 
the coinciding expressions e'^^/R and e'‘‘^ /R', then the first line of (9) 
can be rewritten in an elegant manner. According to previous work 
by the author we then have: 


CO 




2 v?XdX 
‘r fie 


( 10 ) 


0 


oo 




0 


2 A d>. 


If, on the other hand, we consider the special case |n|-»-oo of a 
completely conductive earth then fx^ can be neglected as compared 
to n? and the integrands in (9) will vanish. This confirms the result 
of the elementary reflection process in §31, equation (16): 

(10 a) 77£;=0. 

It is profitable to consider this limit process with respect to n some- 
what further. To this end we replace w® /x + by n *4 in the denom- 
inator of the integrand in the first equation (9), and in the numerator 
we write, for all values of a that are not too large, 

(10 b) = 


and hence = ik 

n 


(concerning the sign of see the figure below). Then the first equation 
(9) becomes: 


(10 c) 






It 


+ 




w 


oo 




~//o(Ar)e-'<' + « 


XdX 


An intuitive interpretation of the latter integral can be obtained as 

< Since the denominator fx* vanishes at A = the path of integration must 
be chosen in the complex A- plane so as to avoid the point X = k. This remark 
holds for the following A- integrals, too. In the preceding integrab, starting with 
(31.14), we had the denominator ft, which did not destroy the convergence. 
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follows: corresponding to 


DO 


R' =]/ r^+{zJrh)\ — = j 


XdX 


we write 


00 


R 


" = 1 /.^ + ( 2 + hr, ~ = f I, (A T) 


0 


and compute 


CO CO OO 00 00 

j~dh'=j dh' J ...dX = J j e->^^'dh' 


h 0 

OO 

= f »•) 


g-;i(i + A) 


XdX 


,2 • 


hence the integral in (10c) stands for the action of an imaginary con- 
tinuous covering of the ray k <h' <oo with dipoles that reach 
from the image point z = — h, r = 0 to 2 = — oo, r = 0. Hence 
the approximating equation (10c) can also be written as; 


(lOd) n=i^ + i^ + 



In this connection we should remember a similar covering of a ray with 
imaginary source points that we used in a heat conduction problem in 
Fig. 15. While there we required exact satisfaction of the simple 
boundary condition duldn -f- /i m = 0 (the h there, of couree, had nothing 
to do with the k here), we now require approximate satisfaction of the 
complicated boundary conditions that arise from the juxtaposition of the 
air with the highly conductive earth. 

From the above formulas we can deduce the field E, H by differen- 
tiation. However, we shall not write this somewhat cumbersome 
representation since we shall need it only in connection with the energy 
considerations of §36. 

The integrals in (9) and (10) are not yet uniquely determined 
because of the square roots 


( 11 ) /< = - k^\ - k% 

that appear in them. Corresponding to the four combinations of signs 
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of n and the integrand is four-valued, and its Hieinann surfare 
has four sheets. Hy our rule of signs in (31.1-1). wliieh lefei-s to (h<‘ real 
part of and also applies to the real part of , one of the four sheets 
is singled out as a “permissible sheet." In order to insure tlie coiu’ergenee 
of our integrals we demand that the path of integration at infinity shall 
be on the permissible sheet only. We aehieve this by joining the 
“branch points” 

(11a) ?. = k and X=kE 

by two (essentially arbitrary) “branch cuts.” which may not be inter- 
sected by the path of integration. Referring to Fig. 28 we therefore do 
not integrate along the real axis over the bianch point A = ifc , Init 
avoid it by going into the negative imaginary half-plaiK' and from there 
to infinity in, say, a direction parallel to the real A-axis. Thus, along 
the path denoted by in Fig. 28 we integrate fiom A = 0 to A = oo ; 
this makes the meaning of the integrals in (9) and (10) precise. 

But even then the representations (9) and (10) suffer from a 
mathematical inelegance; they are integrals with the fixed initial point 
A = 0, not integrals along closed paths in the A- plane, 



Fig. 28. The paths IF, and W = ft', -|- H', in equation (13); deformation of 
the path IF into the loops Q and <?g around the branch cuts and into the closed 
path F around the pole. 


which, due to their deformability, would be much more useful. We 
remove this flaw by using the relation 

and the “semi-circuit relation” (10) of the introduction to exercise IV. 2. 
If in the latter we set g = A r, then the preceding equation becomes 
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( 12 ) 

We imagine <^12) multiplied by an arbitrary function of (indicated 
in the following by ... ) and by A dX and integrated over W\. Then, 
if we Avrite A'=Ae** , Ave obtain from the subtrahend on the right 
side of (12) 

(12a) 

w 

Here W' is the path obtained from Wi through reflection on the origin 
taken in the direction A' = 0 -> A' = — oo , Avhich, except for sign, 
is identical Avith the path W% in Fig. 28. Hence (12a) is the same as 


(12b) /ffJ(AV)...A'dA'; 

and from (12), if Ave denote the variable of integration throughout by 
A and combine the paths Wi and 1^2 to TF = PFi + Wi, Ave obtain 



|/o(Ar)...AdA= Hl(Xr)...XdX. 

Wx 'w 


Thus Ave have achieved our purpose to replace the seemingly real inte- 
gration that starts at A = 0 in representations (9) and (10) by a 
complex integration over a path Avhich closes at infinity. We consider 
this transformation (13) performed on all the integrals in (9) and (10). 
In particular aa'c AATite, e.g., the primary stimulation of (31.14) and the 
first line of (10) in the ncAv form 


(14) 

w 

0 

(14a) 

n = jHKx,) 

w 





The attentive reader must have noticed long ago that Fig. 28 coin- 
cides Avith Fig. 26 (even Avith respect to the notation of the paths W,Wi 
and the variable of integration A), and that the present problem (de- 
termination of the function U in space as subdivided by the surface of 
the earth for prescribed singularities at the dipole antenna) is sum- 
marized under the general -problem of Green's function. Here AA’e con- 
structed the solution from eigenfunctions that satisfy the radiation 
condition at infinity. The fact that this condition is satisfied in the 
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present case is made evident by the fact that in (14) and (14a) only the 
first Hankel function //* enters.* 

We now consider the upper part of Fig. 28. Since we know that 
vanishes in the infinite part of the positive imaginary half- 
plane, we can deform the path IF into that half-plane. The path cannot 
be deformed across the branch cuts (11a), which it avoids by the loops 
Q and Qe- However there is a further singularity of the integrand in 
(14) and in the analogous integrals, namely the point at which the 
denominator vanishes. We denote it by 


X = f. 

This corresponds to a pole of the integrand and must be avoided by the 
path of integration in a circuit P. We have not drawn the paths which 
join P to infinity since in the integration they cancel each other. 

Of the three components Q,Qe,P of the integral we can ignore the 
contribution of Qe for large since H^{Xr) vanishes exponentially 
for great distances from the real axis. We first consider P separately, 
but we shall soon see that P and Q can hardly be separated. 

From the defining relation for p 


(15) n*/i + /w^ = 0 

we have 


which we can also write as 



(16a) 


^ = ^ + 
A* ^ 



Due to we have approximately 


(16b) 




k A* 
^ " 2 


However, we wish to stress the fact that the precise value of p given by 
(16) or (16a) is symmetric in k and ks- 

^ Here we have assumed a time dependence of the preferred form exp ( — t to <)■ 
For a time dependence of the form exp (-(- » to 0 we would have to make the transi- 
tion from I to //* in (12) with the help of the semi-circuit relation (10a) in exercise 
(IV.2). Thus we would obtain a representation that. e.g.. in (14a) Is constructed 
from elements of the form 




C*‘"‘ 


and hence also has the type of radiated waves. 
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We now compute the integral over P by applying the method of 
residues to (14a). Here we can let ). = f 'm all the factors of the 
integrand of (14a), but we must replace the denominator which vanishes 
for A = ?> by 


d 

rf/ 


, ,, + ,^) = A , 


taken for A = We thus obtain: 



here the new quantity K is symmetric in k and ks- Hence, as the con- 
tribution of P to (14a) we obtain: 


(18) 77 = 2 

In the same manner, for 2 < 0 (earth, interchange of k and ks, and re- 
versal of the sign of 2 ) we obtain 

(18a) nE=2:ti^Hl(pr)e*'^‘‘ . 

Except for the immediate neighborhood of the transmitter, namely, for 
all distances jpr|>>l we can replace H by the asymptotic value 
(19.55). We then obtain 


(19) 

(19a) 






ipr + I>*-*** 

a 


2 ^ 0 , 

2 ^ 0 . 


These formulas bear all the marks of “surface waves,” which are men- 
tioned in v.II in connection with the water waves or the seismic Rayleigh 
waves, and which have the following properties: 

1. They are tied to the surface 2 = 0 and decrease in both directions 
from that surface; in the direction of the earth they decrease rapidl) 
due to the coefficient {'p^ — A*|)* of 2 ; in the direction of the air the 
decrease is slow at first but esponential for large 2 . 

2 The propagation along 2 = 0 is given by 


dr 

* “ p ’ 

and hence depends in a symmetric manner on the material constants 
air and earth, as must be the case for a surface wave. 
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3. If for the time being wo neglect the absorption in the radial 
direction, then the amplitude of tlie expressions (19). (19a) decreases as 

with increasing distance from the transmitter, whereas the in- 
tensity decreases as 1/r. This too is a criterion for tlie essentially two- 
dimensional propagation of energy in the surface 2 = 0 (see p. 100). 

4. For the sake of completeness we also mention the exponential 
absorption in the radial direction; it is given by the real part of ipr and 
according to {16b) and (1),(2) it is given by 





which is valid both for 2 > 0 and for 2 < 0. 

For sufficiently large r, where the relative change of r'* is small, 
we can consider (19), (19a) as waves whose origin is at infinity, e.g., in 
the direction of the negative x-axis. These equations then become 

( 20 ) n 

(20a) 

where i4 is a slowly varying amplitude factor, and hence represent the 
so-called "Zenneck waves.” As early as 1907 Zenneck,® in great graphical 
and numerical detail, investigated the fields E, H derived from (20), 
(20a), and discussed the material constants of the different types of soil 
(also fresh and salt water). It was the main point of the author’s’ work 
of 1909 to show that these fields are automatically contained in the wave 
complex, which, according to our theory, is radiated from a dipole 
antenna. This fact has, of course, not been changed. What has changed 
is the weight which we attached to it. At the time it seemed conceivable 
to explain the overcoming of the earth’s curvature by radio signals with 
the help of the character of the surface waves; however, we know now 
that this is due to the ionosphere (see the introduction to this chapter). 
In any case the recurrent discussion in the literature on the “reality of 
the Zenneck waves’’ seems immaterial to us. 

Epstein® has recently shown that the surface wave P taken by itself 
is a solution of our problem, and hence in principle does not have to be 
accompanied by the wave complex represented by Q. The latter, gener- 
ally speaking, has the character of spatial waves and, in contrast to (20), 
is represented by the formal type 


*Ann. Phyaik 2J, 846. 

’ Ann. Phyaik 28, 665. 

* P. S. Epstein, Proc. Natl. Acad. Sci. U. S., June 1947. 
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Under the actual circumstances of radio communication P + Q is best 
represented by one contour integral which goes around the near points 
X = p and A = X' , and which must be discussed with the help of 
the saddle-point method. This has been carried out most completely 
by 11. Ott.® However, we have to forego the presentation of his results 
in order not to get lost in the details of the problem. 

We shall consider one more general aspect and one special formula 
which is convenient for numerical computations. 

The general aspect concerns a kind of similarity relation of radio, 
the introduction of “numerical distance.” Measured in terms of wave- 
lengths the radial distance traversed by a spatial wave in the time t is kr 
(except for a factor 2 7i), the distance traversed by the surface wave 
in the same time is equal to the real part of pr. We form the difference 
of these distances and introduce the quantity 

(21) Q = i {k — p) r . 


The absolute value of ^ is called the numerical distance. The quantity 
p is a pure number whose absolute value is small compared to kr. 
In fact, according to (16a) we have 


(21a) 



kr it* itr 

2 ” 2|nl*' 


Hence, for small values of q the spatial-wave type predominates in 
the expression of the reception intensity; in this case the ground peculiar- 
ities have no marked influence and we can make computations using an 
infinite ground conductivity without introducing great errors, as was 
done by Abraham (see §31). For larger q the rivalry between spatial 
and surface waves becomes apparent, as the value of q in (21) was 
defined in terms of the difference of the two propagations. In this case 
the material constants of the ground are important, and indeed not 
only a, but also b. Generally speaking, equal q ’s imply equal wave 
types and equal reception strengths. Thus q indicates a similarity 
relation. The fact that for sea water, due to its relatively high con- 
ductivity, Q is much smaller according to (21a) (for the same absolute 
distance r) than it is for fresh water or for an equally level dry soil, 
explains the good reception at sea (the difference in reception during the 
day and night is, of course, due to the ionosphere). 

An expansion in ascending powers of q led the author, in his first 
investigation (1909), to a convenient approximation formula, which 
since has been rededuced by different authors (B. Van der Pol, K. F. 

» Ann. Pkysik 41, 443 (1942). 
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Nicssen, L. H. Thomas, F. H. Murray) partly in a simpler manner. In 
its final form the approximation formula reads: 



U =2 + ® — 2^ q e ^ J , 


0 


It is valid for the air close to the earth. 

In order to confirm the preceding remark we note: The first teirn, 
which is the dominating term for small p , is of the spatial-wave type, 
and due to the factor 2 it corresponds to an infinitely conductive ground; 
the second term is of the surface-wave type and corresponds qualita- 
tively, and for the purpose of our approximation even quantitatively, 
to the first equation (19); the third term represents the correction for 
larger q . The generalization of (22) to the case of small finite distances 
z above the ground is 

ikJt { ^ 

(23) 77 = 2 ^ 1-1-il/^ e-^-2Ve e-^ 

\ 0 

where 

T = I {i — ^) r -f- n jY ; 

for 2 = 0 we have t = q and (23) becomes the same as (22). 



§ 33. The Horizontal Antenna Over an Arbitrary Earth 

For a horizontal antenna lying in the z-directipn it seems advisable 
to set the Hertz vector 77 equal to 77,. However, as we remarked at 
the end of §31 C, this is possible only for an infinitely conductive ground. 

We start by proving this fact. 

For fj = jj we obtain from (31.4) and (31.7) 


( 1 ) 


E. = A:^77,+ 


= A;i77 


a*j7, 

5‘77r, 


_ 5 * 77 , 


xE 


+ 


dx* 


dxdy 

F 

cxdv 


0, 

0 . 


where E, and E^ must be continuous at the boundary z — 0. From 
the above formulas for E„ we then deduce the continuity of 77,, which 
implies the continuity of . But then the formulas for E, 

imply the equality of fc* and k%, which is a contradiction. 
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We resolve this contradiction by writing the Hertz vector with two 
components: 

(2) n,); 

then instead of (1) we have 

77 2^0, 

He z :^0. 

Hence for 2 = 0: 

(4) div 17 = div 77^ 

and 

(&) n, = ki . 

Foi‘ the magnetic components, according to (31.4) and (31:7), we have 


(•^) 


77, +1^ div 77, 

E,= A:^77,^+|- div 5^, 


C 

E. = div 


H.= 

fc* 077. 

H - 

/077. 

077, \ 

z'^O, 

t/^o^ ’ 


\Sz 

dx ) 

X 

H 

II 

kg dUtg 

k\ 

f^TIxg 

\dz 

dz ) 

• 

o 

VI 


From the continuity of it follows that 

( 6 ) h^n, = k%n,r. 


and from the continuity of Hy it follows that 


( 7 ) 


Z.2 __ 1.2 

* ^ az 


Hence we have two conditions (5) and (7) for 77, which we can write 
in the form 


( 8 ) 


77, = n2 77,£, 


^ 77 , _ 2 371 ^ 

dz dz 


After we have determined 
for 77,: 

(9) 77, = n2 77,E, 


77, we obtain the two conditions (6) and (4) 

077. S77., 077., _ 

dz ^ 0* * 


The computation of 77, is carried out by the methods of §32. e 
again distinguish the three regions: 

II. A > z > 0, 


I. oo > z > h, 


III. 0>z> — oo- 
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In I and II the function J7, is composed of a primary and a secondary 
stimulation, which can be expressed exactly as in (32.3); in III we have 
only the secondary stimulation of the form (32.5). The conditions (8) 
then yield, in analogy to (32.7a,b), 

(10a) / — — Fe) = 0. 

0 

OO 

(lOb) /7„(Ar)e-'‘*(A + /^Jf'-nV-FE)f = 0 

0 

and by setting the parentheses equal to zero we obtain: 

( 11 ) + = 


This expression for F is written so that the second term vanishes for 
n -► OO , which is the same as oo , so that in the limit only 

the first term F = — Xffi remains. If we substitute (11) in the equa- 
tions (32.3,4,5), then in analogy to (32.9) we obtain the representation 
of the field: 


OO 


^ika' r + 






( 12 ) 


OO 






^1 + Me' 


0 


where (z - h)\ + (z + hy. 

If in particular h = 0 then we have /^' = R and (12) simplifies to: 


OO 




(12a) 




(A r) e 


— 


XdX 


ft + Ma' 


OO 


n,E = (^ ’■) 


fe* 


AdA 


Me 


If on the other hand we consider the special case n^oo, then we 
also have integrals in (12) vanish, so that (12) 

reduces to 

,ika gtkB’ 

(12 b) = 0 


in agreement with (31.17). 



260 


PARTIAL DIFFERENTIAL EQUATIONS 


§ 33. 12c 


The integration in equations (12) and {12a) is to be taken over the 
path Wi of Fig. 28. Here again we can profitably replace this path by 
the closed path W = TFi Wi. If at the same time we replace /o by 
\ Hq then for vanishing h but finite ks we obtain, in analogy to 
(32.14a), 

(12c) = j HI (1 r) e-- , 77,^ = i /hJ (A r) ^ . 

w w 

We now turn to the determination of Tig and first consider the 
second condition (9). Since Hx an d do not depend on x and y 
separately but only on r = /x* + have 


a77, 

dz 


ei7^ gr 

dr dz 


= COS (p 



(p= <(»,»■). 


and a corresponding relation for From the second equation 

(9) it follows that TJ, must also contain the factor cos 9 ? . Hence we 
deduce that /7, can no longer be constructed from the eigenfunctions 
/o(Ar)e^^* ; it is necessary to use Bessel functions with the next 
higher index 1 

/j (A r) cos <p 


Considering the fact that 77, should contain no primary stimulation we 
write: 



IJg = cos <p f Ii(Xx) e ^ CP (A) dX , 

II gE = tp J /i (A r) ^' * ” '* * (^) ■ 


where 0 and 0^ are still to be determined. The first condition (9) 
then yields 

(13a) 0 = n^0E. 


The second condition (9) yields 

— cos 9 ? J Ii (X r) e~ {f4 0 + f^s ^e) 


(13 b) 


SS= cos 97 



l)/7;(Ar)e-'‘* 


2X‘dX 
M + Mm' 


In fact, in the representation (12) the terms not under the integral signs 
vanish for z = 0. If we multiply the numerator and denominator of the 
integrand on the right side by /i — Ms and consider the fact that 

= i| - = 4 (1 - i) 
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and that according to (19.52b) we have (e) , then we 

can contract (13b) to 

(13 c) — COS 9 P I IiiAr) ^ — Mb) = 0- 

From this we deduce a further relation between 0 and 0^; : 

(13 d) /j,0 -h Me ^ (M — Me) ^ • 

This, together with (13a) and (32.2), yields 


(14) 


0 = — 


2 A* 




n* 




^ 0 


According to (13) the final representation of IJg is then 



cos + dX . 

= - 1 cos / /, (A r) e+ dX . 


The path of integration is Wi of Fig. 28, or, if we replace 7i by ^ H\ , 
the path W = W\ + TF 2 . Since the denominator in (15) coincides with 
that of 77, in §32, "surface waves" also exist for the 77, which is in- 
duced by a horizontal antenna. These surface waves correspond to the 
pole P in Fig. 28 and they are superimposed on the "spatial waves" or 
merge with them. Under the assumption A:£>->oo, which implies 
^ -*■ 00 , me~*‘°^ . the component 77, vanishes, Hence the in- 

duced vertical component is strongly dependent on the nature of the 
ground and thus does not appear in the previous elementary treatment 
of §31. 

A principal distinction of the horizontal antenna as compared to the 
vertical antenna is its directed radiation, which is implied by the factor 
cos <p in (15). The same factor is contained in the electric and magnetic 
field components which determine the radiation and it is a quadratic 
factor of the radiated energy. Later on we shall see that the component 
77^ , which is free of cos 9 ). in general gives no essential contribution 

to distant transmissions, and hence it can be neglected in the following 
discussion. 

The solid curve in Fig. 29 represents the “direction characteristic” 
of the horizontal antenna. In order to obtain this curve we plot the 
radiated energy = M cos 9 in a polar diagram, where M is the 
maximum of radiated in the direction 9 = 0 . This curve is 
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symmetric with respect to the direction 9 ? = rfc in which there is 
no radiation; the radiation in the forward direction 9 ? = 0 and in the 


* - AiU 




Fig. 29. Upper half: solid curve = direction characteristic of the horizontal 
antenna; broken curve — direction characteristic of the Marconi antenna. 

Lower half: diagram of the Marconi antenna. 

backward direction tp = n is the same. If we combine the horizontal 
antenna coherently with a vertical antenna so that the vertical antenna 
alone would give the same radiation M as would be given by the hori- 
zontal antenna in the direction 9) = 0 (the polar diagram would be a 
circle of radius M), then, we obtain as the total characteristic the curve 

2 M for gj = 0 

M (1 + cos q>)= M for 97 = 7 r /2 

0 for <p = n . 

This characteristic is represented by the broken curve and shows a 
stronger directedness than the solid horizontal antenna cuive. ^ 

In the lower half of Fig. 29 we sketched an arrangement by which 
such a combination of horizontal and vertical antennas was realized on a 
large scale by Marconi (about 1906) for transatlantic communication 
(station Clifden in Ireland). The preferred radiation in the direction 
of the arrow in Fig. 29 aroused general amazement and raised the prob- 
lem studied by H. von Horschelmann,^® in which the above theory \\as 
developed (Marconi worked only with the instinct of the ingenious 
experimenter). However the Clifden arrangement was somewhat 
cumbersome, and it has since been replaced by a more convenient com- 
bination of two or more vertical antennas (see Fig. 30). 

In Fig. 30 we have drawn a horizontal antenna of the effective 

»» Dissertation, Munich 1911, Jahresber. f. drahll. Tel. 5. 14, 158 (1912). 
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length /, together with the current which flows through and the influx 
and outflux through tlic earth. Tlie last two are equivalent to two 






Fig. 30. Horizontal antenna with the accompanj'ing earth currents; at a 
distance the effect of the two vertical antennas is the same as the effect of the 
horizontal antenna. 


coherent vertical antennas of opposite phase, which we have indicated 
by towers. Their action at a distance is represented by a formula of the 
type 



where iJj is the Hertz vector of the individual tower. We want to 
show that our theory in a rough approximation really leads to a formula 
of this type. 

Since we are interested only in action at a distance we set /i = 0 in 
(15) and in analogy to (32.10b) write 

In addition we have the relation 


|:/„ar)=-A/,(ar). 

The first equation (15) thus becomes 

(16a) 77, = cos 9= 1:1 /o (A r) e 

0 
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so that wo now ha\'e the primary stimulation R under the integral 
sign. Hence, we have actually obtained the form of equation (16); for 
the length of the antenna / we obtain 


( 16 b) 


l\ = 


2 V 


«o 


^ I t 1 1 e + i ojw\ 


Due to the meaning of k this length | / | is of the order of magnitude 
of the wa\’e length A, but it also depends strongly on the nature of the 
ground ; in the limit — > oo we have / = 0 as has been stressed before. 

The same approximation method leads to an estimate of the order 
of magnitude of fl^. We start from the first equation (12) and set 
/( = 0 as well as /u l-f-E — i kn. We then obtain 


(16c) 






IT, 



h 


2i d 

k »i 3s H 


Xow we have 


d z d 3 r d 

ez “jT ^ JtdTt ’ Fr ~ir ~ a Jr ~ir * 


The ratio of these latter quantities is z'r, and hence is very small in the 
neighborhood of the suiface of the earth at a great distance from the 
transmitter. According to (16c) and (16a) — /7^ and i7* havethesame 
ratio. Hence we have 

(17) t/7J<Cl/7,l. 

Tliis fact has been mentioned before but is proved here for the first time. 

The result is very remarkable: The primary stimulation 
serves only to (jive rise to the secondary stimulation IT^ . The trans- 
mission at a distance is caused by TI, alone. Only in the immediate 
neighborhood of the transmitter, due to the prescribed pole of Ux > 
does IT^ have an effect which outweighs that of 27^ . At a great 
distance the field of transmission of a horizontal antenna has the same 
character as the field of transmission of a vertical antenna, except for the 9^ 
dependence which indicates the primary origin from a horizontal 
antenna. In both cases the signals for large distances are best received with 
n vertical antenna: a horizontal antenna would be unsuited as a receiver, 
since the horizontal component of the induced field is always small 
compared to the vertical component, even for a moderately conducti^e 

ground. 

These results are generally known in practice, but they can hardly 
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be understood without our theory which takes the nature of the soil into 
account. 

We note that approximations (16a) and (16c) can be considered 
as the first terms of an expansion in ascending powers of the numerical 
distance q. Just as we had to complement the term by terms 

dependent on q for the vertical antenna, so now we must correct (16a) 
and (16c) by tei*ms dependent on q. 

§34. Errors in Range Finding for an Electric Horizontal 

Antenna 

In navigation, range finding means the location of that direction 
from which a signal reaches the receiver. As an ideal receiver for radio 
signals we have the frame antenna, which was described at the end of 
§31, and which will be investigated in greater detail in §35. We con- 
sider the receiving antenna rotatable around a vertical axis. As for 
navigation, we assume the receiver to be at sea, near the surface of the 
earth. We assume the transmitter to be a horizontal antenna. Then, 
corresponding to the directional characteristic of Fig. 29, we not only 
expect maximal reception on all points of the x-axis for an x-directed 
transmitter, but at every point (x.y) on the earth we expect a maximal 
reception in the r-direction from which the signal comes, and no recep- 
tion in the 9 >*direction. In reality things are not that simple because, 
in addition to the principal radiation of the order \ h, the horizontal 
antenna also emits radiation of the order l/r*. 

In order to prove this last fact we have to carry the approximation 
of the field one step further than we did in the equations of the preceding 
section. Namely, equations (33.16a) and (33.16c) yield div77=0 
and hence, since = 0 , for /i = 0 and 2 = 0 they yield a field 
perpendicular to the surface of the earth. We now compute div TI 
with greater precision. We obtain from (33.12c) with k = 0, and 
Tig from (33.15) by setting = 0 and replacing /i by ^ H\. Then we 
obtain 


djK 

bx 

bjj, 

bz 


— cos (pf H\ iX r) e ^7+^ . 

w 

cos^///!(Ar)e— 

w 

-cos^ J 
w 


div 77 = 
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and by a simple contraction: 


div 77 = — cos xp f Hl(Xr) e ^ 

^ J ^ ' ' n^n + / 


= cos (pp^J JiU^r)e - 


AdA 


According to (32.14a) the last integral is nothing else than the 77-field 
of a vertical antenna divided by n-. Since we assume 2 = 0 we may 
represent this field by (32.22). It even suffices to use the first terra of 
(32.22), which we can write as 

-*■0 A aitr 

(2) div 77 = -^ cos 9? ^ . 

It is now profitable to use polar coordinates. Then we obtain from (2), 
if we neglect the terms with (At)"®, 


grady div 77 = 


— div 77 = — ; cos (p ^ 

or n* ^ dr^ r 


(3) 


2ifc* /, 2 \ €<*»■ 


grad„ div 77 = 


Id ^ 2 1 a e<* 

— s- div 77 5 sin 0? — -T- — • 

r a® n* ^ r or r 


= + 


o<p 

2A® sin^j 
n® ikr r 


and from (31.4) we obtain: 

E,. = cos 95 + sin cos 9? 77^ + grad^ div 77 , 

, E^ = — sin 93 E ^ cos 97 E^ = — I? sin 9? 11 g. + grad^ div 77 . 

We still have to estimate 77^. With the approximation in (33.16c) 
we woijild obtain 77^ = 0 for 2 = 0; a more exact computation yields, 
if we again ignore the terms with (At)"®, 


(5) 


2 1 a e**’’ 
77* =; — — — _ = 


2*® 1 e**' 

n* ikr r 


Hence ^ve obtain from (3), (4), (5) 


^ 2ifc» 1 \ 

E, = - ^ cos ?. (^1 - , 

^ I 4ifc® sin?) _ 

~ ikr r" * 
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and thus, duo to kr » 1, 


E_ = 


2k^ 


Ak r 


( 6 ) 


— cos g> — 

n-* ^ r 


E. = + 


4 t* sin?) 


n 




ikr 


From this we conclude that for 93 = 0 we have = 0 and that the 
horizontal antenna field is in the r-dircction. Therefore — 

A rotatable frame antenna situated on the extension of the trans- 
mitting antenna shows the strongest reception in the direction of the 
transmitting antenna, as we had expected from the start. 

On the other hand for 93 = i 7c/2 we haw 

4k^ €§ **''’ 

(7) E,= 0. 




ikr 


7 * 


A rotatable receiving antenna situated on the perpemlicular to the trans- 
mitting antenna shows a misdirection. In the position of maximal 
reception the receiving antenna does not point in the direction of the 
transmitting antenna, but in a direction perpendicular to it, which is 
parallel to the transmitting antenna. However, the reception is very 
weak, being of the order 1/r*; this explains the fact that in Fig. 29, wheie 
we considered only terms of the order 1 /r, this reception was zero. 

Generally we may denote E^ as “correct direction" and as 
“misdirection." The latter, as in (7), is entirely due to terms of the 
order 1 /r*. 

For an arbitrary 9 ? the “relative misdirection" in our approxima- 
tion is, according to ( 6 ), 


= tan <p 


E, 


It increases to infinity as <p approaches ^r/2 , which means that for that 
value the correct direction vanishes, corresponding to E, »= 0 in (7). 

The practical engineer is in error if he considers such misdirections 
the result of mistakes in the construction of the transmitting or the 
receiving antenna. As we have seen these misdirections are in the nature 
of things. Certain other misdirections called “after effects," which are 
due to reflections on the ionosphere, will not be discussed here. 


§ 35, The Magnetic or Frame Antenna 

The frame antenna can be tised not only for range finding but also 
for directed transmission. In both cases the plane of the loop is taken 
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perpendicular to the surface of the earth and the normal to this plane 
will be taken as the j-axis. For rectangular forms the loop consists of 
two pairs of coherent vertical and horizontal antennas of opposite phase, 
similar to the scheme in Fig. 30. 

In §31 D we called such an antenna magnetic, no matter what the 
shape of the loop. Our frame antenna, which is situated in the y,z-plane, 
is equivalent to a magjietic dipole in the x-direction; its primary 
action can be represented by a Hertz vector = /T,. Due to the 

presence of the earth this Hertz vector becomes a general vector JJ . 

The relation between /j and the electromagnetic field in a 
vacuum is the same as in (31.4), hut we must replace E, H, €q, Mq by 
H, — E, Mq’ ^ In fact this interchange transforms the Maxwell 
equations (31.5) into themselves. Thus, in a vacuum, as counterpart to 
(31.4) we have: 

(1) H = 77 + grad div 77, — E= curl 77= — curl 77 

and in the earth, as counterpart to (31.7) we have: 

(2) H = 77 + grad div i7; -E = icurli7, 


where we have as before: 

(2a) + i (7 to* = . 


The vector 77 again satisfies the differential equation (31.3). 

The boundary conditions for 2 = 0 force us to consider 77 as a 
vector with two components 


77= (77,. 77.). 

just as in the case of the electric horizontal antenna. Indeed, we have 


(3) 77. — 77j,_g, 



a77, ^ dn,g 

dz dz 


due to the continuity of Et„^ , 


(5) div 77= div (6) l<?n^ = lc%n,g 

due to the continuity of Htang- 

Hence, we have two conditions (4) and (6) for 77a,, further 

conditions (3) and (5) that determine 77^ from the kno^^'n 77, . Condi- 
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tions (4) and ( 6 ) are exactly the same as the conditions (32.7) for the 
vertical antenna. Hence, we can apply the previous representations 
(32.9) €t seq. directly to our Ilx- Written in the form (32.14a) as special- 
ized for k = 0, these representations read: 


77. = //rJar)e— ^ 


X dX 


(7) 


w 




XdX 


w 


For the same reasons as in the case of the electric horizontal antenna, 
we write 17^ in the form (33.13) that contains cos 95 . However, due 
to condition ( 3 ), the functions 0 and 0^ will now be equal; their 
common value is determined from (5) : 

Hence by setting A = 0 and replacing I by H we obtain from (33.15) 





UgE — 




w 


- / 7/1 (A r) P dx 


TV 


However, in contrast to the electric horizontal antenna, we may now 
neglect H, as compared to 77, , so that in the discuss.on of the field 
and of its directional characteristic we shall consider the component 

77, alone. 

According to (1) we then have 

(9) E.. = 0, E.= 

Now we obtained the first line of (7) from the representation {32.14a), 
which for small numerical distances was approximated by (32.23). 
Applying the latter to (7) we obtain 


(10) 77^ = 2 ^ (1 + -) . 72 = + a2 . 

This agrees with the representation (31.20) for an infinitely conductive 
ground. From (9) and (10) for z = 0, we now obtain 

E,= E, = 0, • 


For the directional characteristic in the sense of p. 261 we obtain 
(11) = Main <p. 
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where E is the radiated energy and M is the maximum of ]/E that is 
radiated in the direction (M is proportional to r"'). 

We compare (11) with the elongated directional characteristic for 
the horizontal antenna in Fig. 29. The two curves are identical except 
for the interchange of sin (p and cos (p , in accordance with the remark 
at the beginning of this section about the current in the frame and the 
horizontal antenna. The interchange of sin <p and cos <p is obviously 
due to the fact that while our horizontal antenna had the direction 
of the r-axis the plane of our frame antenna was situated perpendicular 
to the ar-axis. 

Hence, the frame antenna has its maximal Todialion in the plane 
of its frame {^ = i ^/2), just as the horizontal antenna has the 
maximal radiation in its own direction = 0 and <p = n) . Corre- 
spondingly, the frame antenna has maximal reception if its plane is 
situated in the direction of the incoming wave. Since this plane was 
assumed throughout to be the i/,z-plane, the signal for maximal reception 
comes from the i/-direction with dominating electric z-component (per- 
pendicular to the ground) and magnetic x-component (perpendicular 
to the plane of the frame). Then the electric z-component induces an 
electric current in the frame or, as we may also put it, the magnetic x- 
component stimulates the magnetic dipole of the frame. Thus, the frame 
acts as a magnetic receiver, just as previously it acted as a magnetic 
transmitter. 

Incidentally, in range finding we do not try for maximal reception 
but for minimal reception, which yields the more precise measurements, 
as in all zero methods of measuring in physics. The frame is then m 
the X, 2 -plane instead of the y, 2 -plane. The normal to the frame then 
points in the y-direction, i.e., in the direction of the incoming signal. 

§36. Radiation Energy and Earth Absorption 

In discussing certain energy questions we abandon the domain 
E, H of the field strengths that permit superposition, and turn to 
the quadratic quantity of energy flow 

S = [EH] 

It now no longer suffices to consider the complex representation of the 
field under omission of the time factor exp ( — icot); instead we must 
multiply the real field components themselves. However, the complica- 
tions which this brings with it can be eliminated by averaging over space 
and time. The mean values will be even simpler than our representation 
of the field so far, since due to the orthogonality of the eigenfunctions, 
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the Bessel tvuictioiis <lrop out of the representation anti are replaced b\ 

more or less elementary funotions. 

Most important for our purposes is the total energy integrated 

OA’er a horizontal plane in the air: 

(1) S= }S,da = J (E, 


Corresponding to whether this plane lies above (: > h) or below {z < 0) 
the dipole antenna (z = 0), we denote the energy How (1) by S+ or S-. 
Both 5- and S+ are taken relative to the positive 3-direction. The 
energy that effectively" enters the earth in the arf/a//fC3-direetion is then 
given by - S-, which, for the time being, is to be taken over the plane 
3 = 0. However, we see that instead of this plane 2 = 0 we can use an 
arbitrary plane z < h, and in particular the planes z = h- £, e —*• 0 , 
for the computation of S- (the space between two such planes is free 
from absorption and there is no noticeable energy loss in the direction of 
infinity). Since all energy which effectively enters the earth is trans- 
formed into Joule heat, the function - S- at the same time represents 
the total thermal absorption <f the carih per unit of time. On the other 
hand S+ taken over the planes z — h + e , e~^0 , measures the tota 
radiation into the air above the plane 2 = ft per unit of time. \\ e call 
*S+ the e;ff€ctiv€ radiation. Hence 


(la) TT = S-f - S- 

is the energy needed by the antenna per unit of time if we can neglect all 
energy losses in the antenna; or, in other words, it is the power ^ 
by the antenna (the letter W reminds us of “watt"). following 

discussion we shall have to do mainly with this quantity ' _ ^ 

A. For the vertical antenna we had E,= 0 and H,. - u. it 
we denote the expressions for E, and which so far were complex. 

by £;,and and adjoin the time dependence, then (1) written exphtitlj 

becomes: 


5 = i|/ (.E, «-*■“'+ 

Upon averaging over time the terms involving exp(di2ia) () drop 
out, and, if from now on we understand 5 to be the mean value, we 

obtain 


S = -I // (£, Jyj + K H^) Tdra<p. 

'•“Effective entry" means “excess of influx over outflux 
reflected radiation is of course automatically included m -s . 


The outgoing 



272 


PARTIAL DIFFERENTIAL EQUATIONS 


§ 36 . 2 


Owing to the independence of the field from the 9 >- coordinate we can 
write this in the form 



OO 


S=jJ (E,H*-hKH^)rdr = 7tRe\j 

0 


OO 


For the computation of S+ we take Er and from (32.3) and for 
S- we take them from (32.4). These expressions differ only by the signs 


of 77p„„ in 

(32.3) and (32.4). We obtain 

(3) 

OO 

= £5 = lh(^r)l,a.z)XdX. 

0 

(4) 

if / Iiilr)U{Kz)ldl, 

0 

with 


(5) 

/i(A. 2 ) = ± A e-'' 1*-"* + fi F(X} 

(6) 

f2{^, 2 ) = — ^ — F(Z) 


where E(X) and F(l) are determined by (32.8). The fact that in (4) 
and (6) we used a variable of in tegration different from 3 and hence 
had to replace pi by fii = , will prove useful in what follows. 

Using (3) and (4), equation (2) can be rewritten as follows; 

(7) ^ = Re |i J ” f S, f h h (*»•)’•*} • 

Here we can apply the orthogonality relation (21.9a), which we write in 
our present notation for the special case n = 1 : 

(8) / (A r) {lr)rdr = d{A\l). 

0 

Hence, the right-most integral in (7) vanishes for all values of I except 
for Z = A , so that the middle integration in (7) yields 2 ) (see 
the footnote on p. 111). Thus (7) reduces to the simple integral 

^ = Re {i J z} k(X, A <2a| . 

A further simplification is obtained if we let the planes « = A i « 


(9) 
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approach the position of the dipole antenna, that is 


\z — h\^e<.h, z-\-hr^2h 

Then instead of (5) and (6) we have 

(10) /,(A) = + 

( 11 ) 

The product fi{X) / 2 (A) in (9) is thus the sum of four terms. However, 
when we pass to the difference 5+ — 5- only two terms remain, namely, 
those that correspond to the two signs of /f(A) in (10). Applying the 
definition (la) we obtain 


(12) ^.W'=Re 


09 

i j + 
0 


X»d?. 

fi 


+ Re 


00 

i I F{X) 
0 


where due to e «C A we may neglect fi* e as compared to 2 fxk in the 
exponential function under the second integral sign. The first integral 
in (12) is easily evaluated. For X>Jc both ft and, of course, 
are real. Hence the real part of — t times the integral from k to 00 
vanishes. Only the integral from 0 to k in which we may pass to the 
limit € = 0 remains. Using the variable of integration ft instead of X 
we obtain’* 



Re 



0 

i j (ft^+ A*) dfi 

-ik 



Concerning the second term in (12) we first consider the term F{X) Xjft 
in (32.8) which does not vanish for -►00 , and thus compute: 




X*dX 


Due to the real character of ft for X>k we again need consider 
only the integral from A = 0 to A = A . Written in terms of the 
variable ft , with the abbreviation ^=i2kh (14) becomes 


f r® ] 


f dft\ 

= i3R=Hl + ^.j 

\ -ik J 

1 


»Due to the sign of /a we must follow the prescriptions concerning the 
^'permissible sheet of the Riemsnn surface*' in Fig. 28. 
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By evaluating the real part we obtain: 


(15) 





2*3 


Combining (12), (13) and (15) we have 

(16) + C = 2*A. 

\0 C / 


where K stands for the remaining contribution of -F(A) forj/fc^|4=oo, 
which was not yet considered in (14), namely, 




Re 


f. r ” 2fi^ 

I ] + Ha 

0 




X*dX\ 

~r 


In connection with (16) we note that the first two terms on the right, 
which are independent of the nature of the ground, could have been 
deduced with the help of the apparatus of §31. However, the correction 
term K can be computed only with the help of our complete theory. We 
defer the discussion of these formulas to Section C. 

B. For the horizontal antenna the formulas become more com- 
plicated due to the combined action of /7, and JJ,, but with the help 
of the orthogonality relation (8) we finally obtain simplifications similar 
to those obtained for the vertical antenna. We shall merely outline the 
necessary computations. Instead of (2) we now have 


(2a) 


{E^B* — E^H*)rdTdtp 


and instead of (3) and (4) we have for the time being 

(3a) E, = cos 9- + I- div H, sin 9. 77^ + 7 div 77, 




Since, according to (34.1) and (33.15), div/7 and /7, are proportional 
to cosy while according to (33.12) Ua is independent of tp , 
conclude from (3a) and (4a) that &nd contain the factor cosy, 
while E^ and Hr contain the factor siny . We then can carry out 
the integration with respect to y in (2a), and instead of (7) we dbtain a 
triple integral with respect to A, I and r that has a somewhat com- 
plicated structure. However, if we form the difference W = S+ 
then the formulas become much simpler, since only the term that arises 
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from the primary stimulation 77^ has alternate signs. If \vc also use 
the Bessel differential equation for the elimination of the deriv’atives of 
/o, then we obtain 


(5 a) 
(6a) 


ir 


Tike 


Re 


oo 


oo 


09 


— if XdA A J I dl e f r dr Iq (il r) Iq (/ r) 
0 0 0 


yj _ 2 (e~^^ e” -I- 2 g-2hfi 


where e is as before. Due to the orthogonality relation (8) this 
reduces to the simple integral: 



IF 

Txkc 



A / dX 


The integration of the term in (6a) that is independent of kE can again 
be carried out as in (13) and (14), and again we need consider only the 
interval 0 < A < ifc . Thus, instead of (16) we obtain 


{16a) 


lAfyOj \0 C 




where C is as before and 


(17 a) 




2 fi 


XdX 


The expression (16a) is free of Bessel functions, just as (16) is (see 
the beginning of this section). F. Renner has drawn my attention to the 
fact that the expressions (16) and {16a) can also be obtained by a process 
that may be more familiar to practical engineers, and that we shall 
discuss in exercise VI. 3. However this process yields only the power 
IF = — 5- and not the values of 5+ and S- separately, and the 

latter are of considerable practical interest. 

C. Discussion. We first consider the principal terms of the equa- 
tions (16) and (16a), neglecting for the time being the correction terms 
K and L: 



2 , „8inf — Ccosf 


2 

3 


Bin C , sin f — C cos f 
— Z + >*a 


For f > oo they assume the common value 2/3. Due to ^ — 2kh 
the limit 4; = oo is the same as A = 00 Indeed, for h = 00 the 
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earth has no influence on the radiation of the antenna and the vertical 
and horizontal antennas must act in the same way. In both cases the 
total power is transformed into radiation. Correspondingly the equa- 
tions (16) and (16a) yield the common limit 

if! Jf- — 

3 *” 3 /io c ‘ 



This is identical with a formula given by Hertz‘s for the radiation of his 
dipole (freely oscillating in space). We note that the factor k* corresponds 
to the reciprocal fourth power of the wavelength in Rayleigh’s law of 
scattering, which does actually arise from the superposition of a large 
number of distant dipoles that are distributed over the atmosphere and 
that are stimulated to radiation by the incoming sun rays. 

If we expand the expressions (18) in ascending powers of f and 
then pass to the limit = 0 so that the expansion breaks off with the 
term ^ , then we obtain: 


(18b) 


2 2 4 2 

= + = 5 = 2* — for the vertical antenna, 

^ o o o 


- — l-f--‘*‘ = 0-g. for the horizontal antenna. 
O S o 


We can better understand the factors 2 and 0 on the right here with 
the help of Fig. 27 in §31 : through reflection on an infinitely conductive 
earth the radiation of the vertical antenna doubles for A = 0, the radia- 
tion of the horizontal antenna is canceled by its mirror image. However 
we must remember that we have neglected the coriection terms K and L 
in (18). This disregard of K and L means that simultaneously with 
passage to the limit A ->0 we also let . 

Figure 31 gives a general representation of the expressions (18). 
Above the axis of abscissas we have marked the values of C below it 
the corresponding v'alues of h. The figure shows that both for the vertical 
and the horizontal antenna the passage to the limit 2/3 is through con- 
tinued oscillation around this limit. The distance between the abscissas 
of two consecutive extrema measured in the h scale is, for both curves, 
approximately equal to half a wavelength ; this corresponds to the inter- 
ference between the incoming radiation and the radiation which is 

reflected by the infinitely conductive ground. 

In addition, for both curves we have traced a first correction by 

>»In the work quoted on p. 237; the formula can be found on p. 160 of his 
collected works v.II. In comparing (18a) with Hertz’ formuU we have to take into 
consideration the dimensionality factor which will be determined m (22) below. 
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§ S6 

broken lines as given by the terms K and L in (17) and (17a). The 
value k/ \ ksl = 1 100 that we use corresponds to the case of sea water 


Fig. 31 . The power needed by a dipole antenna 
for different altitudes h above the ground. 

V » vertical. H » horizontal antenna, the solid 
curves are for an infinitely conductive ground, 
the broken curves are for sea water. 

for a 40-m. wavelength. We note that the ordinates of the broken curves 
increase steeply as h tends to zero; of course for finite h the difference 
in the ordinates from the limiting case increases as de- 

creases. We are dealing here with a quite complicated double limit 
process, which reminds us of the double limit process in the Gibbs 
phenomenon of §2: if we first let = oo and then h —* 0, we end up 
with the finite ordinates 4/3 and 0. However, if we stop at a finite value 
of kg and first let A — » 0, then we end with an infinite ordinate which 
remains the same if afterwards we let k^-^oo. 

What is the physical meaning of the infinite increase of TV? It does 
not add to the effective radiation but gets lost as earth heat — «S_. In fact 
the Joule heat generated in the ground per unit of volume‘s for a fixed 
antenna current increases with increasing ks, whereas the effective 
radiation remains finite. In order to prove this fact we should have to 
discuss the formulas for S separately, together with the correction terms 
K and L, and this would lead us too far afield.'* 

D. Normalization to a given antenna current. We have developed 
the entire theory of this chapter without consideration of the physical 
dimensions of the quantities introduced. This omission must be cor- 
rected now. 

>« Since the volume in which Joule heat U generated decreases with increasing 1*^ 
(skin effect), we see that despite the statement in the text there is no heat loss in 
the limit -►co . 

We refer the reader to the investigation by A. Sommerfeld and F. Renner, 
Strahlungsenergie und Erdabsorption bsi Dipolantennen, Ann. Phyaik 41 (1942), 
where one also finds details concerning the concepts of radiation resistance and the 
form factor for a finite length of the antenna, which are customary in technology. 
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§ 36 . 19 


In the formula (31.1) we made the Hertz dipole factor equal to 1. 
In reality this factor is a denominate number, whose dimension is ob- 
tained from the relation between 11 and E in (31.4). According to 
(31.4) n has the dimension E X M-. Since, according to (31.1), 
n would have the dimension l/r, which is the same as M" *, we obtain 
for the coefficient of II , which we set equal to 1, the dimension E X M^. 
We compare this lactor with the Maxwell dielectrical translation 
D = eE, which has the dimension of charge per unit of area, that is 
Q/M^y where Q is the dimensional symbol for charge (see p. 237). Hence, 
written for the special case of the vacuum, we have the dimensional 
equation : 

(19) ^ E = hence 

where QM is an electric momentum that we set equal to el. In Hertz’ 
original model e was the charge of one particle which oscillated with 
respect to a resting charge — e and beyond it. 

Now what takes the place of this momentum in the case of the short 
antenna described on p. 237 that is loaded with end capacities? The 
current ji that flows in the antenna must by assumption be constant 
over the whole antenna at every moment. We write it in the form: 

(20) it = ? sin o) t s= j Re {i . 

The corresponding charges of the end capacities shall be 

Cf — e cos oi t and = — c cos eo t . 

According to the general relation 

d 


we must have e = j/o}. At the time 1 = 0, when the current is zero, 
the charges of the end capacities are ± e. Since these capacities are at 
the distance I of the length of the antenna they represent an electric 
momentum of magnitude 





We have to substitute this product el for the momentum QAf in (19). 
In addition we have to append to (19) the factor 1/4 n obtained from t e 
comparison of the field (31.4) in the neighborhood of the dipole with the 
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field of the antenna curront. Tlius wo obtain for the dimensionality 
factor to be appended to our 77 : 



4 n a> ‘ 


Both the radiation 5 and the power W must be multiplied by the square 
of this factor. Using the relation 


— ^ COS ^ 


+ k). 


OJ 1 

Mo 

we obtain instead of (16) 

(23) ^ ]/r + 2 — 

This formula gives the power in watts in a dimensionallj' consisten 
manner. Indeed, "j/— has the dimension of resistance and the numer- 
ical value 120 n = 37772. In our system, which is based on the unit of 
electricity Q = 1 coulomb, j is to be measured in amperes. Since kl 
has the dimension zero, IV is expressed directly in units of power: 
= watt. 

After multiplication by the same factor, equation (16a) for the 
horizontal antenna becomes dimensionally correct; we find 

(23a) W = ~k^l^ 


+ • 


Appendix 

Radio Waves on the Spherical Earth 

The earth wdll be assumed to be totally conductive (e.g., everywhere 
covered with sea water). We are dealing with a vertical antenna near 
the surface of the earth. The direction of the antenna is taken as the 
axis ^=*0 of a polar coordinate system the distance of the 

antenna from the center of the earth is denoted by ro; the radius of the 
earth by a < ro. The field then consists of the components 
and is independent of sp ■ ^Ve now want to deduce this field from a 
scalar solution u of the wave equation. 

The Hertz vector IT is not suitable for the representation of this 
field, since it satisfies not the simple wave equation j/r+ k*n= 0, but 
the more complicated form (31.3b) which holds for curvilinear coordi- 
nates. It is more convenient to start from the magnetic component 
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Using the second equation (31.5) we compute = 
from H 

(1) - ; 0 , E. (sin 


then, according to this scheme and from the 9J'Componcnt of the first 
equation (31.5) we obtain 


i oj Ur.r H 


Hence H satisfies the dilTerential equation 







1 a 


r a^ sin ^ a^ 


(sin dfi) + r if = 0 . 


We can transform this equation into the wave equation + 

by making H proportional to du/d& ; for convenience we set in 

particular 

(2 a) H = io>£o^. 


Then (2) becomes 



» o) Co »■ 


L/i 

&&\r 


1 d^T u 


ar* 


+ 




The first two terms in { } are equal to according to the above 

mentioned scheme. Hence if we choose u as a. solution of 



Jtt + jfe* V S* 0 


then according to (1) and (2a) the electromagnetic field is completely 
described by 




1 a 

r am& 



1 a« (ru) 
r d&dr 



The boundary condition E^ = 0 on the surface of the completely 
conductive earth is satisfied if we set 


{6 a) 


dru 

dr 




r 


a. 


In addition we have the condition that u is to behave as a unit source 
at the point r = r®, # = 0 . which means the existence of a radially 

directed dipole of the E -field. v j f 

In this form the problem can be solved according to the methw o 
§28 with the equation (22) of that section for G(P,Q), the only differ- 
ence being that then we had the boundary condition m = 0 instea o 
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our present condition (5a). However, this implies only a change in 
the constant A. Whereas from (28.18) and the condition w = 0 we 
obtained the value {28.18a) for .4, we now obtain from (5a) 

(6) ^ = - 

where here and in what follows 4:„ stands for 

From the solution (28.22) modified in this way we first deduce the 
simplified formula for the limiting case ro = a, in which the antenna 
is directly on the ground. From (6) and (28.18) we obtain for this case 

,, , ,, , ,, , Vr,ikn) -\- kny'„{k(i) ^ 

= «n(^a) = Vn(*")— - 

^„{ku) + Am {ka) 

— ka (k a) (k 'I) — Cn tt' «) Vn g) 

~ “ l:„(ko) + ku Cika) 

According to exercise IV'. 8, equation II, the numerator of this fraction 
reduces to i/(ka)^, so that if we abbreviate the denominator by (ka) 
we obtain 

(6a) uAka)= €„{ka) = Cnika)-\-ka^’^(ka). 

in (k a) 


Substituting this in the first line of (28.22) we obtain for G, which is 
our present u: 



u = 


k 

Ani 


2* (2n + 1) Pn(cos(>) 
n - 0 


C (k r) 
in(ka) ’ 


This equation holds for all values a<r<oo and 0^0 the do- 
main of validity of the lower line of the same equation (28.22) has 
now reduced to zero. This result (7) agrees with the pro\ iou5 treat- 
ment of this case by Frank-Mises (except for a factor which depends 
on our present definition of the unit source). In addition, the results 
there for arbitrary earth can be deduced here by a suitable extension 
of §28 (continuation into the interior of the sphere instead of the 
boundary condition on the surface). 

If, further, we wished to treat the horizontal antenna on the spherical 
earth, then we should have to introduce, in addition to u, a function i- 
which arises from the interchange of H and E, and we should obtain 
a representation for v that is similar to (7) but somewhat more 
complicated.*® 

However, the convergence of the scries (7) is very poor, like that 

'•This was done by P. Debye in his dissertation, Mitnich 1908; .-Inn. Physik 30, 
67 (1909). See also Frank-Mises, Chapter XX. §4. 
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of Green’s general representation in Chapter V. In order to see this 
for the present case we merely have to note that because of the ratio 
of earth radius to wavelength the numbers ka and kr are > 1000. As 
long as n is of moderate magnitude, Hankel’s asymptotic values for C 
are valid and they show that the ratio Cn/ln in (7) is nearly independent 
of n. We should have to use more than 1000 terms of the series until 
the Debye asymptotic approximations (21.32) became valid; and only 
the latter can bring about a real convergence of the series. 

In order to obtain a usable computation of u, we apply a method 
which was first applied successfully to our problem by G. N. Watson,*^ 
and which we shall find to be connected with the method developed in 
Appendix II to Chapter V. Namely, we transform the sum (7) into a 
complex integral. 

To this end and on the basis of the relation 

(co3 #) = (—!)" F„ (— coa . 

which is valid for integral (and only for integral) n, we first rewrite the 

series in (7) in the form 

00 

2* (2 n + 1) (- 1)« P„ (_ C09 

We then replace n by a complex variable v and we trace a loop A 
in the v- plane of Fig. 32 that surrounds all the points 

(8tit) V = 0, 1, 2, 3, * • ♦ w, • • * 



Froc. Roy. Soc. London 95 (1918). 
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in a clockwise direction. Over this loop we take the integral 



r 2v+ 1 

J 2 i Bin p 71 


(— cos 


r) . 

(Ar a) ' 


which is obtained from the general term in (8) by interchanging n and 
p , suppressing the factor ( — !)„, and appending the denominator 
einvn. As on p. 215, does not stand for the Legendre polynomial, 
but for the hypergeometric function 

(9a) P,.(x) = V, V + 1, 1, 

(which is identical with the Legendre polynomial only for integral v ). 
Now the integrand of (9) has poles of first order at all the zeros of smi'n ; 
the zeros that lie inside the loop A are the points (8a) and in the 
neighborhood of the point v = n we have as a first approximation: 


sinvjz = Bin nn + {v — n) n cos n « = ( — l)^n (v— n). 

Hence the residue of the first fraction in (9) becomes 


l!L+2 (_ 1 ). 

2»n ' ’ 


and by computing the integral (9) as — 2?r» times the sum of all 
residues we obtain 

(10) _ ^ (2 » + 1) {_ D" i>„ (_ coa ») . 

Avhich is identical with (8) except for sign. 

The next step consists in a deformation of the path A. We note 
that the hypergeometric series in (9a) is a symmetric function of its first 
two arguments. Hence we have for all (including complex) indices v: 

With the notation 


(Ha) J 

equation (11) becomes 

(Ub) = 

Hence is an even function of s. 

This also holds for the last factor of the integrand in (9). In order 
to prove this we start from the representation (19.22) of H\ which is 
valid for arbitrary indices; if we denote the index by s we have: 






dxo. 
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If we replace w by —vj, s —5 and reverse the orientation of Wi 
we obtain : 




If we multiply this equation by |,6i/2e and use (21.15) in order to 
pass from H to C then we obtain 


(lie) 4:.. (?) = €*’" Cs-iiQ)- 

The same relation holds for the quantity f (Jl;a)of (6a); 


(11^1) I., -i (*a) = e**"* (fca). 

By division we find that the quotient 



Ct-i {kr) 
Oca) 


is also an even function of s. 

Finally the first fraction in the integrand of (9) written in terms 
of s is 



28 

— 2 » cos an ’ 


and therefore is an odd function of s. 

We now deform the loop A into a straight line B (which is parallel 
to the imaginary axis of the v- plane and passes through the point 
5 = 0, i.e., V = — M) and two paths C (which are at a great distance 
from the real axis and, so to speak, join the ends of B with those of A). 
The poles that have to be considered in this connection will be discussed 
later. For the moment we show that the integrals over the paths B 
and C vanish. 

For the path B this follows directly from the odd character of the 
integrand of (9) as written in terms of the variable s. In order to show 
the same thing for the path C we investigate the factor C»/^* 
integrand for large values of v. We start from the series (19.34) 

where all the terms indicated by ... can be neglected for |»'|>e. 
According to Stirling’s formula we have 

I\v + 1) = J/2jiv 



hence 



APPENDIX 


285 


and for general complex v: 


(14) 

From this follows: 



This last quantity approaclies zero if the real part of v appiaacties 
plus infinity. Hence, in the representation (19.31) we can neglect I, 
as compared to /-r . If from we pass to 



and from we pass to the quotient of two C* functions, then, 

from (14) we obtain: 


(16) 


C„(ia) \rj 


Since a r < 1 the quantity in (15) vanishes if the real part of v+1 
approaches plus infinity, as is the case on both parts of C. The same 
statement holds for the quotient i,{kr)li,{ka), which according to (6a) 
and (14) can be written in the form 

a) = a) ( 1 + e ^ j =CAk a) {- v] . 


f,(e) 




From this we see that the third factor of the integrand in (9) vanishes. 
The first factor vanishes due to the denominator sinvTr. The fact 
that the second factor vanishes follows from (24.17) which holds for 
an arbitrary complex index of the spherical harmonic. Hence our 
original path A can indeed be deformed through the infinite part of 
the half plane in which the real part of v is positive. 

However, in this deformation the path cannot cross the poles of 
the integrand: 


(15a) 


^,(A;o) = 0, V = v*,Vi,v,, . . . 


We shall now investigate their position more closely. For the neigh 
borhood of the m-th root we write: 

(16b) =‘ iv — v„)ri,(ka) , ■ 


Then by forming 
(16) 


residues we obtain from (9) 
« 2* ^-(— 


r « 


0m V7t 


Crikr) 
Vp (^«) * 
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Now, except for sign, the integral (9) is identical with the series (10) 
and the latter in turn is identical, except for a constant factor, with 
the solution (7) of the sphere problem. Hence the series (16) also 
represents the solution of the sphere problem, and suppressing the 
immaterial constant factor we may write: 


(17) 



2v + l 

Bin vn 


Py { — COS&y 


Cy(kr) 
T),{ka) * 


We see that the passage from the series (7), which is summed over 
integral n, to the series (17), which is summed over the complex v, 
is obtained by forming residues in a complex integral twice. 

Before we proceed with the discussion of (17) we return for a 
moment to Appendix II of Chapter V. There, too, we were dealing 
with a series summed over integral n and one summed over complex 
non-integral v, namely, the series (1) and (3). We now show that 
there, too, the identity of the two series can be proved by forming 
residues in a complex integral twice. Written in analogy to (9) this 
integral is 


/ ^ 


(18) 


Bin V 71 
2 V -I- 1 


r > r-. 


with 


/ 2iBinyn 

Vy(kr) i,(ko) — y>^(ka) l:,{kr) 


■tt* (*. r) — 


CAka) 


We see that the poles of the integrands under consideration are the 
zeros of the denominator 


(18a) C,{ka) = 0, v = Vj, v*, Vj, . . . v„, . . 

which is common to the functions u, (k,r) and v, (k,ro). The corre- 
sponding residues of (k,r) and Vy (k,ro) are 


(18b) 


v„ (k a) Cv (k r) 
rjy {ka) 


and 


ip, (fc a) (k r ^) 
rj, (1; c) 


where, in contrast to (15b), we have 


(18 c) 




The original path of integration for the integrals in (18) is again the 
path A of Fig. 32. As in that figure, we can deform the path into the 
sum of the contours around the points v = Vi, . since here too the 
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paths B .C make no contribution to the integral. Thus we obtain as 
the common representation for the two integrals (18) 




2v + l 
2 i sin V 7t 


( — cos &) 


yr, (k a) 
r},{k a) 


(hfo) C, (fcr). 


It can be seen that this coincides with the series (9), Appendix II to 
Chapter V, by considering the relation (II) from exercise (IV. 8) 


Cp (q) v» ie) — C'p (e) Vv (e) = . 

This relation yields the fact that for q = ka and (ka) = 0 the quantity 
y)p{ka) is inversely proportional to Cileo) ■ 

Thus the novel series of Appendix 11 can be derived by complex 
integration from ordinary series summed ov'er integral n. In particular, 
this derivation shows the mathematical reason for the remarkable fact 
stressed on p. 217 paragraph 1, that the two n-series which are different 

for r ^ ro merge into the same v-series (19). 

In order to conclude our discussion of the spherical earth problem 
we must first show that the roots (15a) lie in the first quadrant of the 
V* plane (just as the roots of (18a) ). In (15a) we had the roots of the 
transcendental equation : 

(20) $p(ka) = (Cp+e Oq ~ka=0. 

For we again must use the special trigonometric form (11a) on 
p. 218 (both saddle points of equal altitude), since, for the general 
exponential form of , equation (20) can have no roots at all. Hence 
we can take dCp/d^ from (He), p. 219. We then obtain 

( 20 a) (Bin* sina C08 2), z= g (sin a — a cos . 

Q y ein a 4 

Due to the quantity Q—ka the second term in the parentheses (20a) 
is dominant. Hence, the roots of 0 (j*' contrast to the roots of 
0 on p. 219) are given with sufficient accuracy by 

From this we obtain, in analogy to (21.40), 

(21) V =QC0B a = — a |l + (4 m + 1)* . 

so that to each m = 0,1,2, ... a root »-« does indeed correspond in 
the first quadrant of the v-plane. 


(20 b) 


COS z — 0 , 


=-( 


m + 
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Since the absolute values of the are large numbers (because 
fca » 1), we can compute cob^) in (17) from the asymptotic 
equation (24.17). This equation can be written in the form 

P,(-coe&) = l/ » ^ . 

Y 2 Jtv am 

if we neglect an exponentially small part. With the same accuracy 
we have 


sin V « = e ‘ ' '*/2 i . 
Hence we can write in (17) 



Pp ( — cos 


SID V 


n p n V am & 


We now specialize the factor C/j) in (17) to the neighborhood of 
he surface of the earth, that is, we set r * a. According to equation 
(11a) on p. 218 with sin z = ( — I)" we now have 



i 

Q l^sina 


(- ir 


and if we restrict ourselves to the principal term of (20a) we obtain 
from (15b) 



X 

^l/sina 


(-esm«(- D") 


dz 
dv ' 


In analogy to p. 219 we have dz/dv — — a. Hence, 


( 23 ) 


1 


TJ. 


g a since kaeiaiti<% ka a* 


Substituting (22) and (23) in (17) we finally obtain 

2v+ 1 


( 24 ) 


/2t ^ 
« = — 2, 


ka 


m 


l^Tivain^ 




The last factor a-* depends on the index of summation m; in fact 
we have as in (21) 




In the first factor under the summation sign of (24) we may replace 
» by the first term of the last member of (21), which is independent 
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of m. Thus (24) simplifies to 

(26) u = • • • (sin ^ (4 m + 1)”* c * ^ . 

where the terms which are independent of m and i?are denoted by . . . , 
In our original series (7), summed over n, we would have had to con- 
sider more than 1000 terms. In our present series, summed over m, 
convergence is so rapid, due to the exponential dependence of the 
terms on and to the increase of v„ indicated in (21), that we 

may break off at the first or second term. Because of the positive 
imaginary part of v the increase of indicates an exponential damp- 
ing of the radio signals with increasing distance along the surface of 
the earth; the factor (sin^)-* indicates an increase of intensity at the 
antipodal point &—n of the transmitter.** 

We have omitted all numerical details since our formulas arc of no 
importance for radio communication due to the predominant role of 
the ionosphere. However, our formulas are of interest for the general 
method of Green’s function in Appendix II to Chapter and they 
show the power of this method for a special example.** 

** The apparent infinity of (22) for & = n contradicts our general condition of 
continuity, but this need not disturb us since the equation (24.17) which was used 
in (22) loses its validity at the points ^ « and d = 0. A more precise inve.stiga- 

tion of the point & = n leads to a kind of Poisson diffraction phenomenon of finite 
intensity (see J. Gratiatos, Dissertation. .Munich; Ann. Physik 86 (1928)). 

•* I wish to mention the fact, communicated to me by Mr. Whipple on the occa- 
sion of a friendly visit by English physicists, that Watson’s results can be deduced 
directly without the use of complex integration. I may venture the guess that the 
particular physical considerations which were made for this case are contained in 
the general method of our Appendix II to Chapter V. 
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1.1. The position of the maxima and minima in special Fourier 
approximations. Show that the extrema of the Fourier approximation 

S 2 „_i = bin a: + j sin 3 X 4 - 2 n—l (2 n — 1) a: 

lie at equal distances, and that except for the extremum x = nj2 which 
is common to all S, they lie between the extrema of *S 2 n+i- 

1.2. Summation of certain arithmetic series. Compute the higher 
analogues to the Leibniz series (2.8) and to the series -^4 in (2.18). 

1.3. Expansion of sin x in a cosine series. Expand sin x between 
0 and in a cosine series, 

a) by considering sin x continued as an even function in the 
interval — ;r < x < 0 , or 

b) by substituting 6 = 0 and c = in (4.5). 

1 . 4 . Spectral resolutions of certain simple time processes. Compute 
the spectra of the time processes which are indicated in Fig. 33a and 33b 
from their Fourier integral and represent them graphically. In the 
same manner compute the spectrum of a sine wave sin 2 7t tjr, which is 
bounded on both sides and which ranges from / = —T to t = -hT 
where T=nr (Fig. 33c), and deduce from this the fact that the 
width of a ^ectral line varies inversely with its life span. An abso- 
lutely sharp, completely monochromatic spectral line would therefore 
need a completely unperturbed sine wave that extends to infinity in 
both directions. 

1.5. Examples of the method of complex integration. Give the 
reasons for the result of exercise I.4a (Dirichlet discontinuous factor) by 
the method of complex integration; also, resolve the spectrum of the 
sine curve bounded on both sides into the spectra of two waves that 
are bounded on one side. 

1.6. Compute the first Hermite and Laguerre 
their orthogonality condition by the method applied 
monies, normalizing so that the leading term of H„(x) is ( 2 x) and the 
constant term of (x) is n\. 

For the definition of these polynomials see the table on p. 27. 
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EXERCISES FOR CHAPTER 11 

11.1. Elastic rod, open and covered pipe. Compute the transversal 
proper oscillations of a cylindrical rod of length I, which is clamped at 
X = 0 and oscillates freely at x = /, and compare them to the proper 
oscillations of an open and a covered pipe. 

11.2. Second form of Green's theorem. Develop the analogue to 
Green’s theorem, see v.II. equation (3.16), for the general elliptic dif- 
ferential expression L(u), 

a) where L{u) is brought to the normal form, 

b) in the general case. 

c) Investigate the conditions under which the boundary value 
problem becomes unique for a self-adjoint differential expression L. 

We may restrict ourselves to the case of two independent variables, 
for which Green’s theorem is 


j uAv da + j (grad «, grad v)da = J u^ds . 


II.S. One-dimen.fional potential theory. Determine the one-dimen- 
siona) Green’s function from the conditions 





0^x<^, 


h) G =0 


for X = 0 and x = /, 



dx 


1 and G continuous for x = ^ , 


and apply it to the (obviously trivial) solution of the boundary value 
problem : 


d*u 

dx^ 



u continuous for 0 ^ x ^ I 



for X = 0, 
for X = 1. 


Condition c) means “yield 1’’ of the source of G which is situated at 
X = f ; G+ is the branch x > $ , G- the branch x ^ of G. 

II. i. Application of Green's method which was developed for heat 
conduction to the so-called laminar plate flow of an incompressible viscous 
fluid. We assume the flow to be planar and rectilinear throughout; this 
means that it is to be independent of the third coordinate z and directed 
in the direction of the y-axis. The velocity v then has the single com- 
ponent = V, which, due to our assumption of incompressibility, is 
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independent not only of z, but also of y, so that the quadratic con- 
vection terms (v grad) v vanish. The Navier-Stokes equation for v is 
then according to v.II, equation (16.1) 



dv T _ 1 e3p ^ 

dt ^ ’ 


where k is the kinematic viscosity; the right side is independent of x 
due to the corresponding equation for the vanishing a:-component of 
velocity, hence it is a function of t only, say a(t). 

The flow is to be bounded at x = 0 by a fixed plate, which is at 
rest up to the time t = 0 and thereafter is in motion with the velocity 
Vo{t). Due to the adhesion of the fluid to the plate we have for x = 0: 




Vo (0 • • ■ « > 0 . 


For the linear Couette flow (see v.II, Fig. 19b) we would have to add 
further boundary conditions on a plane that is at rest at a finite dis- 
tance from X = 0, However, for the sake of simplicity, we shall con- 
sider this plate situated at infinity. The limiting case obtained in this 
manner is known in fluid dynamics as plate flow. For this flow we have, 
in addition to (2), the condition for x = oo: 



V = 0 and p ~ Pa (independent of y). 


From this it follows that <2(0 = 0, so that (1) goes over into the equation 
of heat conduction. 

We are thus led to a boundary value problem, which is a specializa- 
tion of the problem illustrated by Fig. 13 only in that we now have 
Xi = CO and xo = 0, and is a simplification of that problem because in 
the initial state in which the plate and hence the fluid are at rest, 
we have: 


(4) V = 0 for f = 0 and all x > 0. 

The solution is obtained as in (12.18), if the principal solution V is 
replaced by a suitable Green’s function. Discuss the resulting velocity 
profile v(x) for increasing values of /. 


EXERCISES FOR CHAPTER III 

III.l. Linear conductor with external heat conduction according to 
Fourier. Let the initial temperature for x > 0 be «(x,0) =/(*). How 
must this function be continued for x < 0 so that the condition is 
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satisfied for x = 0? 

111.2. Deduce the normalization condition in anharmonic analysin 
by specialization from Green's theorem. 

111.3. Experimental determination of (he ratio of outer and inner 
heat coTxductivity. A rod is to be kept at the lixed temperatures ui and U 3 
at its ends a: = 0 and x = I and is to be in a dalionary state after the 
effect of an arbitrary initial state <lies out. The flow of temperature 
would then be linear if the lateral surface of the rod wore adiabaticallv 
closed. Hence, at the middle section of the rorl i = I 2 we would ha\e 
temperature M 2 = (mi + wj).2. Hence from the measurement of 


1 +« 

2 « 


we can determine the ratio of outer and inner heat conduction 
(essentially our constant h). Deduce the relation between q and h 
needed for the evaluation of the rneasuii’ment ; acconling to the above 
7=1 corresponds to h = 0. 

Ill . 4 . Determination of (he ratio of heat conductivity 9c to electric 
conductivity a. A metal rod is to be heated electrically, where the 
current i per unit of length gives the rod the Joule heat i^fqa 
(q = cross-section of the rod); the rod is to be insulatc<l against lateial 
heat conduction. White the differential e(juatif)n of the .stationary state 
and adapt it to the boundary conditions m = 0 for j = 0 and x = I 
that are realized in water baths. The potential difference V" at the 
ends of the rod and the maximal temperature L' at the mid-section of 
the rod are to be measured. From them we are to compute the ratio x/a. 
For pure metals this ratio has a universal value (Wiedemann-Franz 
law). 


EXERCISES FOR CHAPTER IV 

IV. 1. Power series expansion of IniQ)- Compute this expansion 
from the integral representation (19.18) 

a) for integral n, 

b) for arbitrary n 

with the help of a general definition of the P- function. 

IV. 2. Deduce the so-called circuit relation-n for I{*„ and H\ for inte- 
gral n from the integral representations (19.22). 
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IV.3. Compute the logarithmic singularity of Hq{q) at the origin 
from the integral representations (19.22). 

IV.4. An elementary process for the asymptotic approximation to 
Verify the asymptotic limiting value of H^ig) by successively 
neglecting 1/^ and the higher powers of 1/^ already in the differential 
equation. This method is of course dubious from a mathematical point 
of view. 

IV.5. Expansion of a function on the sphere. 

a) Expand / first in a trigonometric series in 97, and then in 
spherical harmonics in cos That is, find the expansions 

7n s — CO n — m 


and as combination of both these expansions 


(1) 


/(t?, (p) = (cos e‘ 

m n 


m ^ 


— CO < m < 4* CO » 
ml < n < CO . 


b) Construct / from general surface spherical harmonics 
determine the coefficients from the orthogonality relation for 


y„^ = i>;r(cosd) 


that is, find 


CO 


/(^,<P)= -s: y„, 

n • 0 


Yn= A„„P::(cos^)e 

m » — n 




and as combination of both expansions: 

0 < n <00 , 

(2) <p) = J: ^ A„„ Prices 

n m — + 

Clarify the apparent dissimilarity in the order of summation in (1) and 
(2) by a figure (lattice in the m,n-plane) and show that A^n nnd Anm 'n 
(1) and (2) formally have the same meaning (by interchanging the order 
of summation and integrating). 

IV.6. Mapping of the wedge arrangement of Fig. 17 into circular 
crescents. Transform the 60“-angIe wedge of Fig. 17 by reciprocal radii 
with a suitable position of the center of inversion C (see the text for 
this figure): the three straight lines 1,-1; 2,-2; 3,-3 then go into three 
circular arcs and the angles formed by them go into circular crescents. 
Examine the association of these regions and consider the fact that 
the Green’s function of potential theory can be obtained for each of 
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these regions {spatially speaking they are spherical crescents) by five 
repeated reflections. 

IV. 7. Mapping a) of the plane parallel plate into (wo tangent ■spherc.’i, 
b) of two concentric spheres into a plane and a sphere. Investigate the 
three-dimensional figure into which the plane parallel plate of p. 74 
together with its mirror images are transformed upon inversion. The 
sphere of inversion is best situated so that it is tangent to the boundary 
planes of the plate. Show that the plate is thus mapped into the 
exterior of two tangent spheres; and its min'or images are mapped into 
the space between two interior tangent spheres, b) Show that two 
concentric spheres can be inverted into a plane and a sphere. Hence, 
conversely, we can transform the potential of a sphere towards a plane 
into the much simpler boundary value problem for two concentric 
spheres. The same holds for the potential of two aibitrary non- 
intersecting spheres. 

IV.8. Evaluation of two expressions involving Bessel functions. In 
equation (5) of Appendix I to Chapter IV determine 

( I ) H,{Q)rM-'KiQ)hiQ) 

and in equation (20b) of the same appendix determine 

(II ) (e) v’n (e) — C (e) Vn (e) - 


EXERCISES FOR CHAPTER V 

V.l. Normalization questions. Normalize the functions /„(Ar) 
and (Jc r) of (26.3) and (26.2) to 1 for the basic interval 0 < r < a 
with the boundary conditions 7j,(Aa) = 0 and yf^(ka) = 0 in analogy 
to equation (20.19). 

V.2. The Gauss theorem of arithmetic mean in potential theory. 
Prove the theorem: The value of a potential function u at any point P 
of its domain of regularity 5 is equal to the arithmetic mean u of its 
values on an arbitrary sphere Kq, which has radius a and center P 
and which lies entirely in S. 

V.3. Summation formula.'} over the roots of Bessel functions. Verify 
that the coefficients A„„, in the expansion (27.13) equal those of (27.14), 
and derive interesting identities for the from the equality of the 
coefficients of J7^ (cos ^ 0 ) in these two expansions. These 

identities can be rewritten as identities for the . 
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KXKRCISES FOR CHAPTER VI 


VI. 1. Vi rtical and hnnz >ntal antenna at the altitude h over an 

» 

infinitely conductive ijruuntl. Show that the formulas (31.16) and (31.17) 
for tlie two (ledrie antennas: 


gifcR e ‘ 

a) n = n^ = -Y~-\ , 


b) 77 = 77, = -^ 





y 


satisfy the conditions (31.15) for the vanishing of the tangential com- 
ponent of E in the entire plane z — 0. 

In the .'lame manner show that the formulas (31.19) and <31.20) 
for the two magnetic antennas: 

c) 77 = 77, = -^ d) 77= 77^=-^ + -^ 

satisfy the conditions (35.1) for the vanishing of the tangential electric 
component. 

VI. 2. Behavior of the electric force lines for a Zenneck wave in the 
neighborhood of the surface. .Show that the lines of force in the 

air are bent forward, i.e., in the direction of propagation and that the 
lines of force in the earth are dragged behind. 

VI. S. Simplified computation of the power needed for the vertical and 
horizontal antenna. Provo the expressions (36.16) and (36.16a) by 
determining the woi k Ej7 done per unit of time by the field strength E 
and the cui rent j for the length / of the antenna. 
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I.l. The ociuntion which dotenninos the position of the o\tr<*ma is 
(1) cos X + cos 3 a: + • • • + cos (2 n — 1) a: = 0. 

If we write this in the form 


( 2 ) 


Re — 0, 


then we can sum tliis geometric series. We ol)tinn finally 


(3) 


sin 2n a: 
2 sin X 


= 0 . 


, 71 2.T (2n— l)?r 

henre (4) 4:=^, ^ 


Due to the denominator in (3) we do not count the points ;r = 0 and 
x—n. Equation (4) proves the statement in the exercise. 

1.2. By integrating from 0 to j- we obtain a sine sojies from the 
cosine series (2.17); and if in the sine series we set x = 7t}2 then wo 
obtained the analogue to the Leibniz series whicli follows (2.14). 
Integrating this sine series we obtain a series in terms of 1 — cos .r. 
1 — cos Sx, . . . and setting ar = ar/2 liere we obtain the next analogue' 
to (2.16), from which we tleducc the value of Z’j . This process can 
be continued indefinitelv, but it does not .seem to lead to a transparent 
law for the successive analogues. 

1.3. The two processes mentioned in the exercise load to the series 


2/2 2 \ 

sin X = — ( 1 cos 2 X — g — 1 cos 4 X ... ) 

n \ 1*3 3 • 5 / 


from which, by setting, e.g., a- = 0, wc obtain a representation of I 2 
as a series in the reciprocals of odd integers. 

1 . 4 . Consider case a). If in (4.8) we replace x by t and perform 
the integration with rc.spcct to $ we obtain 


+ 00 


00 


( 1 ) 


/«)=! / 




Bin -g- e- 

CO J 


= J a (to) 


COS CO i doj 


~ 00 


where |a(a>)| stands for the amplitude of the spectrum of fit) with the 
frequency <u and, according to (1), 


( 2 ) 


^ ^ 1 sin cor/2 

a (<o) To — 

' ' n tt>/2 


This function has its principal maximum of altitude r/n at w = 0 , 
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followe<I by secondary maxima of decreasing altitudes at intervals with 
lengths asymptotically equal to Jo) = 2ff/T. 

In case b), where according to the figure we are dealing with a 
function / which is odd in /, we obtain in the same manner; 

+ oo oo 

f(l) " ” / ^ ~ ■^) = f ^ («>) Bin <otd(o; 

(3) ”-oo ^ 0 


b (tu) = 


11 — COS o) rl2 

n <jjI2 


1 sin* to t/4 
71 a>/4 


We now have 6 (co) = 0 for a> = 0; the first maximum lies at a» <— 4.7 /t; 
as before, the subsequent secondary maxima successively decrease in 
altitude. 



Of 

Fig. 33. 

a) /(O = 0 for \i\ > t/ 2, b) fit) = 0 for |(| > t/2, 

/(/) = 1 for |/| < t/2. fit) = 1 for -t/2 < < < 0, 

— —1 for 0 < < < t/2. 

In both cases a) and b) we are dealing with a “grooved spectrum” 
that extends to infinity. 

In the beginning of the theorj’ of x-rays an attempt was made to 
interpret them as ether impulses of the type a) or b). From a spectral 
point of view, which is the only one that is physically justified, this is 
not a departure from the wave interpretation, but merely an (arbitrary 
special) assumption about the nature of the x-ray spectrum. 



Fig. 33c. Schematic representation of the intensity in the spectrum of a wave 

process of frequency a>o= • which breaks off on both sides. Here is the 

half-value width of the corresponding spectral line. The ruled middle portion of 
the spectrum consists of sinMike oscillations, just like the unruled part. 
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For the wave process of length 2 2’=* 2 nr which breaks off on 
both sides (Fig. 33c) we start most conveniently from equation (4.11b) 
and find 



OP 


/■(O = J b (o)) ein <o t d<o. 


u 


6 (lo) = 


4 sincuT 



The principal maximum of b lies, as expected, at the frequency = 2 njx 

and has the altitude bo — nxln corresponding to the intensity lo — 

and hence increases with increasing length. This principal maximum is 
flanked on both side§ by secondary maxima of successively decreasing 
altitudes at intervals with length asymptotically approaching yinx ; 
for all these maxima we have sin <«> T 1. We seek the two maxima 
for which I = that is, according to (4), those maxima for which 



The difference of their frequencies is the so-called half-value width of 
the corresponding spectral line. If we assume n »1 then this fre- 
quency difference is, according to (5), 





71 n 



2/2 

T ■ 


Hence the half value width decreases with increasing T as stated in 
the exercise. Only for T-*-oo do we obtain an absolutely sharp 
spectral line. 

1.5. The function f{t) of Fig. 33a) for t/2 = l is known in the 
mathematical literature as the Dirichlet discontinuous factor: 


OP 


( 1 ) 


D = — j sin oj cos to t = I 4 

^ ' 0 


1 . 

t\ > 1. 


If we set « = 0 here then we obtain the fundamental integral 

OO +00 

dto 


( 2 ) 


/ dto n ^ C . dto 


— OO 


which was used in connection with Fig. 4, p. 11. This can be verified 
directly through complex integration: since is analytic on the 

real axis and in its neighborhood, we can avoid the point co = 0 (e.g., as 
in Fig. 34a, p. 301) below the real axis, and we then can decompose (2a) 



300 


PARTIAL DIPPEREXTIAL EQUATIONS 


into the difi'erence of the integrals 




dco 

I 

ix> 


both integrals being taken over the heavj' line of the figure. The path 
of integration in II can be deformed into the infinite part of the lower 
lialf plane, where the integral vanishes. The path of integration of I 
must be deformed into the infinite part of the upper half plane since 
exp (i to) vanishes only there; however, it cannot be deformed across 
the pole to * 0 . The residue at the pole is 2ni. This proves (2a) 
and hence (2). 

Finally, we easily verify that those parts of the path of integration 
which in the figure are indicated by short arrows and their dotted 
continuations also make no contribution to I and II. 

The method of complex integration also serves to extend the state- 
ments of the preceding exercise for the wave which is bounded on both 
sides. Such a wave can be considered as the superposition of two waves, 
which are bounded on one side, of opposite phase, one ranging from 
t — — T to <= 00 , the other fiom t = -+-7’to <= 00 . However these 
processes cannot be represented individually in the Fourier manner, 
due to the divergences at <= 00 . For this purpose it is necessary to 
transfer the path of integration in equation (4) of the preceding exercise 
from the real axis into the complex domain (as shown in Fig. 34b), and 
then to perform the decomposition. This is explained by the following 
transformations which start from equation (4) on p. 299: 


/(O- 


00 

d i* doi 

• ^ I sin oj t sId a}T — 

0 


- CrY 


2 


00 


dco 


= ^ f I CQ8 a> (t — T) — cos io{t+ T) 


- (V")’ 


a>‘ 


0 

+ 00 


— 00 


T J j 


I 

II 


rj 


where the integral signs without upper and lower limits are to be taken 

over the complex path of Fig. 34b. 

Wc claim that I represents the wave pr«icess starting at t ” 
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and II represents that starting at t 


-\-T. holii fontinuiiig to < = oo . 



Fig. 34. a) Dirielilot tliscontimioii.N fartiir. W r provo p»iiiat ioii 
iiig the patli of integration of II tlownwai'l. that ot I upward t> 
which breaks off on botli side.'. 'I'lie coniplox intogral> 1 and 11 
processes which are bounded on one siile. 


(3 ' by dehirni- 
I Wave proce-«> 
repre-eiit wave 


In order to prove this u'e set 7’ = 0 tor simplicity, and show that 



is a sine wave which starts at f = 0 and continues to / »= oo . The 
proof is given in a manner similar to that ol (3): for / < 0 the path of 
integration can be drawn into fhe infinite part of the lower half phine 
and the integral vanishes there. For t > 0 the path of integration 
must be drawn into the upper half plane. Due to the polos a» = ± 2nlx 
we obtain the residues 


so that 


2ni 


etnitir 

iTfIX 


and 


2 7ri 


^ — 2 n it It 

— 4 TXfX 



This completes the proof. 

If instead of starting from (4) we start from 


( 6 ) 




then we see that for the same choice of the path of integration and tlie 
same deformation of this path we obtain the same icsult as before. 

0 




t> 0. 


The interest in this representation lies in the optic theory of dis- 


( 6 ) 
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persion. We imagine that perpendicularly to the plane x = 0 the 
wave (6) enters a medium filling the half space x > 0, and decompose 
it according to (5) into partial waves of the form a(to)e*‘“‘. Each of 
these waves propagates in the direction of increasing x independently 
of all other waves and we represent it here by a (o)) exp [t (fcz— to i)]. 
The wave number k in a dispersion-free medium would be * 0 = '"/c; 
due to the induced oscillation of the electrons (numbering N per cm.®) 
we have 



N eym \ 


wheie Wf is the proper frequency of the oscillating electrons (for the 
sake of simplicity we neglect the damping of these oscillations). Hence 
in the infinite part of the plane we have: 


k = Icq, k X — to < = X — to t = — (x — c t) . 

c 

Thus the question of whether the path of integration is to be deformed 
in the direction of the positive or negative half plane is determined 
by the sign of x — ct. Since this criterion is independent of to it is 
the same for all partial waves, so that x — ct stands for the entire light 
stimulation at the point x of the dispersive medium. The head of 
our light signal therefore propagates with the vacuum velocity dx/dt = c, 
not, as one might think, with the phase velocity V = to/k which is char- 
acteristic for the dispersive medium. We interpret this in the following 
way: the electrons are at rest for t < x/c and start plane oscillation for 
t = X c. The full amplitude corresponding to the incoming oscillation 
is attained only at a later time that is determined not by the phase 
velocity V but bj'^ the group velocity U^dco/dk. The oscillation proc- 
esses which precede this time may be called /orcrunncrs of the light signal. 

1.6. a.) Hermitc polynomials. Due to the even character of g{x) = e‘** 
and the fact that the interval is — oo < * < -h oo we see that the 
Hermite polynomials, like the spherical harmonics P„, are even or odd 
functions of x depending on whether n is even or odd. Considering 
this fact and the customary normalization of (see exercise) write: 

//„=!, H^=2x, H^= 4x^ + 0 , H^=6x^ + bx, = Id x* + c d 

and compute the coefficients a, b, c, d through a repeated application 
of the orthogonality condition (result: 

a = — 2, — 12, c« — 48, d= -|- 12). 

b) Laguerre polynomials. Due to the weighting factor g(x) = e * 
and the fact that the interval is the polynomials are no 
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longer even or odd. Considering this fact and the customary normaliza- 
tion (see exercise) write: 


io=l, Z,= ax-Fl, Li= b + c X 2, dx^ + e x- ^fx -i- G 

and compute the coefficients a,b, . . . / as in a) result: a = — 1, fc = 1, 
c = -4, d = -l,e = 9./ = -18). 

The differential equation (7.8) to which this exercise relates 
is obtained as follows from the theory of beam bending: we start from 
the differential equation: 

c*u 1 d^M 
ex* ~ El dx^ ■ 

The bending moment AI of the exterior static load of the beam is to 
be replaced by the moment of the dynamic inertia resistances 

d^u 

(e *= mass per unit of length of the oscillating beam). Let this beam 
be clamped at z = 0 and let the free end be z = /. All the cross- 
sections a: < f < i contribute to the bending moment at the cross- 
section z, each cross-section with the lever-arm H — x. Hence we have 




’cM 

tx 



X 


d^Jtf _ dhi 

~ ^ et* ' 


Substituting this in (1) we obtain (7.8) and for the constant c (of 
dimension cm.®/sec) we obtain 



According to (2) we have at the free end M — ^ — 0- 
equation (1) above this means 


According to 



ct** 0X3 


On the other hand the clamping implies 


( 6 ) 


du 
•u 7— 
cx 


If we write u = U e*‘“‘ , O = e 


4 X 


= 0 for r = 0 . 

then (7.8) yields 


*‘=S. 




a = ± fc and = ± » . 
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Hence there arc four particular solutions of the differential equation for V: 

e-**, e”***, 

which for the follow ing can be combined more conveniently into the forms 

sinh Ax, cosh kx, sin Ax, cos Ax. 

Hence the general solution becomes 

I ' = A sinh Ax + B cosh Ax -f- C sin Ax + D cos Ax. 


According to (4) and (5) there are four relations among the constants 
of integration A,Ii,C,D, from which we obtain through elimination the 
transcendental equation 



cos kl 


1 

% 

cosh kl 


The graphical treatment of this equation in the manner of Fig. 7 yields 
an infinity of roots at intervals which asymptotically become 



n >1 







For the basic oscillation we have 

(7a) A = Aj = 1.875// , w = coj = c Aj . 

The differential equation of a -pipe is the same as that of an 
oscillating string, that is equation (7.6) where u = longitudinal velocity 
of air, c — velocity of sound. For the pipe which is open on both ends, 
or one which is covered at x = 0 and open at x = f we have the boundary 
conditions 

d w 

(8a) — = 0 for X = 0 and x = I (open pipe) 

dx 

or 

(8b) u = 0 for X = 0, ~ = 0 for x = / (covered pipe) 

dx 

(due to the hydrodynamic continuity equation 0u/5*=O means the 
same as dpjdi — O, that is p = p^ = atmospheric pressure which we 
assume to hold approximately). Writing for the proper 

oscillations we obtain from (8a, b) 

(9 a) U=Afx>^}c^x, A„=nj, to„ = cA„, Aj = 3.14// 


(9 b) 


XJ = B sin x, 



2/ I ' 




= 1.67// . 
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The value (7a) of A-j lies between the values (9b) and (9a). The sequence 
of w is harmonic for both the open and covered pip(': for the clastic 
rod it becomes harmonic only asymptotically for high overtones {see (7.)). 


II. 2. a) Using the identities 

d 


chi di^ _ d / cu\ 

^ dx- ^ cx “ bx V ' 

^ du , bD V ^ , r\ \ 
Dv — + u — = -.-{Du v ) , 
CX ox cx 


and writing L(w) in the normal form (10. 1). we obtain 
( 1 ) 

with 
( 2 ) 


bX cY 

V Liu) A {v,v, . . ~ - 7 — 


A («, r, . . .) = (grad «, grad f) u U-- + r vj. 


(bDv . cE i 


(3) 


\ = V + Du V, 
cx 


rii 


Y=vV- +Eur 
cy 


Here /I is a bilinear form in the u.v and their first derivatives. If L is 
self-adjoint then, because D = E = ^, equation (10.6), we have. 

(4) A =• (grad «, grad v ) — F u v, 

which is symmetric in u and v. 

b) If L has the general form (8.1) then wc again have equation (1), 
but with 


1-^ A , T> 4- r — - 


du 

by 


■ “(a* 


BD V . BE V 


■4- T 


‘’y 


\ IBA du , BB Bu ^8u dC goN 

- Fvj+v + cx by by Bx By by) ' 


(' 3 ) 


X=r[Ap^ + Bp^ + Du). Y=^{bI 




c:y > s bx cy 

If L is self-adjoint then, due to (10.6), the e.vpression A simplifies to 


A , „/Budv ^8uBv\ ^BuBv dDuv dE^_p 

''=^Txrx^^{Biry+ryFx)"^^ryVy+bx ^ by 
which is again symmetric in the u and v. This can be further simplified 
by taking the terms 

^ and ^ 

Bx by 
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over to the X,Y on the right side of (1). We then obtain; 


(7) 

( 8 ) 


A 

X 




If we now integrate equation (1) over a region S with the boundary 
curve C we obtain the most general version of the second form of Green's 
theorem: 

(9) f V Hu) da f A (u, v, . . .)da ss: f [X coa (n, x) Y cos (n, y)} da. 

c) In order to investigate whether the solution of the differential 
equation for a given boundaiy condition is unique we proceed as in 
the case of the equation = 0 : 

Assuming that for given values of u on the boundary curve C 
different solutions Ui.wj exist, we set as in (9) 


u = V = Ui — Ut 


Then, because of the linearitj' of L, the first term on the left side of (9) 
vanishes. Also, because v = 0 on the curve C, we see by (6) that 
A = F = 0 on C, so that the right side of (9) vanishes. Thus (9) 
becomes 


( 10 ) 


f A {u,u, da = 0. 


If we restrict ourselves to the self-adjoint case and introduce the abbre- 
viations f = duldx, ■>] = du/8y we obtain 


( 11 ) 


A («, = 


AS‘ + 2B$t) + C F tt* 


according to (4) 
according to (7) 


The upper line of (11) contradicts (10) if F(x,y) is negative throughout S; 
the second line contradicts (10) if the quadratic form Ai* + 2Bi7i+CT)* 
is definite and F{x,y) has the opposite sign throughout S. In both these 
cases we conclude from (10) that 


(12) 


M = 0 and hence Ui = uj 


that is the uniqueness of the boundary value problem. 

This is identical with the non-existence of "eigenfunctions” (see 
Chapter V). In particular, for the self-adjoint differential equation in 
the normal form Au + Fu « 0, where F = const. = we see that 

the differential equation 


(13) 


Au~ u ^ 0 
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has no eigenfunctions in contrast to tho equation oi the oscillating 
membrane 


(13a} 


+ i" « = 0 , 


where the eigenfunctions are of basic interest. 

The fact that for the self-adjoint differential equation of elliptic 
type the uniqueness question for the boundary value problem or the (jucstion 
about the existence of eigenfunctions can be decided quite generally on 
the basis of the second form of Green's theorem, explains the preferred 
role of these differential equations in mathematical physics. 

In order to stress the physical importance of equation (13) we 
remark that as the Yukawa meson equation it plays the same lole in 
nuclear physics as is played by the potential equation in electron physics. 

11.3. From the conditions a), b), c) of the exercise wc obtain 

f for 0 < 2 < { ■ • • <5- = “ 4) * ’ 

for f < I < ^ ~ ” j) ^ ■ 

On the other hand the solution of the "boundary value problem” for a 
is obviously 


( 1 ) 


( 2 ) 


u = + (“i — ‘“o) 7" • 


Figure 35 represents the lines for G and u. Verify that Green's equation 
(10.12) for one dimension 

(3) 


n.4. According to equation (2) of the exercise, y = volt) is given 
for x = 0 and ( > 0; hence the required Green’s function G must satisfy 

the condition : 


( 1 ) 


G = 0 for 1 = 0. 


This function is obtained from the principal solution 
equation (12.16), through reflection on the line x - 0 (see also §1J). 

0= V{x,t; |,T)— F(x,q — f,T) 

and hence for x = 0: 

(2) 
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'riiis value is to he substituted in <12.18) for c'K/Sx , so that ue obtain 
the jiiiltjwiny,- simplifieal ion. On the right side \ve }ia\'e to cancel the 
first term, since ac<‘ording to etiualion (4) of the exercise we have 



l ig. 35. Behavior of fjreen’s function G with the source point z — f and 
l)e)iavi(»r of tlie p<itential function u with the boundary values a/. The figure 
at the same time indicates. t)y the dotted extensions, an elemcntarj’ construction 
of tlie ordinate f>f G at ttie point x « 4^ coincides wilti (2) if we use the values of G 
from (1). 


] = 0 f<»r f = 0. In the second term the part corresponding to X| = oo 
vanishes, so that only (he term corresponding to Xo = 0 remains, which 
according to (12.18) is to be taken negative; in this term the part 
multiplied by V vanishes because of (1). Hence, due to equation (2) 
of the exercise we have: 



V ($, T) = 


0 


0 (0 exp 


— I* 


dt 


4kir—t)\ 


If instead of t we substitute the variable of integration p = ^/j/4-fc{T — 0 
then we obtain 


OO 


(4) 


«/V4 kx 

as the final solution of the problem. 

In order to discuss (4) we expand 


4 ip* 




‘p'dp 


4!^) = — 


o(T) , t.;'(T) 


+ 


2 ! (4 i p*)' 


(5) 


It 4 ip* 
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Replacing the variables by x,t then we obtain from (4): 

v’ (i) , X* w'' (0 , , . 

(6) t)(z,o = vo(0 ^o(*)— 4 -^ “IT iirXa “TT ’ 


with the abbreviations 

(7) 


z = 


)jAkt ' 




A 

Here 1q{z) is essentially the well known and frequently tabulated 
“error integral." We have for z — * <» 


( 8 ) 


/o(0)=l, /o(«) 


c*** 


2 ’ 

The corresponding statements for /„ (z) are 
(8a) /n(*)*2*" 


e-*’ 


✓ -= « 

The expansion (6j is valid for z < 1. For 2 » 1 «e have: 

(8a) 


e-** 


v{x,t)^ -r 0 • 


The transition between these limiting laws takes place at z 1, 
that is, for 


(9 b) 


X ^ V 4 fe t • 

The plate flow investigated here is a useful preparation for recent 
investigations of the turbulence problem (see v. II, §38). 

III.l. According to (13.1) we write 


( 1 ) 


u (X, t) = ft/(^) U (x. + 

0 


Here /({) is given and we have to find /(— f). For j: — 0 v e ha\ e 

00 

(2) (4nJfcO*w(0.0=/{/(f> + /("^^^® dS, 


( 3 ) 




If we assume that/(^) can be made continuous at ? - 0, that is, that 


(4) 


Lim /(— f) = Lim /(+ 4) = fo > ^ > 0, 

#-*.0 


and if we transform the integral in (3) by integrating bj parts, then the 
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resulting terra free of the integral sign vanishes and the right side of (3) 
becomes 


OO ^ 

<4 a) {/(5)-/(- f) } e " 

0 

The condition imposed in the exercise for a: = 0 is satisfied by the inte- 
grands in (2) and (4a). Considering the fact that here a/cw is the same 
as — 5/5*, we write; 

The differential equation for /( — $) obtained in this way becomes 
integrable if we multiply by exp (A f) and yields 

/(— f) = /(^)— 2Ae-*fi fMdyj. 

0 

This expression for /(— f) is to be substituted in (1). \ erify that we 
obtain the representation of G in (13.15) if in (1) we now specialize/ to a 
6- function. 


III. 2. We are dealing with Green’s theorem (16.6) from which we 
are to deduce the normalizing integral (6.3a) by the limit process 
. Since this integral assumes the form 0/0 we apply de I'Hos- 
pital’s rule by first differentiating the numerator and denominator with 
respect to and then setting 


dUn dUrt 
dXn dx 


V 


n 


d dxtn 
dKn dx 


x^l 

xiO 


2 *. 


d^ 


The numerator must be computed for x = I only, since for x = 0 it 
vanishes even before we pass to the limit. 

According to (16.5) and (16.5a) we obtain 


l 

j u^dx= -g-^coa* + sin® sin cos , 


which coincides with (6.4a) if we specialize our present Ito n. 

We performed this calculation mainly in order to be able to use it as 
a model in later cases where the normalizing integral cannot be inte- 
grated in an elementary manner. 


III.S. 


In the stationary case equation (16.11) becomes 



(1) 
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From this we obtain as the general solution 

tt = ^ c^» -f- Be'** ; 

The coefficients A and B are computed from the values 

u — Ui for X = 0, u — Us for x = 1. 


We obtain 

( 2 ) 


u = 


Us sinh Act + ui sinh Mi — -r) 
sinh M 


and, setting x = 1/2, 


= 


(ui ■+■ Us) sinh A//2 


Ri + Us 


sinhAl 2coshAl/2- 

The symbol g, which was introduced in the exercise now becomes: 

(3) g = cosh A 1/2 . 

From this we obtain a quadratic equation for exp (A 1/2), which yields 


(41 


~ = log (q + l/g’— i) ■ 


According to (1) we also have h expressed in terms of g. According to 
(13.5) h stands for the ratio of the exterior heat conductivity (which was 
denoted there by 4a7’J) to the interior heat conductivity For g = I 
we obtain from (4) that = 0 as required in the statement of the exercise. 

III. 4 . In the stationary state the energy extracted from the. 
element of the rod (length dx, cross-section g) through heat conduction 
must equal the Joule heat generated in the same element. If we express 
the current i in terms of the potential difference V then we obtain as the 
differential equation of the stationary state: 


d*u 

dz*~ 


V* 0 


Due to the boundary conditions at the ends of the rod the integration 
of this differential equation yields a symmetric parabola as the graph of 
the temperature process. We determine a in terms of the maximal 
temperature V and obtain: 


X 

a 


1 F* 

T V ' 


Thus, through measurement of V and f/ we can verify the empirical law 
of Wiedemann and Franz which, according to the theory of metal elec- 
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trons, asserts that 





2 



where T = the absolute temperature, k = the Boltzmann constant, 
and e = the electron charge. 


IV. 1 . a) For integral n we can expand the function expCi^coBw) 
of (19.18) in the well known power series. As the coefficients of e* we 
then obtain 





fljU 

2 n k \ 2k 


+ ft 
/ 




— n 


If we perform the binomial expansion under the integral sign then only 
one term remains upon integration, and even that term remains only for 
fc — n ^ 0. This result agrees with (19.34). 

b) For non-integral n (q is assumed real) we substitute in (19.14) 


(2) «= £ 

The path Wo, which may be assumed rectangular, is then transformed 
into the loop of Fig. 37a which starts from -h oo, circles the origin in 
clockwise direction, and returns to -f- oo according to the scheme 


71 

til 4 AA 

-- 0 

4-- 


3n . Stt 

_ « J, - ■ 

w—%oo 2 , 

2‘ 

+ 2 ' 

« » 

T’ 2 ' 

< = + oo , 



Q 

2’ 

+00 

Equation (19.14) then becomes 





W y _ w 

/Q\n f 




(3) 


7„(e) 


*•1 


If we now expand in exp we again obtain the series (19.34) , provided 

we use the following general definition of the /’-function: 



/"(ic+l) 


2ni J 


We can easily verify that this definition coincides with the elementary 
definition /’(*-+-!)=* *i for integral x by forming residues for < = 0. 

IV.£. In order to complete the investigation of the real part of 
• e COB to (p. 86) we compute for complex lel«*® the quantity 



HINTS FOR SOLVING THE EXERCISES 


313 


< 1 ) 


X = Re (i g cos ir) = ^ [sin (p - 0) - sin (p + 0) c* ®] . 


In order that X become negative in the infinite part of the upper half 
of the «)-plane (q » 1) " e must have 

(2) sin (p — 0) < 0 . 

The shaded strip 

— n < p < 0 

of Figs. 18 and 19 then shifts into the strip, 

— « + ©<?< 0 > 

that is, the strip is shifted to the right or left in Fig. 18 according as ff 
increases or decreases. The opposite holds in the lower half of the 
«>-plane, where according to (1) we must replace (2) by 

(3) Bin (p + 0) > 0. 

For 0 < 0 < » (upper 
half of the positive g - 
plane) the shaded regions 
of the upper and lower half 
planes have finite seg- 
ments of the real axis in 
common, so that the path 
Wi can be situated en- 
tirely within the shaded 
region. From this follows, 
without the use of 
the asymptotic formula 
(19.55), that vanishes 
for e -► oo in the upper 

half plane. Due to this pjg sea Distortion of the path of integration 

shift of the shaded regions for a full circuit around the origin. 

we also see that for ' " . 

0>©>— « (lower half of the e-plane) the path IF, must necessarily 

lead across the non-shaded region so that becomes e ^ ©o . 

The opposites of both these statements holds for and . 

Figure 36a illustrates the effect of this shift on a full circuit of e 
around the origin with respect to the path Wi. The beginning o i 
has been shifted by 2«,the end by -2^; thus IF. has been distorted 
into Wi'. However IF.' can be decomposed into three partial paths of 



■TV 
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the same character as the original following the symbolic equation 

(4) = — ^2— IFje-*’”'* . 

Here — U'l is the middle one of the three shaded partial paths of the 
figure and it differs from Wi in orientation only; — W 2 is the path on the 
right ; the path on the left is obtained from W 2 by replacing w by to — 2 n , 
thereby changing the factor exp (inu>) in the integrand by the factor 
g- 2 nin Thus, as a result of (4) we obtain; 

( 6 ) S], = ~Hl, (e) — HUe) (1 + . 

When n is an integer this becomes 

(6) < (e 6= " *) = - (o) - 2 Hi (e) . 

which we can rewrite in the form: 

(6 a) Hi (e a" - - H], (e) = - 2 {Hi (q) + Hi (e)} = ~41„ (e) . 

This change in Hi of 4/„ together with the relation //' = / + iN corre- 
spond to the change in log'e of 2 7i» in the formula (19.47) for N. 

Figure 36b represents the correspondingly distorted path W 2 " of H^ 
for a full positive circuit of g around the origin. This path can be 
decomposed into five partial paths of the same character as Wi,W 2 
following the symbolic equation: 

(7) = IT* -I- ir, + 

Here W 2 is the middle one of the five partial paths, TFi is the path adja- 
cent on the left, is the path adjacent on the right, etc. Instead 

of (5) we now obtain 

(8) Hi (Q e* " *) = (e) (1 + e- 3 " * " + " ‘ ") + Hl(e) (1 -|- e» " * . 

When n is an integer this becomes 

(9) (g c» ”') = 3 Hi (e) 4- 2 Hi (e) , 

(9 a) Hi (g " *) - Hi (&) = 2 (Hi (g) -f- Hi (e)) = 4 /„ (e) . 

The change {9a) together with the relation H- = I — iN 
again correspond to the charge in logg of 2ni in (19.47). 

The equations (5) and (8) are the so-called circuit relations of the 
Hankel functions for the angle increment AQ = 2n. These relations 
correspond to the “rclationes inter contiguas” which were established 
by Gauss for the hypergeometric functions (see §24). Just as the equa- 
tions (6a), (9a) for integral n are obtained from (19.47), the general 
relations (5) and (8) can be derived from the representations (19.31) and 
(19.30). 
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The circuit relations can be generalized from the full circuits 
J©=2nv <v = integer) to half-circuits ^0 = nv. b oi' a later applica- 



Fig.36b. Distortion of the path It', of into MV Fig. 36c. The half 

for a full circuit around the origin. circuit relation or p, 


tion in §32 we discuss the half-circuit relation for w = 1 and n - 0 
The relation reads 



So (ee‘«)=» — i/5 (0)- 


For a proof, a look at Fig. 36c suffices. For real e tbe path Wi 
cated by dots and dashes in the figure) leads from the region « < P < 
to the region 0 <?< + «; for the present argument this path 
has been shifted by +nm the upper part and by —am the lower part, 
as indicated by the arrows in the figure. The path Wi obtained in this 
manner is identical with the path W, for But this is the statement of 


equation (10). 

A relation which is analogous to (10) 


is obtained if we replace 


Q by 
(10 ») 


H5(e -sUq). 


Considering the factor exp (inw) of the integrand 

(10) to 

(11) Hi (pe*'’)— i/n(e)» 


we can generalize 


for arbitrary n. or (replacing q by e~*”) 
(11a) Hi (p «-*")= — 
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These half-circuit relations can also be derived directly from the 
equations (19.30) and (19.31) with the help of the equations 


which follow from (19.34). 

These relations become very simple if we write them for VnCe) 
and (€) in which the corresponding Hankel and B essel functions of 
index n + | with integral n are multiplied by [/2 etn ; namely we have 


(13) c^"(ee±<«) = (-i)"** Cl-Ue), 1)"*' v«(e). 

In the representation (19.22) for flS(e) we substitute 

t dx 


z~ to cos w 


dw = 


Vx>+Q» 


The path Wi, which for convenience is to be taken rectangular, is then 
transformed into the x-plane according to the scheme 



i|iX«/oo 

i 

I 

t 



Fig' 37a. The loop integrals for, 1/P{x + 1) . b. The loop integral for Hi (q) 
for small q . 


r\ I 1 • 

«>=-^+*oo, 0, +-^, ^+»oo, 

x= — oo , 0, iff, 0, — oo 

We thus have the loop integral of Fig. 37b that begins at the negative 
infinite end of the real x-axis, circles the point x = io and returns to the 
negative infinite end of the real axis; the orientation of this loop is con- 
trolled by a small displacement of the real branch of Wz. From (19.22) 
we then obtain; 




+ «e 

2i f ^dx 

J Vxn^>‘ 

— 00 


This integral is obtained by the combination of the two branches of 
Fig. 37b, where the originally negative sign of the returning branch has 
been reversed through the complete circuit around the branch point 
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X = »e . Through integration by parts with respect to x we obtain 


(2) 


• c 

Wi((?)= ^ {t'log(x + |/x* + = j ('log(x+ l/x^ + o^) dx. 


— oo 


Substituting x= tg the first term and letting ^-*-0 in both terms 
we obtain 


0 


(3) 


Lim Wi (e) = — log i £) — — j e* log 2 x dx 
(?-0 ^ ' 


■2i - 


— OO 


With the substitution x = - t the last integral becomes 

(4) log (— 2} + j e- * log t di = log (- 2) — C = log . 

0 

Here C and y are the quantities defined in (19.41a) (check using the 
Laplace integral for the T- function). Combining (4) and (3) we obtain 
from (1) : 


Urn (e) = (log = l-Mog + 1 . 


( 6 ) 

^-►0 

Due to the relation 

Ho = h+ » Lim Ho = 1 + i Lim Ng 

e-*-o e-*-o 

equation (5) coincides with the equation (19.48) for N. 

IV. 4 . 1. If we neglect 1/e in the differential equation (19.11) 
we obtain A {A = constant of integration; the solution involv- 
ing e-*« corresponds to //^). 

2. We now consider A not as a constant but as a “slowly varying 
function of e ” such that ^",-4'/e and A}q^ can be neglected. Thjs 
yields a differential equation for A (e). from which we obtain A « B/\/e . 
The normalizing constant B cannot, of course, be determined in this 
manner. 

IV. 6 . a) According to the equations (1.12), (22.14), (22.31) we 
obtain as the coefficients C« and Amn o( the exercise : 


+ « 






-¥71 




= i r c„ («.) i>; 

’ « •/ 


) P" (cos ^o) sin #0 (i^o 


• ft 
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_ n + ^ (n — m) ! 
271 (n + m)l 


n 


+ 7? 




0 


- 7 » 


b) Fiom the scheme for /(#,?») in the exercise we see that if we 
multiply /{do,?>o)by 


and integrate with respect to then we obtain 


4 n 

• n 


2 « ^ PS {C09 (C03 , 

n 


Integrating with respect to 8indo<^^o 
from (22.14) and (22.31) we obtain 
the result 

/ / fi^o’Va) dao= 2 ji JVjf 4^,1. 

After a change in notation (v, ^ instead 
of n,m) this coincides with the expres- 
sion for A„,t in a) except for the order 
of summation (see Fig. 38). 

In a) the horizontal strips 
|m|^n<co are summed in the ver- 
tical direction, and in b) the vertical 
strips — n ^ m ^ -I- n are summed in the 
horizontal direction. In both cases 
the total domain of summation is 
bounded by the lines n = ± m; thus 
the sums are the same. 





-m 


\ n*-m 


Fiji. 3S. The double sum in tlie 
number luttice of n.m: arriinged in 
horizontal strips for case a) and in 
vertical strips for ca.se b). 


IV.6. Again we draw the 60® wedge of Fig. 17 together with its 
five reflected images, so that the original wedge lies symmetric with 
respect to the horizontal plane. For reasons of convenience we situate 
the center of inversion C on the horizontal line through the vertex O 
of the wedge and we let the circle of inversion (dotted circle in the figure) 
pass through O. Since the point at infinity is mapped into C 'and the 
points of intersection O and Si of the line 1 with the circle of inversion 
remain fixed, the position of the circle into which the straight line 1, -- 1 
is transformed is determined by the points 0,C,Si. The arcs of the circle 
which correspond to the half lines 1 and — 1 are again denoted by 1 and 
— 1. The same holds for the line 2,-2 which is mapped into a circle 
of the same radius passing through the points 0,C,Si. The line 3, -* 3 
goes into a circle of diameter OC in which the upper and lower semi- 
circles correspond to the half lines — 3 and 3. 
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Xow thewcdtio 1 ,2 is mapped into the pxtoiior of the circular dianglc 
C,Si, 1,0,2,S2,C; both regions are indicated by a shading of the boundary. 
We now seek the images t>f the reflected wedges. AH these images 


are interiors of certain cir- 
cular diangles (crescents): 
e.g., the wedge 2.3 is mapped 
into the crescent C, 522, 0.3, C, 
and the wedge — 2, — 1 is 
mapped into the small lens- 
like region C,— 2.0,— 1,C in 
the center of our figure. 

I’p to now we have 
described the drawing as a 
p/ane figure and spoken of 
straight lines, cii cles, circular 
diangles, etc. However there 
is nothing that prevents us 
from interpreting the figure 



as three-dimensional and to 
speak of planes and spheres 
instead of straight lines and 
circles. These spheres arc 
then situated with their 


Fig. 39. TItc wedge 1 .2 of (he 60® angle k 
mapped by inversion into the exterior of 
of tl»c intcr.sceting spheres 1,-1 and 
2.-2: the reflected wedge.s 2.3; 3,-1; • are 
mapped into spherical crescents. 


centers in the plane of the drawing. The original wedge 1,2 then is 
mapped into the exterior of the two intersecting spheres which belong 
to the circles 1,-1 and 2, — 2; in the same manner the reflected 


wedges correspond to the regions bounded by two of the spheres 1,2,3. 
Just as before, we obtained Green’s function for the wedge from the 


elementary reflections in Fig. 17, now in the case of the potential equation 
(but only in this case) we obtain Green’s function for the corresponding 
circular or spherical regions by finding the “electric image” of the given 
pole upon inversion on the boundary circles or spheres 1,2,3 and by 


giving alternating signs to these poles. For the symmetric structure 
of our problem it suffices to have five such electric images in order to 
satisfy the boundary condition w = 0 on the boundary of each of the 


regions under consideration. 

IV. 7. a) In the inversion in the sphere K (broken line) of Fig. 40 
all the infinite points of the reflecting planes ±1, ±2, ±3, . . . are mapped 
into the center of inversion C; thus the planes ± 1 go into the spheres 
“h 1 and — 1 which are tangent at C and have diameter equal to the 
radius a of the sphere of inversion. Here the exterior of the spheres ± 1 
corresponds to the interior of the plate and the interior of these spheres 
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conesponds to the exterior of the plate. The planes do 2 are mapped 
into spheres which are again tangent at C but have a diameter of only 
o/3. The images of the planes ± 3 are in turn spheres which lie in the 
interior of the spheres ± 2, have the diameter a/5 and are tangent atC. 
The region bounded by two consecutive spheres in this sequence corre- 
sponds to a reflected image of the original plate. 



-/ 

4 

I 

1 

1 

1 

1 

1 

1 

1 

1 

i 

+ 2 




• ^ 

% 




1 

1 

1 





-2 

-1 

r 

1 

9 

1 


*2 


Fik- 40. Inversion of a plane parallel plate and its successive reflected images 
into a system of spheres tangent at the center of inversion C. 

Green’s function of potential theory for the exterior of two tangent 
spheres (e.g., the spheres ± 1 of our figure) can be deduced by inversion 
from Green’s function for the plane parallel plate. The infinitely many 
image points of the arbitrarily prescribed pole of Green’s function that 
arise in the inversion are situated in the successive .spherical regions 
mentioned above, and they accumulate at the point C. 

b) If the radii of the concentric spheres I and II are a and 2a then 
we may choose the radius of the sphere of inversion equal to a and place 
its center C on sphere I. Then sphere I is mapped into the plane Ei, 
and II is mapped into a sphere Kn of radius 2a/3; the minimum distance 
between Kn and Ei is a^'d. Conversely, £*1 and Kn are mapped into 
the concentric spheres I and II. 

For an arbitrary position of the non-intersecting plane E and sphere 
K we can proceed in the following way (kindly communicated to me by 
Caratheodory) : from the center of K we drop the perpendicular L to E; 
from the foot F of L we draw tangents (of length t) to K and draw the 
auxiliary sphere H with center F and radius t. As the center of inver- 
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sion we choose one of the points of intersection 5 of L and //. Then L 
is transformed into a straight line. H becomes a plane which is per- 
pendicular to L, and E and K be- 
come spheres which are perpen- 
dicular to H and L and hence have 
their center at the point of inter- 
section of H and L, that is, in the 
center of inversion. The radius of 
inversion remains arbitrary and 
determines only the size of the con- 
centric spheres. 

Instead of E and K we may 
also consider two arbitrary non- 
intersecting spheres Ki and K2 (see 
the last statement in the exercise). 

In order to transform them into 
two concentric spheres we start from 41 concentric spheres I 

the pencil of spheres /Ci -r A ^ • and II are transformed through inver- 

The pencil contains two spheres of ^ion into the plane Ej and the sphere 
^ ^ , r All (which are shaded in the figare). 

radius 0 , namely the two poles oi 

the bipolar coordinate system. If we choose one of these poles as the 
center of inversion then all the spheres of the pencil, including Ki and 
Ki are mapped into concentric spheres. 

IV. 8. Let ui and Ui be linearly independent solutions of the differ- 
ential equation 

L(u) = u'* + pu' + qu = Q 

of second order, where p and q are arbitrary given functions of the inde- 
pendent variable q . Then for X = UiW* — wjui we have: 

hence JC = C C = constant of integration. 

a) For the Bessel differential equation (19.11) we have 
and hence 

Q 

X = . 

Q 



If we take ui = H},, ^ then C is determined most simply from the 

asymptotic values (19.55), (19.56). We obtain 
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Due to /„ = . "'e see that the expression (I) in the exercise, 

where H is to stand for H', equals half the above X, so that 

(I)--— : 

Q 71 

the sign is reversed if H is to stand for //-. 

The determination of C becomes somewhat less simple if we start 
fi’om (? = 0 instead of y = oo . 

b) In the differential equation (21.11a) we have p= 2/o, and hence 
A'=C/e*. If we take «, = = 2:'^ , then according to (21.14) 

we have, for ^ , 


__ J. -i ^fc~ in + i).t/a« 


A = - — 

O' 


-2t. 


For the expression (II) we then obtain: 


(II) = :f 


where the sign depenrls on whether we set C equal to C* or 

V.l. a) Due to J’„(/.n)= f> the limit process of (20.9) yields the 
normalizing integral 

.Y = - „ Lim ^ „) 


(->0 


instead of (20.19). 
obtain 


With the help of the Bessel differential equation we 


Hence if we “normalize /„{/.») to 1” we obtain 

-i/ A. (/■ r) 

y ;.a 

b) From the relation (21.11) between y„ {q) and 1„ . j (g) we obtain 
for the present normalizing integral 

o « 

■‘Y J It- r) r* * = y -^n M (^* r) r rfr . 


For the boundary condition 
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of the exercise we obtain by a limit process analogous to that of a) 

.Y =. _ ^ 1 , j a-n) I I (/--o (- .1 

with the help of the Bessel differential equation we may therefore write 




(t' n) — n (« -r 1)}; 


thus the normalized form of v’« i^* 



1 / 


■2 l 'l<i 


L-n-— n (H i- 1) 


v,. a n . 

Y., (*•«) 


V.2. The proof follows from Green’s theorem 




r tir — 




d<T. 


if we set v — 1/r where r stands for the distance of the point of integra- 
tion from P. Due to the singularity of r at we surround P in the 
customary manner by a sphere of radius g-^O. If we extend the 
integration on the left side over the region bounded by and , then 
the left side vanishes and the right side becomes the sum of the surface 
integrals over and A^g(in both cases n stands for the exterior normal 
to the region). By letting e -rO in the integral over Kg we obtain from 
( 1 ) 


( 2 ) juda-^ 

The third term on the right here vanishes since throughout the interior 
of S we have = Thus equation (2) proves the theorem of the 
arithmetic mean. 

V.3. From equation (27.14) and the condition u = Con the sphere 
To ~ a we obtain 


(1) 2nU= 2:A„„n”icos»o)e-*”'^»; 

n tn 

Multiplying by e'**’" and integrating with respect to <p„ from 0 to ti 
we obtain: 

(2) U m (cos : 

0 n 

multiplying by 77^ (cos ^o) sin and integrating with respect to from 
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0 to 71 we have : 

n 2n 

(3) / / {/ /ZJf (cos{>o) > 

0 u 

which coincides with (27.13a) except for notation. 

Comparing the r-dependence of (27.13) and (27.14) we obtain 

(4) - ^ = ( o )" ' 

The summation extends over all the roots k = k„ of the equation 
(ka) =5 0, which are the same as the roots of the equation (ka) = 0. 

In order to determine the in terms of the y>„ we use equation (21.11) 



(*) * 



7„ + * (if) 


and the relation (20.19) (which holds for non-integral n, too) 

(6a) I [/n 

0 

where A: is a root of 7„ + |(fca)=0, and hence a root of y>n{ka) = 0’ 
From (5) and (5a) we obtain: 

a 

(6) j [v„ (k r)J“ »■= rfr = ^ [V; (*«)]= • 

If we now set Ntp^ and impose the condition 


(7) 

we obtain 


f 9'likr) f*dr==l, 
0 

* 2/aS [v-; (* a)]* . 


Rewriting the equation (4) in terms of v;„, and adopting the notation 
« s rja , we obtain : 



2 



Vn(k„t «a) 

v„ (fc,,a) 


For n = 0 we have according to (21.11) 



Vo (*) = 


Bin X 
* * 


therefore 


(Pa(ita) = 0 for k=ko,= ^-^. 


f = ± 1. ± 2, . . . 
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In this particularlj" simple case equation (8) becomes 



4 00 
I => I 


1)‘ 


sin I not 
I 


— n a . 


For a = J this yields 



which is the Leibniz series (2.8). In general we obtain from (2.9) for 
x= 2na a representation of the “saw-tooth profile" 


-1-1(71-*) 
- 1 (71 -I- *) 


, 8in2* , 8in3* , f^r 
= sm * - 1 - — -t 1 TT— -H • • • 


2 


3 


0 < * < -f- TT, 
— jr < * < 0. 


The reader is asked to verify this as a further exercise for chapter I. 
It is apparent, however, that equation (8) for n > 0 contains far deeper 
and more general analytic relations. 


VI. 1. a) Due to the fact that IT has the z-direction and depends 
only on z and r* = ^e obtain from (31.4) 


p. d an X a* n 

dx az r ardz* 

TT _L 

•' dy Bz r dr dz^ 


For the form a) of the exercise we have 

an z-hd e*" . z + hd e***' 
^ ~ H dR R it: dh' R' * 


which vanishes when z = 0 since then R = R' ■ Hence the expressions 
for and E^, which are obtained by differentiation with respect to 
x,y or r, also vanish for z = 0. 

b) According to (31.4) we now have 



i»77-l- 


£_ 

ax dx ' 



L 

01/ i'X 


But since in the form b) n vanishes for z = 0, we also have E* and Ey 
vanishing for all points {x,y) on the earth’s surface, 
c) From (35.1) we obtain 


^ 3/7, 



an. 
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Tlioso derivatives vanish for 2 = 0. since in the form c) TI. itself vanishes 
for 2 = 0. 

d) From fSo.!) we now have 

E, = 0. 

Hut according to the form d) we have 

z~h d z + kd 

<iz ~ B dR R ~R‘" HR' R' ' 


which vanishes for 2 = 0 since then IV = li. 

VI.2. This exercise is instructive not only for the understanding 
of Zenneck waves, but also for the general knowledge of electromagnetic 
rotational fields and for their representation using complex operators. 

From (32.20) according to the prescription (31.4), we obtain for the 
air 

These expressions, multiplied by the exponential time factor, 
represent an elliptic oscillation as known from optics. Due to the 
complex nature of the right sides of (1) the principal axes of the oscilla- 
tion ellipse are oblique to the x- and 2 -direction. If we form the absolute 
values of Ej. and together with their negatives, then we obtain the 
limits between which and E, oscillate, in other words we obtain a 
rectangle circumscribed about the ellipse. The ratio of the sides of this 
rectangle is given by the absolute value of 

E, j> n • 



The value 1/n is obtained from the definitions (32.16a) and (32.2) of 
p and n. Because |»l > 1 the rectangle is tall and narrow (See Fig. 42a). 
On the other hand, due to (32.20) and (31.7), in the earth we have 



E,= -h *pVp^—p% a + 


Hence again we have an elliptic oscillation that, is this time, situated 
in a rectangle with the ratio of sides given by the absolute value of 

E, _ 

E. p 


( 4 ) 
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where n is again obtained from (32.16a) and (32.2). liecau.se |nl>l 
the rectangle is now broa<l and sijuat (See Fig. 42b). '^I'he piesent 
ellipse is traversed in the opposite sense of the former, as is seen from the 
reciprocity of the values n ami 1, n in (4) and (2). 


z 



Fig. 42. The ratati<»nal field of the Zcnneck wave a) in the air. narrow ellipse, b) 
in the earth, wide ellipse, congruent and of opposite orientation to each other. 


If we think of the field in the air as pushing forward with its phase 
velocity in the positive ar-direction, then the field in the earth appears 
to lag behind against the resistance there. 

VI. S. The electric field strength at the antenna and in the direction 
of the antenna is E= Re an antenna which is short 

compared to the wavelength this field strength does the work Kj,dt 
in the time <It. Hence according to equation (36.20) we have as the time 
average of work 

W =jl Reffe-'"*}-. 

o ^ 

where t stands for the time of oscillation. With the method given on 
p. 271 we obtain 

T 

W = J (f c-'“' — 

V 

iE+iE*). 

4 
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and hence also 

(1) W = ^'R^\~iE\. 


a) Vertical antenna. From (31.4) and the differential equation of 
77 we obtain for 77 = 77, and E = E, 


E = k^n + 


a* 77 


r dr^ dr 


We express 77 with the help of equation (32.9) and both e'‘^/7? and 
/li' are expressed with the help of (31.14). Since the r-dependence 
of these three terms is given by Ig (A r) , the application of the operator 

_11 i- 

r ar^ar 


under the integral sign yields the common factor +A*7o{Ar), and 
hence at the point r = 0 of the antenna it yields the factor A*. Thus we 
obtain from (32.9) ; 



Re{-i.B} = Re{- i J (e-'' I*-*! + 

u 

oo 



#•<*+») 


He A^ rfA \ 


^rfA 


Since m >s real for A > it (see p. 273 ), the integral over i < A < oo in 
the first line does not contribute to the real part and we can pass to 
z = h, that is, to the point of the antenna, without encountering diffi- 
culties of convergence. Thus we obtain 

0 0 

If we take the values of these integrals given by (36.13) to (36.17), 
substitute (4) in (1), and append the factor (36.22) in order to express 
the result in terms of our units, then we obtain the value of W from 
(36.23). 

b) Horizontal antenna. For 77= (77*, 77,) and E = E* we obtain 
from (31.4) : 






dx dz 


Now according to (33.12) and (33.15) the z-dependence of 77, is given 
by 7g(Ar), and the x-dependenee of 77. is given by .^7i (Ar). Hence 
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for small x,y we have 


/o(Ar}= 1 - -h f/=) + , 


i /, (A r) = 4 » 


and for-r = 0 


L£ / 


/. 



These factors ^(2A’‘~A®) and A /2 appear under the integral signs of the 
equations (33.12) and (33.15) in the computation of (5), where for the 
first two terms on the right side of (33.12) wc have to use (31.4) and 
where in (33.15) we have to peiform the differentiation with respect to 2 , 
in addition to the differentiation with respect to x (this yields a factor 
under the integral sign). Thus, instead of (5) we obtain 



CO 

E=^- (c-/- 1*-* I — PdX 

2 J fi 

u 


00 

+ j c-*‘ 


u 


2 A-g — 
+ f^s 



i! 

A* n*n-\-tig 


ArfA. 


The first term in ( ] is due to the third term in (33.12), the second 

term is due to (33.15). If we form the common denominator of [ ) 

and observe that /ii = A* (»*— 1) (sec p. 2(50), then we obtain 

Hence for 2 = 0 the second line of (7) becomes identical with the integral 
for L in (36.17a). If in the first line of (7) we pass to Re{-*i?} 
according to the procedure of (3), then we can again replace the upper 
limit oo by fc and carry out the integration as in (36.16a). If we then 
pass to our system of units we obtain exactly the expression in (36.23a). 
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